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PEEFACE. 



In this edition many additions and improvements have been 
made, particularly in the last half of the book. Many parts have 
been re-written in the hope of making the explanations clearer 
and briefer. A few sections have been omitted to make room for 
more important matter. New subjects, not discussed in the former 
editions, have been introduced in order to make the treatise as 
complete as possible. Though more than a year has elapsed since 
the publication of the first volume of this edition, I have not 
found the time at my disposal during the interval too long for 
these changes. 

Following the same plan as in Vol. I., the several chapters 
have been made as independent as possible. The object in view 
is that the reader should be able to select his own order of study. 
Historical notices and references have been given throughout the 
book. I have endeavoured to join to every theorem or problem 
the name of the writer who, as far as I know, was the first to 
enunciate or solve it. 

Numerous examples have been given throughout the book. 

Some of these are intended to be merely simple exercises, but 

many are important as illustrating and completing the theories 

given in the text. Sometimes when the principles of a theory 

R. D. II. b 



VI PREFACE. 

had been explained numerous applications seemed to arise. In- 
stead of loading the text with these it appeared preferable to 
put them into the form of examples and to give such hints as 
would make the solution easy. Everywhere the results have 
been given, and care has been taken to secure their accuracy; 
but amongst so many theorems, it cannot be expected that no 
errors have escaped detection. 

I wish to express my thanks to Mr J. M. Dodds of Peterhouse 
for his kind assistance in correcting so many of the proof sheets. 



EDWARD J. ROUTH. 



Peterhouse, 

February, 1892. 
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In order that the plan of the book may be understood the following short 
summary is given of the subjects treated of in Part I. 

Chap. 1. Theory of moments of inertia and the ellipsoids of inertia. 

Chap. 2. D'Alembert's Principle and other fundamental theorems. 

Chap. 3. Theory of motion about a fixed axis with applications to the pen- 
dulum, the numerical value of g, the watch balance, the baUistio pendulum, the 
anemometer. 

Chap. 4. General principles of motion in two dimensions. Special considera- 
tion of stress, friction, impulses and relative motion. 

Chap. 5. Geometry of motion in three dimensions, with Buler's equations. 

Chap. 6. On Momentum, with the discussion of sudden changes of motion. 

Chap. 7. On Vis Viva and Work, with some general theorems by Carnot, 
Bertrand, Thomson and Gauss. 

Chap. 8. Lagrange's equations. Theory of reciprocation, the Hamiltonian 
transformation and the Modified function. 

Chap. 9. Small oscillations. Several methods described. Lagrange's method, 
the energy test of stability and the Cavendish experiment. 

Chap. 10. Some special problems. Oscillations of roUing bodies, and La- 
grange's rule with regard to large tautoohronous motions. 



DYNAMICS. 



CHAPTEK I. 



MOVING AXES AND EELATIVE MOTION. 

Moving Axes. 

1. In many problems in dynamics it is found that the axes 
of reference suitable to the initial state of the motion are not 
well adapted to follow the body under consideration during its 
whole course of motion. It is therefore sometimes convenient to 
use axes which themselves move in space so that they always keep 
those positions which are most appropriate to the instantaneous 
position of the body. Thus, to take a simple case, in dynamics of 
a particle we sometimes resolve our forces along the tangent and 
normal to the path. This is practically the same as using a set of 
Cartesian axes which move so as to be always parallel to the 
tangent and normal. This theory has been generalised in Vol. i. 
Chap. IV. where the motion is referred to any two lines whatever 
which move in one plane. We now propose to extend the theory 
still further. We shall discuss the general equations of motion of 
a particle and then those of a rigid body referred to any rectangular 
axes which move as we may find convenient. 

2. If we make the axes to which we refer the body move, it 
is clear that we must have some means of determining the posi- 
tion and motion of these axes in space. This might be effected 
by having another set of axes which are themselves fixed in space 
and to which in turn we might refer the moving axes. This is the 
course adopted by Euler; thus in the equations usually called 
after his name (Vol. i. Chap. V.) he uses two sets of axes. The 
advantage of giving motion to the axes is however greatly 

^J B, D. 11. 1 



2 MOVING AXES. [CHAP. I. 

diminished if we must also use a set of fixed axes throughout 
the motion. For this reason we shall now determine the motion of 
the moving axes by angular velocities 6^, 6^, 63 about themselves. 
In other words, we regard the axes as if they were a material 
system of three straight lines at right angles whose motion 
at any instant was given by three coexistent angular velocities 
about axes which instantaneously coincided with them. In this 
way we do not use any fixed axes except at the beginning or 
end of the solution, and only in such a manner as we may find 
convenient. 

3. In order to understand how the motion of a body is re- 
ferred to moving axes let us first suppose that the body is turning 
about a fixed point. Taking this point as origin we determine the 
motion of the body by three angular velocities lOi, coi, co, about the 
axes in the same manner as if the axes were fixed in space. The 
position of the body at the time t + dt may be constructed fi:om 
that at the time t by turning the body through the angles toidt, 
fo^dt, (Osdt successively round the instantaneous positions of the 
axes. But it must be remembered that co^dt does not now give 
the angle the body has been turned through relatively to the 
plane scz, but relatively to some plane fixed in space passing 
through the instantaneous position of the axis of z. The angle 
turned through relatively to the plane of xz is (0)3 — ^3) dt. 

If there be no fixed point we use the construction explained 
in Vol. I. Chap. V. We represent the motion of the body by the 
six components u,v,w; Wi, ©a, 6)3 referred to any origin, the 
axes being treated as if they were fixed for the moment. Here 
u, V, w are the resolved parts in the directions of the axes of the 
velocity of the origin or base point, and Wi, (o^, (03 are the resolved 
parts about the same axes of the angular velocity of the body. In 
the same way the motion of the axes is given by the components 
of motion J), q, r ; Oi, 0^, O3, the moving axes being themselves the 
instantaneous axes of reference. 

In most cases however the axes will be made to turn round 
some point which either is fixed or may be treated as fixed. 
Their directions in space are made to vary in a manner suitable to 
the purpose we have in hand. We then have p, q, r all zero. 
Since any point may be reduced to rest by the method explained 
in Vol. I. Chap. iv. this supposition, which will be generally made, 
does not really limit our choice of axes. 

4. Fundamental Theorem. A system of rectangular axes 
moves ^ in any manner about a fixed point 0, it is required to establish 
the kinematical relations between these axes and a system of axes 
fixed in space and coincident with them at any time t. 

Let Ox, Oy, Oz be the positions of the moving axes at the 
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time t ; after an interval dt these assume new positions, which we 
represent by Ox!, Oy\ Qz. The change of position may be repre- 
sented by a rotation 6dt about some instantaneous axis, which we 
may represent by 01. Let 6^, 6.,, 0^ be the components of the 
angular velocity 6, so that the axes are moved from their positions 
Ox, Oy, Oz at the time t into their positions Ox', Oy', Oz at the 
time t + dthy the three rotations Oidt, d^dt, O^dt about Ox, Oy, Oz 
performed in any order. 

Let us represent by the symbol R any directed quantity or 
vector, such as a force, a velocity, the moment of a couple about its 
axis, or an angular momentum. Let us suppose that the vector 
may be resolved and compounded according to the " parallelogram 
law." Let us represent its components parallel to the three axes 
Ox, Oy, Oz by the symbols U, V, W. In the time dt the vector R 
has changed its magnitude and direction ; in the same time the 
axes have also changed. The components of the vector at the 
time t + dt in the then direction of the axes of reference, i.e. in 
the directions Ox, Oy', Oz' sue U+dU, Y + dV, W+dW. 

We wish to find the increase in the time dt of the component 
in the direction of the axis Ox supposed fixed in space. Describe 
a sphere of unit radius whose centre is at and let the axes cut 
the sphere in the points x, y, z, x' , y' , /. Thus we have two 
spherical triangles xyz, x'y'z', all whose sides are right angles. 
The resolved part of the vector at the time t + dt along the axis 
Ox is 

( U+dU) cos xx' + {V Jr dV) cos xy' + (]¥ ^-dW) cos xzf. 

The rotations about Ox and Oy cannot alter the arc xy, but 
the rotation about Oz will move y' away from x by the arc 
d^t. In the same way the rotations about Ox and Oz cannot 
alter the arc xz but the rotation about 
Oy will move s^ towards x by the arc 
e^t. Therefore 

xy' = xy + O^dt, 

x^ = xz — O^dt. 

Also the cosine of the arc xaf differs 
from unity by the square of a small 
quantity. Substituting X, we find that 
at the time t + dt the component of 
the vector along Ox is 

U+dU- V0,dt+ W0,dt. 

The rate of increase of the component of the vector in the 
direction &x is 

U, = ^^-V0,+ W0,. 

1—2 




4 MOVING AXES. [CHAP. I. 

In the same way the rates of increase of the components in the 
directions Oy, Oz are 

We have here practically used two sets of axes. One set 
OsD, Oy, Oz moves about the iixed origin according to the law 
determined by the angular velocities di, 0^, 0s, these are the axes 
of reference. Another set coincides with Ox, Oy, Oz at the time t, 
but is fixed in space and is therefore left behind by the axes of 
reference as they move in the time dt. The sjrmbols U, V, W re- 
present the resolved parts of the vector along either set of axes at 
the time t. The symbols U+dU, V + dV, W + dW represent the 
components along the moving axes at the time t + dt; and U +11^ dt, 
V -k- V^dt, W + Wi dt, represent the components along the fixed 
axes at the same time t + dt. 

5. Important Applications. We may now apply this 
general theorem to a variety of vectors*. 

(1) Let the vector R be the radius vector of a moving point F. 
Then U, V, TT represent the co-ordinates x,y,z; while fJ, , V^, Wi 
represent the component velocities in space. These we now repre- 
sent by u, V, w. Therefore 

dx „ „ 
u = -^-y63-\-ze^, 

V = -£-20i + xds, 



dz 
di 



W = j7 — X03 + 1 



(2) Let the vector R be the velocity of a moving point P. 
Then U, V, W represent the component velocities u, v,w, while 
?7i, Fi, Wi represent the accelerations. These we represent by 
X,Y,Z. Therefore 

♦ The sets of equations (1) (2) (3) were given in this form hy the late Prof. 
Slesser (Cambridge Quarterly Jowrml, Vol. n., 1858) to whom the two special cases 
given further on in Art. 12 had been previously shown by the author, together with 
their application to the motion of spheres. Other proofs were given of them in the 
following number of the Quarterly Journal by Eev. P. Frost. AU four sets of 
equations were given by E. B. Hayward in Vol. x. of the Cambridge Transactions, 
1856. Similar results were also given in Liouville's Journal, 1858. 
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X = -^-v63 + w0i, 
^=-£- ^6*1 + u0„ 

^ = -T7 - Mc'a + «Pi- 

(3) Let the vector R be the angular velocity O of a body. 
Then (7, F, W are the components of « about the moving axes, 
let us call these Wi, a>^, qjj. Let oj^, Wy, ta^ be the components 
about the fixed axes. Then we have 

dasy d(02 n , a 

(4) Let the vector R be the angular momentum of a body. 
Let hi, h^, A3 be its components about the moving axes ; hx, hy, h^ 
the components about fixed axes. Then 

dhx dfii , n , J, /} 

'di^'di'^'^'^'''^" 

If the origin of co-ordinates is also in motion, these equations require some 
modifications. Let (p, q, r) be the resolved parts of the velocity of the origin in 
the directions of the axes. If- (a, v, w) represent the resolved velocities of the 
centre of gravity in space i.e. referred to axes fixed in space we must add p, q, r 
respectively to the expressions for u, v, 10 given by (1). Supposing (u, v, w) to 
continue to represent the velocities referred to axes fixed in space, the expressions 
(2) will be unaltered. On the same supposition we must add vi{ -vr + wq), 
m{-w'p+w), m(-uq+vp) respectively to the expressions for dhjdt &o. given by 
(4), where to is the mass of the body. 

To prove this let us determine the parts of dh^ and dli^ due to the tra'nslational 
and rotational motion of the axes separately. Those of the latter are given by the 
formulae (4) ; to find those of the former, let Jf^, Hy, H^ be the angular momenta 
about parallel axes through the centre of gravity. Then, by Vol. 1. Chap, i., 

;ij. = ftj = /Jj. - mvz + mwy. 
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The differential coefficient dhjdt is obtained from this on the supposition that we 
write r + dzjdt, q + dyjdt for dzjdt and dyjdt, because these are the resolved velocities 
in space of the centre of gravity. The differential coefficient dhJdt is obtained 
without the addition of r and q. We therefore have 

dhJdt =d\jdt - mvr + mwq. 

We may notice that, if the moving set of axes be fixed in the 
body and move with it, di=a)i, 6^ = 0)^, ^3 = coj. The third set of 
equations then show that 

dftja; _ dwi d(Oy _ d(i)i dcog dcog 
~dt "'dt ' ~di ~~dt' WW' 

These simplified forms are the ones used by Euler in obtaining his 
equations of motion of a rigid body about a fixed point. See 
Vol. I. Chap. V. 

6. The above results may be obtained in other ways, but there is an obvious 
advantage in deducing them all by one method. 

The equations connecting (u, v, w) with the co-ordinates (a:, y, z) may be 
obtained as follows. The resolved velocities in apace of a point P are not given 
by dxjdt, dyjdt, dzjdt. These are the resolved velocities relatively to the moving 
axes. To find the motion in space we must add to these the resolved velocities due 
to the motion of the axes. If we supposed the particle to be rigidly connected with 
the axes, its velocities would be expressed by the forms 9^ - B^y, &c. given in Vol. 1. 
Chap. V. By adding the parts together the actual resolved velocities of the particle 
are found to be those given above. 

Since acceleration is the rate of increase of velocity, just as velocity is the rate of 
increase of space, it is clear that the relations which hold between accelerations and 
velocities must be the same as those which hold between velocities and spaces. 
Thus the relations (2) between (X, Y, Z) and (u, v, w) follow at once from those 
between («, v, w) and (x, y, z). 

7. Ex. 1. Let the motion be referred to oblique moving axes so that the 
sides of the spherical triangle xyz are a, 6, c, and the angles A, B, C. Let the equal 
quantities sin a sin b sin C, sin 6 sin c sin .4, sin c sin a sin B be called /i. Prove 
that, if the velocity be represented by the three components u, v, w parallel to these 
axes, then the resultant acceleration parallel to the axis of 2 is 

^ dw du , dv 

with similar expressions for X and Y. 

This may be done by the use of the spherical triangles xtjz, x^y'z', by first proving 
zx'=b + 02dt sin c sin A, zy'=a- Bjdt sin c sin JS, and then substituting as before. 

Ex. 2. Prove in the same way that, if x, 2^, 2 be the co-ordinates referred to 
oblique axes moving about a fixed origin, and u', »', w' the resultant velocities 

parallel to the axes, w' = t, + ;jt cos b+ ^ cos a-x9^ + yO^/i, 

Urt Clt Qit 

with similar expressions for u' and v'. 
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Ex. 3. Prove also that the equations connecting the components, u, v, w with 
the co-ordinates .c, y, z referred to axes with a fixed origin are 
dz 



cotJB 


- cot A 


»! 


h 


.L 


y 



w 



with two similar expressions for u and v. 

Since jc' is the component parallel to « of («, d, w,) , we have « cos 6 + « cos a + lo = «)', 
with similar expressions for u' and v'. By solving these we get the required values 
of u, V, w. 

Ex. 4. If the whole acceleration be represented by the three components 
X, Y, Z parallel to the axes, prove that the expressions for these in terms of u, v, w 
may be obtained from those given in tbe last example by changing x,y,z into u, v, w 
and u, V, w into X, Y, Z. 

8. To explain another general method of obtaining the kine- 
maiical relation between fixed and vnoving axes. 

Let If, V, W he, as before, the components of a vector M. Let 
OL be any straight line fixed in space making with the moving 
axes the angles a, /3, 7. Let JR^ be the resolved part of the vector 
along OL. Then 

Ri=U cos a+ V cos ^+ W cos 7, 

dR, dU dV ^ dW 

.•.^ = ^cosa+^cos^ + ^cos7 

„ . da. ,j. . a d^ Mr ■ dy 
— t/ sm a T- — K sm /8 -y- — pr sin 7 -^ . 
dt dt dt 

Since OL is any fixed line in space, let it be so chosen that the 
moving axis of z coincides with it at the time t. Then a = |7r, 
/8 = i"", 7 = 0, also dRi/dt = Wi. Since a is the angle OL makes 
with the moving axis of x, da/dt expresses the rate at which 
the axis of a; is separating from a fixed straight line coincident 
with the axis of z and this is clearly 0.^. Similarly d^/dt= — Oi, 
hence 

dW 

where TTj expresses the rate of increase of the component W along 
the fixed axis of z. The other two equations follow in the same 
way. The principle of this method is due to the late Prof Slesser. 

We may obtain the relations between the second and higher differential coeffi- 
cients in the same way, though the expreBsions become more complicated. Since 
Uj, Fj, Wi follow the parallelogram law, we have 
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Bepeating the same reasoning, we finally obtain 

9. We have now obtained a method of transforming the 
equations of motion with regard to fixed axes into those with 
regard to axes moving about a fixed origin. 

Let any general equation true for all fixed axes having a given 
origin be 

-\/r {(Ox, dajx/dt, &c....} = 0, 

where (o^, (Oy, Wz are the angular velocities about the fixed axes. 

Since the fixed axes are arbitrary in position, let them be so 
chosen that the three moving axes are passing through them at 
the moment under consideration ; thus at that instant the two 
sets are coincident. The equations relative to the moving axes 
may then be deduced by replacing toa,, Mj,, co^ in the general 
equation •«|r= by the corresponding quantities a>i, a.^, cog for the 
moving axes ; and dtox/dt, &c. by the equivalents written above 
in Art. 5. 

The same remarks apply if, instead of tox, tOy, (o^, the com- 
ponents of any other vector entered into the equation. 

10. General equations of Motion. To state the general 
equations of motion of a system of moving bodies referred to 
any rectangular axes moving about a fixed origin. 

Let m be the mass of any one body of the system. Let the 
impressed forces on the body be represented by the three forces 
mX, mT, mZ acting at its centre of gravity and the three 
couples L, M, N. We suppose that the unknown reactions of the 
other bodies of the system are included in these expressions. 

Let (m, V, w) be the resolved velocities in space of the centre of 
gravity of the body. The equations of motion for fixed axes are 
u = dxjdt, X = du/dt, &c. When the axes move, these become 

u=-£-03y + diZ (1), 

X=^-e,v + e,w (2). 

with corresponding expressions for the other coordinate axes. 

Let (Aj, h.2, hg) be the angular momenta of the body about paral- 
lels to the co-ordinate axes drawn through the centre of gravity. 
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The equations of moments for fixed axes are dhxjdt = L, &c., 
Vol. I. Chap. II. When the axes are in motion these become 

L = ^-hA + hA (4), 

with similar expressions for M and N. 

The expressions for (h^, A3, hg) in terms of the angular velo- 
cities of the body are given in Vol. i. Chap. v. If coi, a^, a), be the 
augular velocities of the body about the parallels to the axes 
through the centre of gravity, and A, F, &c. the moments and 
products of inertia, the fundamental relation is 

h^=: Acoi — Fw^ — E(03 
with similar expressions for h^ and A3. But there are many others 
which cannot be repeated here. 

Besides the dynamical equations there will be the geome- 
trical equations which express the connections of the system. As 
every such forced connection is accompanied by some reaction, the 
number of geometrical equations will be the same as the number 
of unknown reactions. Thus we have sufficient equations to 
determine the motion. 

Ex. A heavy rigid body is spitted on a smooth circularly-cylindrical rod, on 
which it can slide, and which passes through its centre of gravity, and the rod 
is made to rotate uniformly with angular velocity u in a right circular cone, semi- 
vertical angle a, about a vertical axis. If C is the moment of inertia about the 
rod, A and B about two lines fixed in the body perpendicular to the rod, one of 
which is inclined at an angle to the plane through the vertical axis and the rod, 
and iiD, E, F are the products of inertia ; prove that 
Cd' 4ildt^=<jt' sia' a {{B - A) sin (p COS <p + F 00s 2(/>}- uf sin a cos a(E sin <f>+D cos <p). 

By resolving the angular velocity w we find Uj = - ti sin a cos 0, Uj = w sin o sin 0, 
u3=^-l-wcosa. Substituting these in the expressions for h^h^hg given in Art. 10, 
and equating to zero the moment of the effective forces about the vertical, the 
result follows at once. [Math. Tripos, 1885. 

II. The motion of the moving axes has been supposed to be 
determined by the three angular velocities 0^, 62, 63. To find 
their actual position in space we use the Eulerian geometrical 
equations already given in Vol. l. Chap. v. Let 0, ■yjr, (j) be the 
Eulerian angular coordinates of the moving axes referred to any 
axes fixed in space. We then have 

. d0 . , dflr . ^ 

0^= -^ sm <p— -^ sin cos ^ , 

. d0 ± , d'^ ■ a ■ • 
02 = -jT cos (p + -^ sin 0sm(p , 

These geometrical equations determine 0, </>, yjr when 0^, 0.^, 0, 
are known. 
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12. Two important special cases. There are two cases 
in which the equations of motion just found admit of great sira- 
phfication. As these often occur, it is worth while to discuss them 
separately. 

In the first case we suppose the body to be turning round some 
point fixed in space and to be such that two of the principal 
moments of inertia at the fixed point are equal. 

Let OC be the axis of unequal moment of inertia and let us 
take this as the moving axis of z. Let us choose as the other axes 
of reference two other axes OA, OB which turn round 0(7 in any 
manner we please. To fix this let % be the angle the plane GO A 
makes with some plane OGF fixed in the body and passing through 
OG. Then we have 6i = a>j, di = Wi, 
and ds = w3-\-dxldt. Also h^ = Aoii, 
hi = Bas^, hs = Gto, . The equations of 
moments, Art. 10, are now 






M-(A- 



dtj 



{A — G) (B2W3 = L 



^(w + '"4?) + (^-^)'"''"-^ • 



^dws 
^'dt 



= N\ 




In this case the most convenient 
geometrical equations to express the relations of these moving 
axes to axes OX, OY, OZ fixed in space are those usually called 
Euler's geometrical equations. They are given at length in the 
last article, where a^, w^ and 0)3+ dy(^/dt must of course be written 
on the left-haud sides for 0i, 6^, 63. In the figure ZC = 0, 
XZG = ylr,EGA=<j>. 

13. Since d^/dt is arbitrary, it may be chosen to simplify 
either the dynamical equations or the geometrical equations. 

I. If we put dx/dt = — 0)3, the moving axes of reference 
move round the axis of OG with an angular velocity relatively to 
the body equal and opposite to that of the body, so that if the 
axis OG were fixed in space the axes of reference would be also 
fixed in space. The dynamical equations then become 

. dcoi „ \ 

A —j- + Owaffls = L 



^da>3 



= iV 
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The geometrical equations however are not much simplified. 

We may also choose dx^/dt = —o}s(A — G)/A when the dyna- 
mical equations take the simple forms 






^% = ^' 



dt 



II. We may so choose dxjdt that ^ = 0. In this case the 
plane GOA always passes through a straight line OZ fixed in 
space. Euler's geometrical equations then become 

dO dyjr . n dy d-Jr ^ 

5TSin £/ = &),, n +— tt cos 6/ = (Ug. 



dt' 



dt dt 



If we substitute these values in the equations of Art. 12, they 
take the form 



A d f . „„ d^\^ „ dO ^ \ 
d^0 . ^ ^(d-y\r\''] , ^_,.. ^ d^_ 



sin 6 dt\ dt J dt 



4|^-sin^cos0@J} + Osin^a,3^^ 

„do)s 



■ M 

■ N 



14. Second special case. In the second special case we 
suppose as before that the body is turning about a fixed point, but 
that all the moments of inertia at the fixed point are equal. In this 
case there are three sets of axes which may be chosen with 
advantage. 

Firstly. We may choose axes fixed in space. Since every axis 
is a principal axis in the body, the general equations of motion 
become 

cZtDi _ L dco^ _ M dcos _ N 

~dt ~A' ~dt ~A' 'dt ~A' 

Secondly. We may choose one axis, as that of OG, fixed in 
space and let the other two move round it in any manner, when, 
as in the first special case, the equations of motion become 
dwi dx _L^ 
'dr~'^'dt~A 



da, 
W 

da>3 
~dt 



+ Ml 



dt 



=^y 



Thirdly. We can take as axes any three straight lines at right 
angles moving in space in any proposed manner. The equations 
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of motion may be deduced from the first set just written down by 
the help of the general rule for changing from fixed to moving 
axes. We have therefore 

dfOi a , a ^ 

The geometrical equations may be conveniently expressed in 
the forms given to them in Art. 18. 

15. Numerous examples showing the utility of the above 
forms of dynamical equations will be found in the following 
chapters of this work, and especially }n that on motion under any 
forces. The following is an instance of their application to a 
problem on small oscillations, which includes many cases of fi:equent 
occurrence *- 

A body, which can turn freely about a fixed point 0, rotates with uniform angular 
velocity about one of the principal axes at 0, and is under tlie action of given forces. 
A small disturbance being given, it is required to find the small oscillations. 

Let OG be the principal axis about which the body rotates and n the constant 
angular velocity. After disturbance OG makes small oscillations about a straight 
line OZ fixed in space. Describe a sphere with centre and radius unity ; let the 
principal axes OA, OB, OG intersect the sphere in the points A, B, C and let OZ 
cut it in the point Z. Draw perpendiculars ZM, ZN, on the arcs GB, CA and let 
p = ZM, q=ZN. Then (p, q, 1) are the direction cosines of OZ referred to the 
principal axes. Also p and q are the coor- 
dinates of G referred to axes OX, OY moving 
round OZ with an angular velocity n. Hence 
the velocities of G resolved parallel to MG 
and GN are respectively equal to q' +pn and 
-p' + qn, (see Vol. i. Art. 211) where accents 
denote differentiations with regard to the time. 
But these velocities are Wj and w^. We have 
therefore 

Ui=q'+pn, u^= -p' + qn (1). 

Substituting these in Euler's equations, we 
find 

Aq" + (A + B-G)np'-{B-C)n''q = L\ 
-Bp" + {A + B-G)nq' + (A-C)n'i = M\'' '' 

* A more detailed account of the equations discussed in this article was given 
in the first edition of this book. As however it is generally easier to repeat the 
process of deriving these equations from general principles than to quote them from 
memory this brief account has been thought sufficient. 
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The moments of the forces L and M are zero in the undisturbed position and 
must be expressed in terms of p, g by the geometry peculiar to the problem. 
Since the squares of y and g are neglected, we have 

L=a^'p + a^q, M^h^p + b^q (3), 

where a^, a,, h-^, 6, are constants. 

If B, (t>, f he the Eulerian angles when estimated positively in the manner 
described in Vol. i. Art. 256, we see at once by the figure in that article that 
p= - sine cos ^, g = sinflsin0, r=cos9. 

We may also notice that the approximate equations (1) follow immediately from 
the accurate equatious 

Uj cos 9 = g' +i)W3, WjCos 9= — p' + gu3, 
which are given under the heading geometry of moving axes, Art. 18. 

The quantities L, M, N are strictly the moments of the impressed forces about 
the axes OA, OB, OG respectively. In determining their values in any particular 
problem, it will be found useful to notice that, since these moments are small, they 
are to the first approximation equal to the moments about axes OX, OY, and OZ, 
the two former of which revolve round the latter with a uniform angular velocity 
equal to n. 

We may also notice that, if (p', q', 1) are the direction cosines of any straight 
line OP near OG referred to the axes OA, OB, 00, its direction cosines referred to 
OX, OY, OZ are {p'-p, q'-q, 1). As a corollary we infer that the direction 
cosines of OG referred to OX, OY, OZ are (-p,-q, 1). 

In this way the determination of the motion can be made to depend on the 
solution of two linear differential equations with constant coefficients. 

When the body is uniaxal, so that A = B vre may sometimes with advantage use 

one of the systems of axes described in 

Art. 13. For example if we take as the 

axes of OA, OB, OG the set in which 

dxjdt = -n, these axes are very nearly 

fixed in space. Let OX, OY, OZ be their 

mean positions; let {P, Q, 1) be the 

direction cosines of OG referred to these 

fixed axes, so that P=:sin $ cos ^, 

Q — sin 9 sin ^. Or, if we construct as 

before a sphere of radius unity, and 

draw GM, ON perpendicular to the arcs 

YZ and XZ, GM=P and GN=Q. We 

therefore have 

Wi=-Q', a.j = P' (4). 

Substituting, the equations of motion take the form 

-AQ"+GnP' = 

AP" + GnQ'. 

As before we notice that L, M, N are strictly the moments of the forces about 
the oscillating axes OA, OB, OG but, since they are small quantities, we may 
replace them by the moments of the forces about the fixed axes OA', OY, OZ. This 
property will often enable us to find the momenta without difficulty and to express 
L and M in the linear forms 

L=a^P + a,Q, M=b^P + h^Q. 
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16. The Greometry of Moving Axes. In order to use 
moving axes it is necessary to be able to express with respect to 
these axes any conditions which may exist with regard to straight 
lines or points which move independently in space. We have 
therefore placed together in the following articles a few of the 
more important conditions. 

17. To express the geometrical conditions that a point whose 
co-ordinates are (x, y, z) is fixed in space. 

This may be done by equating to zero the resolved velocities 
of the point as given in Art. 4. We thus obtain the conditions 

doG 

with two similar equations. 

18. To eoopress the geometrical conditions that a straight line 
whose direction cosines are (1, m, n) moves parallel to itself in space, 
or that its direction is fixed in space. 

Let a straight line OL of unit length be drawn from any point 
fixed in space parallel to the given straight line. The co- 
ordinates of L referred to axes which turn round as an origin 
so as to be always parallel to the moving axes will be I, m, n. 
Since OL is fixed in space, the resolved velocities of L are zero. 
The required geometrical conditions are therefore 

J- — m6s + nO^ = 0, 

with two similar equations. Since P + ni' + n^ = l, these three 
equations are equivalent to two independent conditions. 

It is sometimes necessary to express the direction of the straight line by the 
Eulerian angles 0, 0, \fi, as explained in Vol. i. Chap. v. The moving axes are there 
called OA, OB, OG, and the straight line whose direction is to be fixed in space is 
represented by OZ. We see that the equations just written down are equivalent to 
two of those usually called Euler's geometrical equations, but expressed in a sym- 
metrical form. The third of Euler's equations follows from Art. 19. 

19. Sometimes, while using moving axes, we require to refer 
the motion of some straight line OM connected with the moving 
axes to an axis of reference fixed in space. The object of the 
following theorem is to show how this may be done. 

Let the direction cosines of a straight line OM fixed relatively 
to the moving axes be (X, fi, v), and let it be required to refer the 
motion of OM to some straight line OL fixed in space whose 
direction cosines at the time t are {I, m, n). Let the angle LOM 
be 6, and let i|^ be the angle which the plane LOM makes with any 
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plane fixed in space passing through OL. Then it may be shown 
that 

cos 6 = l\-\-miJ, + nv, \ 

si u'^ -^ = ^1 (^ - A. cos (9) + 02 (7n - /i cos 0) + 6*3 (?i - 1/ cos 6') I ' 

If ^i. ^m. be the resolved parts of the angular velocities about 
OL, OM respectively, the last equation may be written in the form 

sm^e-J^=ei-eracose. 

If the .straight line OM be not fixed relatively to the axis, then 
(X, fi, v) will be variable, and we must add to the right-hand side 
of the second equation the determinant 



{x'^f' 



dt 



H' 



dt 



( dv du,\ , / 
'' + [f'dt-''dt)^^{'' 



d\ ^ dv\ 

-di-'^dir- 



In this determinant we may replace X, yu,, v, by any quantities 
X/t, fi,K, VK proportional to them (whether k be variable or not), 
provided we divide the determinant by k\ 



Let P be a point in OM at a 
L 




Now e, COS fl + flj. sin 9 = fl„ 



The mode of proof may be indicated as follows. 
distance unity from O, and let P move about with 
OM. Draw FQ perpendicular to OL. First, let 
OM be fixed to the system of axes. Let the 
angular velocity of the system about its instan- 
taneous axis be resolved into three components 
viz., B, about OL, d^ about a perpendicular to OL 
in the plane LOM, and dy about a perpendi- 
cular to the plane LOM. The velocity of P is 
0,.PQ-e^.OQ. Since the velocity of P is also 
PQ.dyj/jdt, we have sin 6dij/ldt=ei sin 0-6^ cos S. 
whence substituting for $^ we have the result in the question. 

The additional term due to the motion of OM relative to the system may be 
easily found by treating the system as if it were at rest. The quantities in brackets 
in the determinant are the moments about the axes of the velocity of P. Resolving 
these about OL, the determinant foUows at once. 

20. The motion of a body being given when referred to axes 
fixed in the body by the angular velocities (tu,, a^, cos), it is some- 
times necessary to find the motion of the instantaneous axis in 
space. This is clearly only a case of the theorem in Ait. 21. 
Let OM be the instantaneous axis, OL, as before, the fixed 
line in space, then 0i = 0^ cos 0. The expression for sin" 6dy}r/dt is 
reduced therefore to the determinant above. The following 
examples are obtained by combining Arts. 18 and 21, accents 
denoting differentiations with regard to the time. 



16 ■ MOVING AXES. [CHAP. I. 

Ex. 1. If Ci be the angular velocity about the instantaneous axis, prove that 
^^dxV .,.,,, , ■ d\l/ l'm"-l"m' 

Ex. 2. Show that dfldt=ei+DI(l'^+m'^+n% 

where, as before, 0, is the angular velocity of the body about OL and D is the 
following determinant I (m'n" - m"n') + n (n'l" - n'7') + n {I'm" - l"m'). 

Ex. 3. Show that n^-e?= l'^ + m'^ + n"^. 

Ex. 4. Show that the equation to the plane LOM referred to the axes fixed in 
the body is l'x + m'y + m'« = 0. 

21. Use of Moving axes in Solid Geometry. As we 

have sometimes to displace the axes of coordinates independently 
of the motion of the body, and even to change the axes without 
altering the time, it is convenient to have the fundamental principle 
of Art. 4 expressed without reference to dynamical ideas. This is 
effected in the following proposition. 

Let a system of moving axes be screwed from one position 
Ox, Oy, Oz to a consecutive position Ox, Oy', O2! by the small 
rotations d^, d<j>2, d^^ about their instantaneous positions. Let 
U, V, W be the projections or components of a straight line or 
vector OL on Ox, Oy, Oz, where U, V, W may be either constant 
or variable. Let U+dU, V+dV, W+dW be the projections of 
the consecutive position OL' of the straight line on Ox", Oy', Oz ; 
and U+8U, V+SV,W+SW the projections of OL' on Ox, Oy, Oz. 
Then 

SU=dU-Vd^,+ Wd4>,] 

SV=dV-Wd<j),+ Ud<l>S. 

BW=dW- Ud<j>^ + Vd<f>j 

These follow from Art. (4) by writing Oidt = di^i, d^t = dtft^, 
dadt = d^i. 

If the length OL is taken equal to unity, the projections 
U, V, W become the direction cosines of the line. These equa- 
tions then tell us at once the changes in space of the direction 
cosines when the changes relative to the moving axes are known. 

Thus if Sx be the angle between two consecutive positions 
of a line OL, whose direction cosines referred to the moving axes 
are U, V, W, we have 

{8^y = (s uy + (8 vy + (S wy. 

Also the direction cosines of the plane through two consecutive 
positions of OL are proportional to VSW— WBV, WBU—VBW 
mv- VSU. 
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It is not our object here to show the utility of moving axes in Solid 
Geometry further than to prove those theorems which are required in Dynamics. 
It will be found however that both curves and surfaces are sometimes most easily 
treated by referring them to a set of moving axes in which the origin travels 
along the curve or surface and the directions of the axes are such tangents and 
normals as may be suitable to the property under discussion. We may refer the 
reader to a paper by the author in the Cambridge Mathematical Journal (Vol. vii. 
1866), where the application of moving axes to the curvature of curves is illustrated 
by several examples. The following examples though of no immediate importance 
will be found useful further on. 

Ex. 1. The principal axes at any point P of a curve are the radius of curvature, 
the tangent and the binormal. If these be respectively taken as the axes of x, y, z, 
prove that the components of motion by which the axes are screwed along the curve 
through an arc dy are p = 0, q = dy, r=0; d^i = 0, d(p2= -dr, dil>^= -de, where dr 
and de are the angles of torsion and contingence. 

Ex. 2. The principal axes at any point O of a surface are the tangents to the 
lines of curvature and the normal to the surface. Let these be called the axes of 
j:, y, z. Let it be required to move the axes from into the position of the 
principal axes at a neighbouring point 0' on the axis of x. If 00'=dx the six 
components of motion for the base point are given by 

p = dx, q = 0,r=0; d<t>^=0, d<t>^=-—, (---/) ^^s=j( -J ^^' 

where p, p' are the principal radii of curvature for the sections xz, yz respectively. 
By combining this with a corresponding motion along the axis of y, we can move 
the axes from into the positions of the principal axes at any neighbouring point 
ff on the surface. 

Ex. 3. Show that the equation to a surface referred to the principal axes at any 
point is 

22. Eqnations of Motion of a changing body. It may be noticed that the 
three general equations of motion whose type is 

dhildt-egh^ + eji^=L (1) 

are not restricted to a rigid body. They hold even when the system is a collection 
of particles moving amongst themselves. We may therefore apply them to find the 
motion of a body which is changing its shape by transference of heat, or by some 
other cause, and is also turning freely in space about its centre of gravity as a fixed 
point*. 

• The equations of motion of a changing body were given by Liouville in 1858 
in the third volume of his Journal in the form shown in equations (6) of the text. 
The equations marked (9) agree .with those given by Prof. Darwin in the Phil. 
Trans. 1876, On the influence of geological change/ on the earth's axis of rotation. 
The equations (10) are in substance the same as those of Sir W. Thomson in the 
Appendix C of Prof. Darwin's paper. These are also to be found in the MScanique 
Celeste of Tisserand, 1891. The first use of mean axes is ascribed by Tisserand to 
Gyld^n, SociSU Eoyale d'Upsala, 1871. 

K. D. II, 2 
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In many cases the mode in which the body is changing its shape is given, so 
that, if we find the motion in space of any three rectangular axes connected in a 
known manner with the changing body, the motion of every part of the body is 
linown. The axes thus chosen to define the motion in space of the body may for 
shortness be called axes of the body. 

There is one method of choosing these axes which has the advantage of 
simplifying the equations of motion. Let a system of axes Of, Oij, Of move about 
the centre of gravity as origin with such angular velocities that, if at any instant 
the changing body were suddenly to become rigid the motion of the axes in the time 
dt would be the same as if they were fixed in the body. These axes possess the 
property that the angular momentum of the changing body about any one of them 
is the same as that of an ideal rigid body which is attached to the axes, and has the 
same instantaneous moments and products of inei'tia as the changing body. The 
angular momenta can therefore be expressed by the usual formulae for a rigid body, 
viz. fti = ^Oi - Fii^ - EOg . *e- 

To make this point clear ; let U, V, W be the resolved velocities in space of a 
particle of mass m, Oj, fi2i ^3 ^^^ angular velocities of the axes. Then as in Art. S 

Let 4|=Sm(,,r-i-V)> 4, = Sm(fe'-?r). ^f = Sm (fV - 1?'), 

so that At, A , A> are the angular momenta of that part of the motion of the 
particles of the body which is relative to the axes {, 17, f . Let ht, h , h, be the 
whole angular momenta about the axes, we then find by substitution 

hj=Sm(|F-ijP)=^f+Cf23-BOi-Dfi2 (2), 

and two similar equations, where A, B, C, D, E, F are the moments and products 
of inertia of the body about the axes of f , 1;, f. 

The choice of axes we have described makes them such that 

^^=0, A^=0, A^=0 (3). 

Such axes have been called mean axes by Tisserand in his M4canique Celeste. He 
remarks that they are characterised by the property that the changes in the body 
do not take the form of currents round them. 

We may notice that the positions of the axes are not strictly defined by the 
property that ^^=0, A =0, A^=0. These equations only determine the motion 
when their initial positions have been chosen. To take a single instance, let the 
body be initially at rest and let internal changes beginning at any instant alter its 
shape and structure. It is evident that at the beginning and throughout all these 
changes, the angular momentum about any axis fixed in space is zero. It follows 
that any rectangular axes fixed in space form a mean system. The angular 
momenta Ai, A , A, depend on the motion relative to the axes of f , 57, f, and are 
independent of 01,02,03. We may therefore now superimpose on the body and the 
axes any the same state of motion, and the axes will continue to be a mean system. 

It sometimes happens that the changes under consideration are so slow, though 
long continued, that the body presents the appearance of being unaltered and rigid 
when viewed for any short time. It is evident that in such cases the mean axes 
will also be sensibly fixed in the body. 

23. Let Of, Oil, Oi be the axes of the body, whether mean axes or not. Let 
Ox, Oy, Oz be any other set of axes to which we wish to refer the motion. Let 
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Wi, Wj, W3 be the angular velocities of the axes of the body about the axes of 
reference; e^, 0^, 0, those of the axes of reference themselves. The angular 
momenta of the body about the axes of reference are then 

}tx=A^ + Au-^-Fu^-E<,ig' 

h„ = Ay + Bu^- Du^- Fa^ ■ (i) 

''» = ^. + Cmj - Ewi - D«2 
where A^, Ay, A^ are the components of A^, A^, A^ about the axes of reference, and 
are zero if the axes of the body are mean axes. Also A, B, C, D, E, F are here the 
moments and products of inertia of the body about the axes of reference. 

To obtain the equations of motion we substitute these values of h^, liy, h, in 
the equations 

^'x-OJh + hK=L, &a., &a (5). 

If the axes of the body are chosen as the axes of reference, we have 9i = Wi, 
#2=0)2, 9s=M3, Ac. The equations, after substitution for h^ &c., take the form 

+I>(u3^-u^+Fu^i 
with two other equations. 

In these equations A, B, G, D, E, F are the moments and products of inertia 
abont the axes of the body, while the angular velocities Wi, Ac, and the moments 
L, M, N are referred to these as axes of coordinates. 

If the instantaneous positions of the principal axes are taken as the axes of 
reference, the expressions (4) for h^, hy, /{^ assume very simple forms. The equa- 
tions of motion (5) now become 

j^(AiOi + A^)-e3(Bo,^+Ay) + 02(Ci„3 + A,)=:L (7), 

with two similar equations. In these we write 

ei = Wi + ai, ^2=0)2 + 02, ffssuj + aa (8), 

so that Hi, Oj, ttj are the angular velocities with which the principal axes are 
separating from axes of the body. This substitution is made because in most cases 
01,02,03 are very small. The equations now take the form 

^ (4a>i) - (B - C) W2W3 - BwjOg + CmsOs + — 4^. - ^j, (W3 + og) + 4^ (uj + "2) ='i • •• (9), 

with two similar equations. In these equations A, B, G are the instantaneous 
values of the principal moments of inertia of the body, and the angular velocities 
uj, &o., O], &c, are referred to the principal axes as axes of coordinates. 

24. These equations admit of simplification when the instantaneous axis of ro- 
tation is nearly coincident with one principal axis. Taking this axis as that of z, 
both Ui and Wj are then small quantities. If also the internal changes are small and 
periodic, or slow and limited, so that the principal axes do not wander much in the 
body, the angular velocities u>i and uj will remain small throughout the motion. In 
such cases we may sometimes be able to neglect the angular momenta A^, Ay, A, 
due to these internal changes. Taking a set of axes in the body such that the 
principal axes do not deviate far from them, the angular velocities aj, 02, 03 will 
also be small. We shall also suppose that iV^=0 and that i, M are small. 

2—2 
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The third of equations (9) then shows that d (Cu^fdt differs from zero by the 
squares of small quantities. We may therefore write in the small terms of the two 
first equations (7wj= G, where G is a constant. We thus obtain 



d , , . (B-G „ \„ „ ^\ 
j^ (^uj) - ^ -g^ G - oj j Bwj +Ga^=L 

ip-.)-[^0-a,)A.,-Ga,=M 



.(10)- 



When the body is uniaxal and remains so throughout all changes, A=B. Since 
we may now take any axes in the equator of the body as principal axes, we may 
farther simplify the equations by so choosing these axes that 03=0. 

In using these equations the internal changes of the body relatively to the axes 
of the body are supposed to be given, so that a^, oj, oj and A, B, G are known 
functions of t. These differential equations when solved will then determine uj and 
uj. The motion in the body of the instantaneous axis follows at once. If required, 
e^, B^, ^3 also may be found, and the motion in space of the principal axes may be 
deduced from Euler's equations. 

Taking the case of a uniaxal body, let us suppose that the motion in the body 
of the axis of figure Oz is given by its angular co-ordinates (f, 57, 1) referred to the axes 
0|, Oil, Of; then {, ti are known functions of t. Since (01,02, 03) are the angular 
velocities with which the principal axes are moving relatively to axes in the body, 
we have ai= -drijdt and a^=dildt. 

If we also suppose that the changes in the body are such that, though the 
positions in the body of the principal axes are sensibly altered, yet the changes 
in magnitude of A, A, C are so small that we may neglect their variations when 
multiplied by uj^, u>^, the equations become 

da, di ^ \ 

where fi=G(G-A)IAC'a,nd v = GIA. 

In other problems the positions of the principal axes may be fixed in the body 
while the changes in the moments of inertia are given. In such cases we put 
01=0, 02=0, 03=0 and regard A, B, C as known functions of the time. 

Ex. 1. Let the earth be regarded as a uniaxal body, having all its principal 
moments of inertia nearly equal, and rotating about its axis of figure with an 
angular velocity n. If the internal changes of the earth are such that the pole of 
the axis of figure has a small annual motion round its mean place so that its 
coordinates are ^=pcosmt, 17=9 sin mt, the magnitudes of the principal moments 
of inertia remaining sensibly unaltered, prove that the co-ordinates of the pole of 
the instantaneous axis of rotation are 

fi= ^^3^cosmi-hHcosCi.J-i-^), vi=^^^^ sxamt+Hwi(i,t+K), 

where if, K are two arbitrary constants. Helmert's problem. Astrrni. Nachr. 
Vol. oxxvi. 

To prove these results we put L=0, M=0 in the equations (11) and substitute for 
f , ri their given values ; then ?i = f -I- ajn and ri-y=ij + ajn. 



•(11). 
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In the actual case of the earth 2irln is equal to ten months nearly, and 27r/m is 
equal to a year. 

Ex. 2. An ellipsoid, whose centre is fixed, contracts by cooling, and being 
set in motion in any manner is under the action of no forces. Find the motion. 

The principal diameters are principal axes at throughout the motion. Let us 
take them as axes of reference. The expressions for the angular moments about 
the axes are fti=Jui, h^=B(Oj., hg=Cuy The equations (6) then become 

Jj(^"l)-(B-C)«2W3 = 

and two similar equations. 

Multiplying these equations by Aa^, JBwj, Cuj, adding, and integrating we see 
that X^wi' + B^ug' + Cuj^ is constant throughout the motion. To obtain another 
integral, let A=AJ'{t), B = BJ'{t), G = CJ(t) where/(«) expresses the law of cool- 
ing which has been supposed such that the body changes its form very slowly. Let 
"i/(')=^i w2/(*) = ^2i "3/{') = ^3) and putd«/d«'=/(t), then the equations become 

^^-(5o~Co)fiA=0, 

and two similar equations. These may be treated as in the chapter on the motion 
of a body under no forces. Liouville's Journal, 1858. 



On relative motion. 

2.5. Clairaut's Theorem*. The theory of relative motion is 
best understood by viewing it in as many aspects as possible. We 
shall therefore now consider a method of determining the motion 
which is more elementary, and does not in the result make an 
exclusive use of Cartesian co-ordinates. 

Let it be required to refer the motion of a particle P to any 
given set of moving axes. Let P„ be the position of P at any 
time t and let P„ be attached to the axes and move with them 
during any short interval. Let / represent the acceleration of Po 
in direction and magnitude at the time t. The particle P will of 
course separate from Po, but as is explained in dynamics of a 
particle the actual acceleration of P in space is the resultant of 
its acceleration relative to Po treated as a fixed point and the 
acceleration / of P,. The acceleration of Po is called the "accele- 
ration of the moving space." 

Let X, y, z be the co-ordinates of the particle P referred to the 

* This method of determining the relative motion of a particle was first given 
by Clairaut in 1742, and afterwards the same rule was demonstrated in a different 
manner by Coriolis. The arguments of the former were criticized and improved by 
M. Bertrand in the nineteenth volume of the Journal Polytechnique. The mode of 
proof of the latter is altogether independent of all co-ordinates. Another demon- 
stration by the use of polar co-ordinates was given in Vol. xii. of the Quart 
Journal of Mathematics by the Eev. H. W. Watson. 
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moving axes, and let X, Y, Z be the impressed forces on the 
particle resolved parallel to the axes. Let p, q, r be the re- 
solved velocities of the origin; adding these to the right-hand 
sides of equation (1) in Art. 5 and substituting in (2) we have 

with similar expressions for Y and Z. Here A, B,G, D are func- 
tions of ^1, 02, ds, p, q, r and their differential coefficients with 
regard to t which it is unnecessary to write down. If x, y, z were 
constants, all the terms of X would disappear except the last four. 
These then, with the corresponding terms in Fand Z, express the 
acceleration / of a point Po, rigidly attached to the axes, but 
occupying the instantaneous position of P. 

We have now to examine the effect of the remaining terms. 
The motion of the axes of reference during any interval dt may 
be constructed by a screw motion along and round, some central 
axis 01. Let JJdt be the translation along and D,dt the rotation 
round 01. Let V represent the velocity of P relative to these 
axes, and let 6 be the angle made by the direction of V with 01. 
Consider now the second and third terms of X taken together, 
and the coiTesponding terms of Y and Z, neglecting for the 
moment all the other terms. If we multiply the expressions for 
X, Y, Z hy 01, 63, 63 respectively the sum of these terms is zero. 
The resultant of the accelerations is therefore perpendicular to 
01. Again, if we multiply the expressions for X, Y, Z by dxjdt, 
dy/dt, dz/dt respectively the sum of the terms is again zero. 
The resultant of the accelerations is therefore perpendicular to 
the direction of the relative velocity V. Finally, by adding up 
the squares of the terms, we find that the magnitude of the 
resultant acceleration is 2ilV sin 6. 

To determine the manner in which these forces should be 
applied, we must transpose the terms whiqh represent them to the 
other sides of the equations. The first equation then becomes 



m 



'^, = X + 2m(j^6,-^^e,]-m(Ax + By + Cz + D). 



and the other two take similar forms. These are the equa- 
tions of motion of a particle referred to fixed axes, moving under 
the same impressed forces as before, but with two additional forces. 
These are, first, a force equal and opposite to that represented by 
mf, where/ is the acceleration of the point of moving space occu- 
pied by the particle ; and secondly, a force whose magnitude has 
been shown to be 2mVfl sin 6. To determine the direction of this 
force, let the axis of z be taken along the axis 01, and let the 
plane of yz be parallel to the direction of motion of the particle. 
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then ^1 = 0, 02 = 0, and dx/dt = 0. We then easily see that this 
force disappears from the equations giving md^yjdt^ and irid^z/dt^ ; 
while in that giving md'xjdt^, we have the single term 2m0sdy/dt. 
The magnitude of this force is obviously 2m FO sin 6, and it acts 
along the positive direction of the axis of x. This is the left- 
hand side when the receding particle is viewed from the central 
axis OT. 

When these equations have been integrated, the arbitrary con- 
stants ai-e to be determined from the initial values of «, y, z, 
dx/dt, dy/dt, dz/dt. These differential coefficients are clearly the 
components of the initial velocity of the particle, taken relatively 
to the moving axes. 

26. Relative motion of a particle. We may express these 
conclusions in the following rule. 

In finding the motion of a particle of mass m with reference 
to any moving axes we may treat the axes as if they were fixed 
in space, provided that we regard the particle as acted on, in 
addition to the impressed forces, by two other forces : 

(1) a force equal and opposite to mf, where / represents in 
direction and magnitude the acceleration of the pointofraoving 
s^acejjccupied by the particle. The force mf is caJIed^tlie^^^orce 
of moving space ; " 

(2) a force perpendicular to the direction of relative motion 
of the particle, and also to the central axis or axis of rotation of 
the moving axes. This force is measured by 2mFil sin 6 where 
V is the relative velocity of the particle, H the resultant angular 
velocity of the moving axes, and d is the angle between the 
direction of the velocity and the central axis. This force is called 
the compound centrifugal force. 

To find the direction in which the force is to be applied; stand 
with the back along the central axis so that the rotation appears 
to be in the direction of the hands of a watch ; then viewing 
the particle receding from the central axis the force acts to the 
left-hand. The central axis may be conveniently called the axis 
of the centrifugal forces. 

27. Ex. If the particle be constrained to move along a curve which is itself 
moving in any manner, the compound centrifugal force, being perpendicular to the 
direction of the relative velocity of the particle, may be included in the reaction of 
the curve. The only force which it is necessary to impress on the particle is the 
force of the moving space. If the curve be turning about a fixed axis with an 
angular velocity fi, the components of the accelerating force of moving space are 
clearly [H'r tending directly from the axis of rotation, and rdQjdt perpendicular 
to the plane containing the particle and the axis, where r is the distance of 
the particle from the axis. This agrees with the result obtained in the section on 
relative motion in Vol. i. Chap. iv. Art. 213. 
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28. In finding the compound centrifugal force it is useful 
to remember, that we may resolve the angular velocity H or 
the linear velocity V in any manner that we please, and find 
the forces due to each of the components separately. Though we 
have thus more than two forces which must be applied to the 
particle, yet, by making a proper resolution, some of these may 
either produce no efiect, and may therefore be omitted, or may 
produce an efiect which is easily taken account o£ 

29. Relative motion of a Rigid body. When we wish to 
apply Clairaut's theorem to the motion of a rigid body, we must 
consider each particle to be acted on by the two forces which 
depend on the position and velocity of that particle. To find the 
resultant of all these forces, we generally have to efiect an 
integration throughout the body. This integration though not 
difficult is sometimes troublesome. Methods of abbreviating 
the process have been formulated but they are omitted here 
because such problems are generally more easily solved by using 
the methods described in Art. 10. 

30. Principle of Vis Viva applied to moving axes. Suppose the system at 
any instant to become fixed to the set of moving axes relative to which the motion is 
required, and calculate what would then be tlie effective forces on the system. These 
have been called in Art. 25 the forces of moving space. If we apply them as ad- 
ditional impressed forces on the system, but reversed in direction, we may use the 
equation of Vis Viva to determine the relative motion as if the axes were fixed in 
space. This theorem is due to Coriolis, Journal Polytech. 1831. 

If we follow the notation of Art. 24 the accelerations of any point P resolved 
parallel to the rectangular moving axes are 

d'x „<Ja„ „dz „ , „ „ „ 

with two similar expressions for the axes of y and z. The last four terms, with the 
corresponding terms in the other expressions, are the resolved accelerations of 
a point P„ rigidly attached to the axes, but occupying the instantaneous position of 
P. Let us call these X^, r„, Z^. 

Let us now recur to the proof of the principle of Vis Viva given in Vol. i. 
Chap. vii. Art. 350. To adapt that proof to our present ease we have merdy to 
substitute the above expressions for d^x/dt^ &c. in the general equation of virtual 
moments. After substituting for the displacements Sx, &y, dz their values dx, dy, 
dz, it is clear that the terms containing dxjdt, dyjdt, dzjdt disappear. The 
equation after integration becomes 

^"^ {0'+ (!)'+ (|)}=22™;{{^-^o)<i^ + {l'-r,)d3, + (Z-Z,)rf.} + C. 

31. Another proof. This theorem of Coriolis also follows at once from that 
given in Art. 25 for all kinds of relative motion. The mode of proof just given has 
the advantage of recurring to first principles. 
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It is clear that when we use the principle of virtual velocities any force whose 
line of action is perpendicular to the displacement given to its point of application 
must disappear from the equation. Now in the principle of Vis Viva the displace- 
ment given to every point is the elementary arc described by that point in the time 
dt relative to the axes. The compound centrifugal force acts perpendicularly to 
this arc, and therefore disappears from the equation. But the virtual moments of 
the forces of moving space are not zero, and must be allowed for in the equation. 

32. Ex. A sphere rolls on a perfectly rough plane, which turns with a 
uniform angular velocity n about a horizontal axis in its own plane. Supposing the 
motion of the sphere to take place in a vertical plane perpendicular to the axis of 
rotation, find the vmtion of the sphere relatively to the plane. 

Let Ox be the trace described by the sphere as it rolls ou the plane, and let 
Oy be drawn through the axis of rotation perpendicular to Ox in the plane of 
motion of the sphere. Let nt be the angle which Ox makes with a horizontal plane 
through the axis of rotation. Let <p be the angle that the radius of the sphere which 
was initially perpendicular to the plane makes with the axis of y. Let x, y be the 
co-ordinates of P the centre of the sphere, and Mk^ the moment of inertia of the 
sphere about a diameter. 

If the sphere were fixed relatively to the plane its effective forces would be Mn^x 
and Mnh/ acting at the centre of gravity, arid a couple MkHnjdt = round the centre 
of gravity. See Vol i. Chap, iv., note to Art. 450. Also the impressed force, viz., 
gravity, is equivalent to g sin nt and - g cos nt parallel to the moving axes. The 
equation of Vis Viva for relative motion is therefore 

, d Uda\- (dxjy ,„fd<l,Y\ „ dx „ dy . dx dy 

1+ -J 1 -j-2=n2x+jsiumt. 

This equation might also have been derived from the formulae for moving axes 
given in Vol. •.. Chap. iv. Art 211 . 

If ft2=| a" this equation leads to x = - -^ 4 sin nt + Ae^'^^* + Bc""^** 

12 «^ 

where A and B are two constants which depend on the initial conditions of the 
sphere. 

On Motion relative to the Earth. 

33. The motion of a body on the surface of the earth is not 
exactly the same as if the earth were at rest. As an illustration 
of the use of the equations of this chapter, we shall proceed to 
determine the equations of motion of a particle referred to axes 
of co-ordinates fixed in the earth and moving with it. 

Let be finy point on the surface of the earth whose latitude is 
X. Thus X is the angle which the normal to the surface of still water 
at makes with the plane of the equator. Let the axis of z be 
the vertical at 0, measured positively in the direction opposite to 
gravity. Let the axes of x and y be respectively a tangent to the 
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meridian and a perpendicular to it, their positive directions being 
respectively south and west. In the figure the axis of y is dotted 
to indicate that it is perpendiculg,r to the plane of the paper. Let 




o) be the angular velocity of the earth, h the distance of the point 
from the axis of rotation. 

We may reduce the point to rest by applying to every 
point under consideration an acceleration equal and opposite to 
that of 0, and therefore equal to a^h and tending fi-om the axis of 
rotation. We must also apply a velocity equal and opposite to 
the initial velocity of 0. This velocity is ah. The whole figure 
will then be turning about an axis 01, parallel to the axis of 
rotation of the earth, with an angular velocity ». 

When the particle has been projected fi-om the earth it is acted 
on by the attraction of the earth and the applied acceleration 
<i)%. The attraction of the earth is not what we call gi-avity. 
Gravity is the resultant of the attraction of the earth and the 
centrifugal force, and the earth is of such a form that this resultant 
acts perpendicular to the surface of still water. If it were not 
so, particles resting on the earth would tend to slide along the 
surface. It appears, therefore, that the force on a particle at 0, 
after has been reduced to rest, is equal to gravity. Let this be 
represented by g. 

The equations of motion are much simplified if we neglect 
such small quantities as the difference between the attractions of 
the earth at different points near 0. If a is the equatorial 
radius of the earth, the attraction at a height z above is nearly 
equal to g{l — zja). Since a is 20926629 feet and 27r/w is 
24 hours, we easily find that the centrifugal force at the equator, 
(o^a, is equal to g/289. Hence if we neglect the small term 
gz/a we must also neglect lo^z at all points near 0. The term w^b 
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is not neglected, because at places near the equator b is nearly as 
large as the radius of the earth. 

Since the earth is turning round 01 with angular velocity to, 
the resolved part about Oz is w sin \, since the angle lOz is the 
complement of \ ; since the rotation is from west to east, the 
resolved angular velocity is from y to x, which is the negative 
direction, hence ^j = — w sin \. The resolved angular velocity 
round Ox is <o cos X, and is from y to z, which is the positive 
direction, hence 6i=(o cos \. Also since 01 is perpendicular to 
Oy, 6« = 0. Hence, by Art. 4, the actual velocities of any particle 
whose co-ordinates are (x, y, z) are 

dx . ^ 

u = -jT + (o smXy 



v = 



w- 



dy 
dt' 

dz 
dt 



■ (o cos \z — (o sin \x 



+ CO cos \y. 



To find the equations of motion it is only necessary to substitute 
these values in the equations of Art. 5. ^ 

We thus have 

d^x c, • ^ dy „ \ 

-J- + 2w sin X ^ = A ^ 

dt^ dt 

-f^- 2(»cos\-T,- 26)sm\-j-= X 
d^= dt dt 

where the terms (X, Y, Z) include all the accelerating forces, 
except gi-avity, which act on the particle. These equations agree 
with those given by Poisson, Journal Poly technique, 1838. 

34. If we retain the terms containing o)=, and include the 
difference between the attractions at {x, y, z) and in the forces 
X, Y, Z, the equations of motion are 

^H- 2wsin\^ - o)2sin-'\«- w^sinX cos X^ = X, 
dP dt 

d^V „ ^ dz „ . ^ dx „ ^y 
-yg-2«cosXT-^-2a>smX jT-«'2/= Y, 
dt' dt dt 

~ + 2a)C09\-^- m' cos" \z - w" sin X cos Xa; = - gr + .^. 
dt' dt 
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35. Ex. 1. As an example, let us consider the case of a particle dropped from a 
height h. The initial conditions are therefore x, y, dxjdt, dyjdt, dzjdt all zero, and 
z=h. As a first approximation, neglect all the terms containing the small factor u. 
Then we have x = 0, y=0, z = h-igfl. 

For a second approximation, we may suhstitute these values of {x, y, z) in the 
small terms. We have after integration 

1=0, ?/= -jMCosXjt', z = h-\gtK 

Thus there will he a small deviation towards the east, proportional to the cuhe 
of the time of descent. There wiU be no southerly deviation, and the vertical 
motion wiU be the same as if the earth were at rest. 

An elementary demonstration of this result wUl make the whole argument 
clearer. Let the particle be dropped from a height ft vertically over 0. Then, 
being reduced to rest, the particle is really projected eastwards with a velocity 
uft cos \. Hence, if the direction of gravity did not alter owing to the rotation of 
the earth about 01, the particle would describe a parabola, and the easterly deviation 
would be (wft cos X) t, where t is the time of falling. Since h=^gt\ this deviation is 
Ja> cos i\gt\ The rotation a about 01 is equivalent to u sin \ about Oz and u cos \ 
about Ox. The former does not alter the position of OG the normal to the surface 
of the earth, which is the direction of gravity. The latter turns 00 in any 
time f through an angle u cos Xt. Thus gravity gradually changes its direction 
as the particle falls. The particle is therefore acted on by a westerly component 
=g sin (w cos Xt),. which, since ut is small, is nearly equal to gia cos Xt. Let y' be the 
distance of the particle from the position of the plane xz in space at the moment 
when the particle began to faU, and let y' be measured positively to the west. The 
equation of motion of the particle in space is therefore d^'/'^'^^S"'""^^- Inte- 
grating this and remembering that, as explained above, dy'jdt = - uft cos X when 
t=0, we get y'= - aht cos\ + ^giai?cos\. When the particle reaches the ground we 
have y'=y very nearly, and h=^gfi, thus the deviation westwards is - Jwgt'cosX, 
which is the same as before. If it be not evident that y'=y, it may be shown thus. 
In the time t, Oy, Oz have turned through a very small angle d = a cos Xt, hence, as 
in transformation of axes, y'= y cos 9 -2 sin B, which gives y'=y when we reject the 
squares of 8. 

Ex. 2. A particle is projected vertically upwards in vacuo with a velocity V. 
Show that on reaching the ground again there is no deviation to the south but the 
deviation to the west is 4u cos X V^ISg'. [Laplace, iv. p. 341.] 

Ex. 3. A particle is dropped from a height h and falls to the earth. If the 
resistance of the air be kv", where v is the relative velocity of the particle and air, 
show that the deviation to the south is still zero, but the deviation to the east is 

1 --; TTi ml- where t is the time of descent and the squares of k 

{n + l){n + 2)j ^ 

are neglected. Laplace gives the expansion for several powers of k when the 

resistance varies as the square of the relative velocity. [Mec. Celeste, iv. p. 337.] 

36. In many cases it will be found convenient to refer the 
motion to axes more generally placed. Let be the origin, and 
let the axes be fixed relatively to the earth, but in any directions 
at right angles to each other. Let 6^, 6^, 6^ be the resolved 
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parts of o) about these axes, then 0^, 0^, 63 are known constants. 
After substituting from Art. 4 in the equations of motion given 
in Art. 5 we get 

^-2^0 +2^yft - n^7 
dt-^dC'^^dt^^^-^-^^- 

For example, if we wish to determine the motion of a projectile, it is 
convenient to take the axis of 2 vertical and the plane of xz to be the plane of 
projection. Let the axia of x make an angle /3 with the meridian, the angle being 
measured from the south towards the west. Then 

9i = c<)cos\oos;8, ^2= -ucosXsinp, e3=-wsinX. 

These equations may be solved in any particular case by the 
method of continued approximation. If we neglect the small 
terms we get a first approximation to the values of (x, y, z). To 
find a second approximation we may substitute these values in the 
terms containing co, and integrate the resulting equations. As 
the equations are only true on the supposition that to" may be 
neglected, we cannot proceed to a third approximation. 

37. Ex. 1. A particle is projected with a velocity F in a direction making an 
angle a with the horizontal plane, and such that the vertical plane through the 
direction of projection makes an angle /3 with the plane of the meridian, the angle /3 
being. measured from the south towards the west. If x be measured horizontally in 
the plane of projection, y be measured horizontally in a direction making an angle 
P+iir with the meridian, and z vertically upwards from the point of projection, 
prove that x = Vcosat + {Vsiaat^-^gt^)u) cos X sin /3, 

y = (V sin at^ - \gt^) ii> cos X cos /3 + F cos at^w sin X, 

z = Vsm.at-\gt^-V cos a,t\ui cos X sin ^, 

where X is the latitude of the place, and a the angular velocity of the earth about its 
axis of figure. 

Show also that the increase of range on the horizontal plane through the point 
of projection is 4u sin ^ cos X sin o (J sin" a - cos" a) V^jg\ 

and that the deviation to the right of the plane of projection is 

4w sin" a (| cos X cos ;3 sin a + sin X cos o) F'/^r". 

Ex. 2. A bullet is projected from a gun nearly horizontally with great velocity 
so that the trajectory is nearly flat, prove that the deviation is nearly equal to 
Rtu sin X, where R is the range, and the other letters have the same meaning as in 
the last question. The deviation is always to the right of the plane of firing in the 
Northern hemisphere, and to the left in the Southern hemisphere. It is asserted 
(Comptes Bendus, 1866) that the deviation due to the earth's rotation as calculated 
by this formula is as much as half the actual deviation in Whitworth's gun. 
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We may arrive at this result in an elementary way. The bullet after it leaves 
the earth describes its path in space, while the axes of reference turn with the earth 
round the vertical at the point of projection with an angular velocity u sin \. The 
bullet is therefore left behind by the axes, and after a time t we have y=xtasin\. 
As explained in Art. 35, the effect of the resolved angular velocity about a horizontal 
line at the point of projection is here neglected. The solution is therefore only 
approximately true when the trajectory is flat and the error increases vrith the time 
of flight. 

The terms containing the factor a are so small that it is unusual to make any 
allowance for them in aiming a gun at a target, except when the velocity of pro- 
jection V is very great. In such cases it is enough to retain the terms which contain 
F as a factor. If however the trajectory is flat, the vertical velocity V sin a is small 
and there is no reason for retaining the term. Taking only the principal terms, we 
see from the results of the last example that 

x = Veosat ?/=F'cos ot^usinX 

z=zV am at - ^gt^ - V cos a^a COB Ti sin p. 

It follows that throughout the motion y=xatBux\. It appears also that the 
time the bullet takes to reach the target is (on these suppositions) independent of the 
motion of the earth. The vertical deviation of the bullet from its parabolic path at 
the moment of reaching the target is - xtia cos X sin /3. This is to be measured 
upwards when positive ; the deviation is therefore upwards or downwards according 
as the target is on the east or the west side of the meridian. 

It may be objected that in obtaining these results we have neglected the resistance 
of the air, whose effects in altering the parabolic path are much greater than those 
of the rotation of the earth. So long however as we reject the squares both of a 
and of the constant of resistance, the deviations due to tn from an unresisted are the 
same as those from a resisted path. 

38. Disturbance of a Pendulum. Let us apply the equa- 
tions of Art. 36 to determine the effect of the rotation of the earth 
on the motion of a pendulum. In this, as in some other cases, it 
is found advantageous to refer the motion to axes not fixed in 
the earth but moving in some known manner. Let the axis of z 
be vertical as before, and let the axes of x and y move slowly 
round the vertical with angular velocity w sin \ in the direction 
from the south towards the west. In this case we have 

01= (o cos \ cos ^, 02=— (o cos \ sin ^, 

and ^3 = — ft) sin \ + ft) sin X = 0, 

where ^ is the angle the axis of x makes with the tangent to the 
meridian, so that d^/dt = ft) sin X If, as before, we neglect quanti- 
ties which contain the square of ft) as a factor, the terms which 
contain ddi/dt and dO^/dt must be omitted. Hence the required 
equations may be obtained fi-om those of Art. 36 by putting 0, = 0. 

If m be the mass of the particle, I the length of the string, and 
T the tension ; the equations are 
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;jTi - 2eB COS \ Sm /3 ;jT = -, 

dv '^ at ml 

5|-2o,cosXcos/3^^=--f y, 

5+2«cos\sm/3j+2«cos\cos;8^ = -« + ^^ 
at- "^ dt "^ dt ^ m I 

the origin being taken at the lowest point of the arc of oscillation. 

If the oscillation be sufiSciently small 2; differs from zero by small 
quantities of the order of a^ where a is the semi-angle of oscil- 
lation. The last equation then shows that T differs from mg by 
quantities of the order of tua at least. If then we neglect terms of the 
order of (oa? and a^ we may put mg for T in the two first equations, 
and neglect the terms containing adz/dt. The equations of motion 
thus become the same as for a pendulum attached to a fixed 
point. If ln-=g the solutions of the equations are clearly 

x = Acos (nt +G), y = B sin (mi + D). 

The small oscillations of a pendulum on the earth referred to 
axes turning round the vertical with angular velocity a> sin X are 
therefore the same as those of an imaginary pendulum suspended 
from an absolutely fixed point. 

Let us then suppose the pendulum to be drawn aside so as to 
make with the vertical a small angle a and then let go. Relatively 
therefore to the axes moving round the vertical with angular 
velocity to sin \ we must suppose the particle to be projected with 
a velocity I sin aw sin \ perpendicular to the initial plane of dis- 
placement. We have then when t = 0, x = la, y = 0, dxjdt = 0, 
dyjdt = — laas sin \. It is then easy to see that in the above values 
of X arid y, C and D are both zero, and that the particle describes 
an ellipse, the ratio of the axes being to sin \ (l/g)^. The effect of 
the rotation of the earth is to make this ellipse turn round the 
vertical with uniform angular velocity to sin X in a direction from 
south to west. If the angle a be not so small that its square may 
be neglected, it is known by dynamics of a particle that, indepen- 
dently of all considerations of the rotation of the earth, there will 
be a progression of the apsides of the ellipse. It is therefore 
necessary for the success of the experiment that the length I of 
the pendulum should be very great. This motion of the apsides 
depending on the magnitude of a is in the opposite direction to 
that caused by the rotation of the earth. 

It also appears that the time of oscillation is unaffected. by the 
rotation of the earth, provided the arc of oscillation be so small 
that the effects of forces whose magnitude contains the factor wot? 
may be neglected. 
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39. Ex. 1. In Foucault'a experiment, a long pendulum is suspended from a 
point over the centre of a circular table, and the arc of oscillation is seen to pass 
from one diameter to another. Show that the arc of the circular rim of the table 
described by the plane of oscillation in one day is equal to the difference in length 
between two parallels of latitude one through the centre and the other through the 
northern or southern point of the rim. This theorem is due to Prof. J. E. Young. 

Ex. 2. A heavy particle is suspended from a fixed point of support by a string 
of length a, and the effect of the rotation of the earth is neglected. In the two 
following cases the path of the particle is very nearly an ellipse whose apses advance 
in each complete revolution of the particle through an angle j3 . 2ir. If b and c be 
the major and minor semi-axes of the ellipse, prove (1) that when 6 and e are small 
compared with a, p=^lcja', and (2) that when b and c are not small compared with 
a, but are very nearly equal, (/3-I- 1)~''=1 - jl^ja^. 

Ex. 3. A pendulum, at rest relatively to the earth, is started in any direction 
with a small angular velocity, show that the oscillations will take place in a vertical 
plane turning uniformly round the vertical so that the pendulum becomes vertical 
once in each half oscillation. 

Ex. 4. Let 9 be the angle which a pendulum of length I makes with the vertical, 
and the angle which the vertical plane containing the pendulum makes with a 
vertical plane which turns round the vertical with uniform angular velocity w sin \ 
in a direction from south to west. Prove that, when terms depending on u' are 
neglected, the equations of motion become 

(S7-'"=KSy = ¥-^-^' J(sin'.S) = 2sin^.cos(,.,)„cosxS. 

where A is an arbitrary constant, and the other letters have the meanings given to 
them in Art. 36. See M. Quet in Liouville's Journal, 1853. 

These equations will be found convenient in treating the motion of a pendulum. 
They may be easily obtained by transforming those given in Art. 38 to polar 
co-ordinates. 

40. Disturbances of motion in one plane. In the first volume of this treatise 
a chapter was devoted to the discussion of the motion of a body or a system of 
bodies constrained to remain in a fixed plane. This plane was treated as if it 
were reaJly fixed in space. But since no plane can be found which does not move 
with the earth, it is important to determine what effect the rotation of the earth will 
have on the motion of these bodies. Let us treat this as an example of the method 
of Clairaut and Ooriolis given in Art, 25. 

Let the plane make an angle X with the axis of the earth. Let a point in 
this plane be on the surface of the earth, and let it be reduced to rest. Then, as 
proved in Art. 33, the moving bodies while in the neighbourhood of are acted on 
by their weights in a durection normal to the surface of the earth. The earth is 
now turning round an axis through parallel to the axis of figure with a constant 
angular velocity w. Let this angular velocity be resolved into two, viz., -w sin X 
about an axis perpendicular to the plane, and w cos X about an axis in the plane. 
Now the square of u is to be rejected, hence, by the principle of the superposition of 
small motions, we may determine the whole effect of these two rotations by adding 
together the effects produced by each separately. 



ART. 41.] MOTION IN ONE PLANE. 33 

It is a known theorem that if a particle be constrained to move in a plane which 
turns round any axis in that plane with a constant angular velocity u cos A, the 
motion may be found by regarding the plane as fixed and impressing an accelera- 
tion u'r cos'' X on the particle, where r is the distance of the particle from the axis. 
This may be deduced, as in Art. 26, from the theorem of Clairaut. This impressed 
acceleration is to be neglected because it depends on the square of u. The angular 
velocity &> cos \ has therefore no sensible effect. 

If the bodies be free to move in the plane, the effect of the rotation - u sin X is to 
turn the axes of reference round the normal to the plane drawn through the point 
0. If then we calculate the motion without regard to the rotation of the earth, 
taking the initial conditions relative to fixed space, the effect of the rotation of the 
earth may be allowed for by referring this motion to axes turning round the normal 
with angular velocity - a sin X. For example, if the body be a heavy particle sus- 
pended by a long string from a point fixed relatively to the earth, it is really 
constrained to move in a horizontal plane, and the reasoning given above shows 
that the plane of oscillation will appear to a spectator on the earth to revolve with 
angular velocity - w sin X round the vertical. 

If the bodies be constrained to revolve with the plane, it will be required to find 
the motion relatively to that plane. We must therefore apply to each particle the 
force of moving space and the compound centrifugal force. If r be the distance of 
any particle of mass m from 0, the former is mru^ sin^ X. This is to be neglected 
because it depends on the square of w. The latter is therefore the only force to be 
considered. Let us replace it by a resultant force acting at the centre of gravity 
of the body and a couple. We notice that, by Art. 24, the components of the 
compound centrifugal force on any particle are algebraic functions of dxjdt, dyjdt, 
dzjdt of the first degree. By Vol. i. Art. 14, their moment about the centre of 
gravity is equal to that of the compound centrifugal forces after the centre of 
gravity has been reduced to rest. Since each particle of the body is then moving 
in the plane of constraint perpendicular to its radius vector drawn from the centre 
of gravity as origin, the compound centrifugal force on it acts along the radius 
vector, and has therefore no moment about the centre of gravity. The couple 
therefore is zero. Again, the resultant force at the centre of gravity is the same as 
if all the mass were collected at that point, and is therefore equal to - 2MVta sin X, 
where M is the mass of the body and V the velocity of the centre of gravity. 

The effect of the rotation of the earth may therefore be allowed for by treating 
the earth as fixed and applying this force at the centre of gravity of the body. 
The ratio of this force to gravity for a particle moving 32 feet per second, is at 
most 4ir/24.60.60, which is less than a five thousandth. This is so small that, 
except under special circumstances, its effect is imperceptible. 

41. Disturbance of the motion of a rigid body. Hitherto 
we have considered chiefly the motion of a single particle. The 
effect of the rotation of the earth on the motion of a rigid body 
will be more easily understood when the methods to be described 
in the following chapters have been read. If, for example, a body 
be set in rotation about its centre of gravity, it will not be difficult 
to determine its motion as viewed by a spectator on the earth, 
when we know its motion in space. It seems, therefore, sufficient 

R. D. II. 3 
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here to consider the peculiarities which these problems present, 
and to seek illustrations which do not require any extended use of 
the equations of motion. 

42. The effect of the rotation of the earth is in general so 
small compared with that of gravity, that it is necessary to fix the 
centre of gravity in order that the effects of the former may be 
perceptible. Even when this is done, the friction on the points of 
support and the other resistances, cannot be wholly done away 
with. If, however, the apparatus be made with such care that 
these resistances are small, the effects of the rotation of the earth 
may be made to accumulate, and after some time to become 
sufficiently great to be clearly perceptible. 

If a body be placed at rest relatively to the earth and free to 
turn about its centre of gravity as a fixed point, it is actually in 
rotation about an axis parallel to the axis of the earth. Unless 
this axis be. a principal axis, the body does not continue to rotate 
about it, and thus a change takes place in its state of motion. 
By referring to Euler's equations, we see that the change 
in the position of the axis of rotation is due to the terms 
(A — B)a)iC02, (-B— C')o)26>3, {C—A)(0sC0i. The body having been 
placed apparently at rest, coi, m^, Ws are small quantities of the 
same order as the angular velocity of the earth ; these terms are, 
therefore, of the order of the squares of small quantities. Whether 
they are great enough to produce any visible effect or not depends 
on their ratio to the frictional forces which could be called into 
play. But, since these frictional forces are sufficient to prevent 
any relative motion, these terms will in general be just cancelled 
by the frictional couples introduced into the right-hand sides of 
Euler's equations. The body, therefore, continues at rest relatively 
to the earth. 

In order that some visible effect may be produced, it is usual 
to impress on the body a very great angular velocity about some 
axis. If this be the axis of co^, the terms in Euler's equations, 
which are due to the centrifugal forces, and which contain coj as a 
factor, become greater than when Wj had no such initial value. 
The greater this initial angular velocity, the greater these terms 
will be, and the more visible we may expect their effects on the 
body to be. 

If the angular velocity thus communicated to the body be 
sufficient to turn it only once in a second, it is still 24 x 60 x 60 
times as great as the angular velocity of the earth. In such 
problems, therefore, we may regard the angular velocity of the 
earth as so small, compared with the existing angular velocities 
of the body, that the square of the ratio may be neglected. 
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As an example* of the application of these principles, we have 
selected one case of the gyroscope, which admits of an elementary 
solution. More general cases are considered further on. 

43. Ex. The centre of gravity of a solid of revolution is fixed, while the axis of 
figure is constrained to remain in a plane fixed relatively to the earth. The solid 
being set in rotation about its axis of figure, it is required to find the motion. 

Let US refer the motion to moving axes. Let the centre of gravity be the origin, 
the plane of yz the plane fixed relatively to the earth. Let the axis of figure be the 
axis of 2, and let it make an angle x with the projection of the axis of rotation of the 
earth on the plane of yz. Let this projection, for the sake of brevity, be called the 
axis of x- Let p be the angular velocity of the earth about its axis, a the angle which 
the normal to the plane of yz makes with the axis of the earth. We suppose p to 
be reckoned positive when the rotation is in the standard direction usually taken as 
positive, so that when viewed from the positive extremity of the axis, the rotation 
appears to be in the direction of the hands of a watch. Since the earth turns from 
west by south to east, it follows, if the angle o 
be measured from the northern extremity P of 
the axis, that p is reaUy negative and is repre- 
sented in Art. 33 by - tu. The motion of the 
moving axes is given by 

6^=p cos a + dxjdt, 

B^=p sin a sin x, 

93=p sin a cos x- 
Let o>i, Uj , W3 be the angular velocities of the 
body about the moving axes ; A, A, C the princi- 
pal moments of inertia at the centre of gravity. 

Let B be the reaction by which the axis of figure is constrained to remain in 
the fixed plane, then R acts parallel to the axis of x. Let h be the distance of its 
point of application from the origin. The angular momenta about the axes are 
respectively Ai=^Wi, ^2=^(1)2, h^=Cw^. 

* M. Quet has published in Liouville's Journal, 1853, a memoir on relative 
motion and the application to the pendulum and several forms of the gyroscope. 
The problem considered in Art. 43 is one of those solved by him, though in a 
different manner. 

The application of Lagrange's equations to relative motion has been discussed 
by Ed. Bour in a memoir presented to the French Academy in 1856 and afterwards 
published in Liouville's Journal, 1863. He forms an expression for the vis viva 
simUar to that given in Art. 44, equation (1), and appUes it to various problems. 
The principal object of his memoir is to show by the solution of some problems a 
little more complicated than those usually given in treatises on mechanics the 
advantages which result by using the canonical forms of Hamilton and Jaoobi. 
He therefore continually uses the principal function of Hamilton to obtain the 
solutions of his problems. Lagrange's equations have also been used by Lottner in 
Crelle's Journal, 1857. His processes are somewhat complicated, but they have been 
abbreviated by Prof. Gilbert of Louvain, who supplied a " oompte rendu" to the 
Association Fraru^ise in 1878 and another to the Academy in 1882, Tome xoiv. In 
both of these he continually refers to a memoir pubUshed by him, which how- 
ever the author has not seen. 

3—2 
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Sulstituting in Art. 10, the equations of motion are 

A^~Guse^ + Awj^ff3=Ehy. 

Since the axis of z is fixed in the body, we see by Art. 3, that <<>i = fli, (02=62. 
The last equation of motion, therefore, shows that wj is constant. It should however 
be remembered that w^ is not the apparent angular velocity of the body as viewed 
by a spectator on the earth. If O3 be the angular velocity relatively to the moving 
axes, we have by Art. 3, Q^=w^-B^, so that 

03+psinocosx= constant. 
Thus the body, if so small a difference could be perceived, would appear to rotate 
slower or quicker the nearer its axis approached one extremity or the other of the 
projection of the axis of the earth's rotation on the fixed plane. 

The first equation of motion, after substitution for uj, wj, flj, 63, their values in 
terms of x, becomes 

A -^ - Aj:^ sin? a sin X cos x+ Cnp Binosinx=0, 

where n has been written for W3. The second term should be rejected as compared 
with the third, since it depends on the square of the small quantity p. Art. 33. 
We have, therefore, 

<Px C . . 

-^ = -jnpsmasmx. 

This is the equation of motion of a pendulum under the action of a force 
constant in magnitude, and whose direction is along the axis of x, i-e. the projection 
of the axis of rotation of the earth on the fixed plane. The body being set in 
rotation about its axis of figure, we see that that axis immediately begins to 
approach one extremity or the other of the axis of x with a continually increasing 
angular velocity. When the axis of figure reaches the axis of x, its angular velocity 
begins to decrease, and it comes to rest when it makes an angle on the other side 
of the axis of x equal to its initial value. The oscillation will then be repeated 
continually. 

The axis of figure oscillates about that extremity of the axis of x> which, 
when X is measured from it, makes the coefficient on the right-hand side of the last 
equation negative. This extremity is such that, when the axis of figure is passing 
through it, the rotation n of the body is iu the same direction as the resolved 
rotation p of the earth. 

If we compare bodies of different form, we see that the time of oscillation depends 
only on the ratio of G to 4. It is otherwise independent of the structure or form of 
the body. The greater this ratio the quicker wiU the o^iUation be. For a solid of 
revolution the ratio is greatest when Imz'=Q. In this case the ratio is equal to 2, 
and the body is a circular disc or ring. 

If we compare the different planes in which the axis may be constrained to 
remain, we see that the motion is the same for all planes making the same angle 
with the axis of the earth. It is therefore independent of the inclination of the 
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plnne to the horizon at the place of observation. The time of oscillation is 
least, and the motion of the axis most perceptible, when a = i7r, i.e. when the plane 
is parallel to the axis of rotation of the earth. If the plane be perpendicular to the 
axis of the earth, the axis of figure does not oscillate, but if the initial value of dxjdt 
is zero, it remains at rest in whatever position it may be placed. 

44. Application of Lagrange's equations. Let the body 
be referred to a system of axes with a fixed origin 0, whose 
angular motions about themselves are given by 6^, 9^, d,. If 
\, fjL, V are the direction cosines of their instantaneous axis 01, 
and 6 the angular velocity about it, then d^ = X6, 6^ = fi,6, 6, = v6. 
The vis viva of the body is 

2T= Sm {{x' - ySs + zB^f + (y' - zB, + xB^f + [z' - x8^ + ^ 9i)=} 

where accents denote differential coefficients with regard to the 
time. Let 2R be the vis viva of the motion relative to the 
moving axes, then 

We find by expansion 

T=R+m + \ie^ .-...(1). 

where W=\2m (yz! - zy') + iiZm [zx' - xz') + v'2m {xy' - yx') 

1= v'l.m {a? 4- f) + &c. - 2\fjitmxy - &c. 

so that N is the angular momentum of the relative motion, and I is 
the moment of inertia of the body about the instantaneous axis 01 of 
the axes of reference. 

We may verify this result for the case of a rigid body turning about the origin as 
a fixed point by noticing that its Vis Viva is 

A (fii + 9X)2 + B (O2 + B/j-f + 0(03 + 9")'' 

where fii , O^ , O3 are the relative angular velocities of the body. Expanding this we 
arrive at equation (1). 

If the origin of the moving axes is not fixed, let a, 13, 7 be its 
components of acceleration in space along the axes of reference. 
To reduce to rest we apply these with reversed signs to every 
point of the system, Art. 3.3. The resultant of each of these 
systems of parallel forces is a single force acting at the centre of 
gravity of the body. These may be included in the force function 
by adding to U the term 

K = -M(c^+^y + yz) (2), 

where x, y, z are the co-ordinates of the centre of gravity, and M 
is the mass of the body. 

The Lagrangian function is therefore 

i = iJ + i^0+iZ^=+ U-^K (3), 
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and if q be any one of the independent variables on which the 
position of the body is made to depend, we have the typical 
equation 

ddL_dL_ ,,. 

dtdq' dq ^ ^' 

In applying these equations to find the motion of a body 
relative to the earth we neglect as explained above the term ^10'. 
For the reasons given in Art. 42, the centre of gravity of the body 
is usually fixed relatively to the earth, so the terms in the force 
function due to gravity do not appear. The term represented by 
K may also be omitted for the same reason. If, then, gravity is 
the only acting force the Lagrangian function reduces to 

L = R+Nd (5). 

One integral of the equations (4) can be found by the principle of Vis Viva. The 
method of treating the equations used in Vol. i. Chap. viii. Art. 407, does not apply 
here because T is not a homogeneous function of the velocities. For the sake 
of increased generality, let us suppose that L=L^+L-^ + &a. + L^, where i„ is a 
homogeneous function of n dimensions of the velocities of the co-ordinates. When 
L has the value (3) this expression reduces to the first three terms. Multiplying 
each of the equations comprised in the typical form (4) by the corresponding q' 
and adding the results we have 



S 



U I ,dL\ „dL\ _, ,dL . ,„, 

\dtVd^)-^ di'l-^^Tr'^ (^)' 



where S implies summation for all the variables. Now 

since i„ does not contain t explicitly. It immediately follows by integrating (6) 
that 

(n-l)L„+(TO-2)i„_i + &c.+i2-L„=ft, (7), 

where the term L^ is absent and A is an arbitrary constant. When the expression 
for L contains only three terms, this reduces to L^-L„=h or 

B-iI0^-U-K=h (8). 

In applying this equation to motion relative to the earth when 6^ is rejected and 
the centre of gravity is fixed we have 

iJ=ft (9). 

Ex. 1. As an example of the me of these eqvMtiom, let us consider the ■problem 
already solved in Art. 43. 

To find a and N we notice that Oz separates from Ox in a fixed plane with 
angular velocity x', tl»e relative motion may therefore be constructed by the angular 
velocities Oi=x'i 02 = 0, ^3=0' where is the angle a plane through Oz fixed in 
the body makes with the plane xOz. We therefore have 

2iJ = Xx'^ + G^'\ N=Ax'0OBa+C^'amacosx, 

T=i{Ax'^+C4>'^)+p{Ax'aosa + G,p'sinacosx), 

+ ii)» {A (cos2a + sin2asin2x) + Csin8ocos8x}, 
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where the notation of Art. 43 has been followed. Using tliis value of T as the 
Lagrangian function and taking j to be and x ^ tarn, we have 

0'+psinaoosx=ni 
^x" H-iJC^' sin tt sin X - 'P^ sin^^a (A - G) sin x cos x = 0. 
Eliminating <j>' from the second equation we obtain the same results as in Art. 43. 

Ex. 2. If gravity at each point of a body is regarded as the resultant of the 
terrestrial attraction and the centrifugal force at that point, prove that the force 
function TJ differs from that due to gravity by -^IB^-^Mb-8'', where b is the 
distance of the centre of gravity from the axis of the earth. It wiU be observed 
that in forming the Lagrangian function L the terms JZfl^ in XJ and T cancel each 
other, so that when the centre of gravity of the body is fixed and the force function 
due to gravity is treated as a constant the expression L = It + N9 i& correct including 
the square of 8. [Gilbert's Theorem.] 

45. Ex. A very general form of the gyroscope is that in which the axis of the 
gyrating body is free to move in all directions about the centre of gravity, \srhioh 
is fixed relatively to the earth. One construction by which this freedom may be 
obtained is as follows. 

A uniaxal body can turn freely about its axis of figure COO, which is pivotted 
on the inside of a, metal ring GY^G'Y^ so that O'OO is a diameter, the point 
being the centre of gravity of the body and the centre of the ring. The external 
extremities of that diameter Y^OY^ of this ring which is perpendicular to G'OG are 
pivotted at two points Y^ , T^' on the inside of a second ring external to the former, 
having Y^'OY^ for a diameter, and O for its centre. This external ring is free to 





move about a diameter Z^'OZ^ perpendicular to Y^'OY^. The diameter OZ^ is fixed 
relatively to the earth and will be taken as an axis of z, the plane of xz is also 
fixed relatively to the earth and will be taken to contain the straight line OP, drawn 
parallel to the northern direction of the axis of rotation of the earth. 

In the first diagram the internal and external rings are shown folded into the 
plane of Y^Z^. In the second diagram all that portion of the figure is represented 
which lies in the positive octant of the axes X^Y^Z,. The inner ring has been 
turned round its axis Y^Y^' through an angle B. The axis Ox which is fixed 
relatively to the earth and lies in the plane XjYj has also been sketched. 
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Let the angle xOX^ which defines the position in space of the external ring he 
f; let the angle Z^OC defining the position of the internal ring be 0; and let the 
angle made by a plane passing through OC and fixed in the uniaxal body with X^Z^ 
be <j>. These angles are the co-ordinates of the gyroscope, which has therefore three 
degrees of freedom. With two rings only we notice that the angles 8, ij/, <t> are the 
Eulerian angular co-ordinates of the uniaxal body. 

By increasing the number of rings we could increase the degrees of freedom and 
generalize the instrument. On the other hand we can reduce the number of 
independent co-ordinates by introducing any restrictions we please. Thus in the 
example discussed in Art. 43 where the axis 00 is restricted to lie in one plane, we 
have ^ eg^ual to a constant. 

Let {A, A, G), (A-^, A-^, C{), (A^, A^, G^) be the principal moments of inertia at 
of the uniaxal body, the internal and external rings. We then have 

2R=A (9'2 -I- sin2 Bf^) + G (</>' + <)/' cos ey + A-^ (9'^ + cos^ B^j/"') + G^f^ sin^ B + A^f\ 

The first two terms represent the vis viva of the uniaxal body, the third and fourth 
terms represent that of the internal ring. These are obtained from the first two by 
putting <t>'=0, interchanging A and G in the coefficients of ^', and adding the 
sufSxes. 

Let X, II,, V be the direction cosines of OP referred to 00 as axis of Zj, OY-^Y^ as 
axis of Fj and an axis OX^ perpendicular to both ; let i be the angle zOP. The 
angular momentum about OP is then 

W= - ^ sin 0yp'\ + AB'ii. + G (0' + yp' cos 6] v 

- Cj sin B\j/'\ + AiB'/i + A^^ cos Bv + A^f cos i. 
We also have the geometrical relations 

X = - cos i sin 6 + sin i cos S cos ^, 

jii= -sinisin^, 

v= cos i cos 9 -H sin i sin 5 cos ^. 

Representing the angular velocity of the earth by jj measured positively in the 
direction X^Y^ , and putting 

P=A^ + Ai + (A-Aj,+ G-^)em^B, 
the Lagrangian function becomes, when the square of jj is rejected, 
L = \(A + Aj)B'^+ iP^'^ +iG(^' + i/co&Bf 
+p cos i [P^'-f C (0' + ip' cos B) cos 9] 

+p sin i [{Gil>' + (G + A-i -A-G^ f cos B} sin 0aos\j/- (A+A^ B' sin f]. 
The equation corresponding to vis viva becomes 

{A + Aj) 9'2 + Pf 2 -^ G (0' -I- f cos 9)2 = a. 
Putting q in equation (4) equal to and ^ in turn we have 
0' + {'p'+p cos i) cos B +p sin i sin 9 cos ^ = /3, 

— rp(^'-|-2)Cosi)-|-C{0'-l-(^' + i)COsi)cos9} cos 9 

-l-;j sin i [C0' sin 9 sin i// + (24j + C - CJ cos ^9' + 2 (X - ^i - C + CJ sin^ 9 cos fB'] = 0, 
where a and ;3 are arbitrary constants. 

When the fixed axis Oz is parallel to the axis of the earth, i=0. The last 
equation is then a perfect differential, and we thus have a third integral. 
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46. Ex. 1. Show that a person furmshed with the particular form of the 
gyroscope described in Art. 43, could, without any Astronomical observations, 
determine the latitude of the place, the direction of the rotation of the earth, and 
the length of the sidereal day. This remark is due to M. Quet. 

Ex. 2. If the body be a rod, and its centre of gravity supported without friction, 
prove that it could rest in relative equilibrium either parallel or perpendicular to 
the projection of the earth's axis on the plane of constraint. If it be placed in any 
other position, its motion will be very slow, depending on p^, but it will oscillate 
about a mean position perpendicular to the projection of the earth's axis. 

Ex. 3. If the axis of figure be acted on by a frictional force producing a 
retarding couple, whose moment about the axis of x bears a constant ratio /u to the 
moment of the reactional couple about the axis of y, and if the fixed plane be 
parallel to the axis of the earth, find the small oscillations about the position of 
equilibrium. Show that the position at any time t is given by 

where 2.4X=/t (Gn-2Ap), and L and M are two constants depending on the initial 
conditions. 

Ex. 4. The centre of gravity of a solid of revolution is fixed, while the axis of 
figure is constrained to remain in the surface of a smooth right cone fixed relatively ' 
to the earth. Show that the axis of figure will oscillate about the projection of the 
axis of rotation of the earth on the surface of the cone, and that the time of a com- 
plete small oscillation about the mean position will be iir (A sin e/CTpra sin /S)*, 
where c is the semi-angle of the cone, /3 the inclination of its axis to the axis of the 
earth, and the other letters have the same meaning as before. This problem is 
discussed both by Quet and Bour. 

Ex. 5. The fixed axis OZ^ of the external ring of a two ringed gyroscope is 
placed parallel to the axis of revolution of the earth, prove that 

(E-Gnaos0f 
(A + A.^)B + (4 + cfJgin2e^-^^cos2 9-|-^2~ ' 

where n, E and F are arbitrary constants. [Lottner's Problem.] 

Ex. 6. Two equal heavy rods CA, CB are connected by a hinge at C with a 
spring so that they tend to make a known angle with each other. The free ends 
A and B are then tied together and the whole is suspended by a string 00 attached 
to the hinge. The system is left to itself until it is at rest relatively to the earth. 
If the string which fastens A and B be now cut, the arms separate from each other. 
Show that the system will immediately have an apparent angular velocity round 
the vertical equal to p sin X (J' - 1)11', where I, I' are the moments of inertia of the 
system about the vertical 00 respectively before and after the string joining A and 
B was cut, p is the angular velocity of the earth about its axis, and \ is the latitude 
of the place. In which direction will the system turn? This apparatus was 
devised by M. Poinsot, who considered that the experiment would be so effective 
that the latitude of the place could be deduced from the observed angular velocity. 
See Comptes Bendui, 1851, Tome xxxii. page 206. 

Ex. 7. If a river is flowing due north, prove that the pressure on the eastern 
bank at a depth z is increased by the change of latitude of the running water in 
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the ratio gz + bvu sin I : gz, where 6 is the breadth of the stream, v its velocity, I the 
latitude and w the angular velocity of the earth about its axis. [Math. Tripos, 1875.] 

Ex. 8. A wave like the Tide-wave travels along a river with its crest at right 
angles to the banks. Deduce from Olairaut's rule (Art. 25) that the tide is higher on 
one bank than on the other, and shew that the height of the tide decreases in 
geometrical progression for equal increments of distance from one bank. 

The general line of argument is as follows. Since the motion of the water is 
very nearly in a horizontal plane we may (by Art. 40) disregard the rotation of the 
earth provided we apply to every particle an acceleration 2mb sin X perpendicular to 
its direction of motion, i.e. perpendicular to the direction of the river. Hence the 
river must be so much higher on one side than the other that the pressure due by 
gravity to the difference of level is equal to that due to the applied acceleration. 
If i" be the altitude of the tide above the mean level at a distance y from that side 
of the river at which the tide is highest, we have ~gdj^=2uv sin Xdy. But in the 
theory of tides as undisturbed by the rotation it is proved that v=^'Jglh. By 
integration we find f=Ce-2»*s'°^^/^. 



CHAPTER II. 

OSCILLATIONS ABOUT EQUILIBRIUM. 

Lagrange's Method with indeterminate multipliers. 

47. In the first volume of this treatise Lagrange's method 
of finding the small oscillations of a system about a position of 
equilibrium has been explained. It is our object, not to repeat 
those explanations, but rather to examine how that theory is 
modified by the use of indeterminate multipliers. In a dynamical 
problem it generally happens that we want to know how some 
particular quantities change with the time. Now ib is one of the 
chief advantages of Lagrange's method that it gives a large choice 
of quantities which may be taken as co-ordinates. The quantities 
we most wish to find are therefore usually chosen for the inde- 
pendent co-ordinates and their variations can then be found from 
Lagrange's equations. But sometimes we find that this introduces 
a great complication of symbols. Perhaps we lose thereby some 
principle of symmetry which would have abbreviated and simplified 
the whole process. We now propose to consider what modifications 
must be introduced into the equations when those particular 
quantities whose values we most require cannot be conveniently 
introduced as independent co-ordinates. For this purpose the 
method of indeterminate multipliers may be used with great 
advantage. 

48. Let the system be referred to any co-ordinates 9, </>, &c. 
which are so small that we may reject all powers of them except 
the lowest which occur. They should therefore be so chosen that 
they vanish in the position of equilibrium. Let n be the number 
of those co-ordinates. Assuming that the geometrical equations 
do not contain the time explicitly, the vis viva 2T will be a quad- 
ratic function of the velocities, and may therefore be expanded 
in a series of the form 
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Here the coefficients Au, &c. are all functions of 0, <f), &c. and we 
may suppose them to be expanded in a series of some powers of 
these co-ordinates. Since the oscillations are so small that we may 
reject all powers of the small quantities except the lowest which 
occur, we may reject all except the constant terms of these series. 
We shall therefore regard the coefficients A^i, &c. as constants. 

We must now make an expansion for the force function U 
in a series of powers of 0, <f>, &c. If the co-ordinates 0, <f>, &c. were 
all independent, the terms containing the first powers would 
vanish, because by the principle of virtual velocities dU/d0, 
d U/dff), &c. are zero in the position of equilibrium for all variations 
of 0, (f>, &c. which are consistent with the geometrical conditions. 
But as this does not necessarily occur when 0, (f), &c. are connected 
by geometrical relations, we take as our expansion 

U-U,= C,0 + G,<f> -t- &c. -I- 4 CJ' + C^0^ + C^<f>' + &c., 

where U„ is a constant which is easily seen to be the value of U in 
the position of equilibrium. We may notice that the coefficients 
(7i, Gj, &c. are not unrestricted. They must be such that the 
equations of equilibrium are all satisfied. 

Since the co-ordinates 0, <\), &c. are not independent there will 
be some geometrical relations which connect them. To simplify 
matters, let us suppose that there are but two such relations. Let 
these be / {0, tf>, &c.) = 0, ^ (0, <j), &c.) = 0. We may also expand 
these in powers of the co-ordinates iu the following manner : 

/= 0,0 + 04 + &c. + ^O,,0' + 0,, 0<i> + iG^<f>' + &c. 

F= H,0 + E4 + &c. -I- ^5"u^ + H,, 0<j, + ^H^^-' + &c. 

The constant terms of these series are omitted because the geome- 
trical equations are to be satisfied when the system is in equili- 
brium, i.e. when ^ = 0, <f> = 0, &c. 

We have now to substitute these series in the Lagrangian 
equations. Referring to Chap. viii. of Vol. i. these are represented 
by the type 

ddT_dT_dU df dF 
dtd0' d0~ d0^^d0^'^ d0' 

with similar equations for ^, i/f, &c. Here X, /a are indeterminate 
multipliers whose values have to be found from the equations thus 
written down. The results of these substitutions are obviously 

A^0" + &c. = Oi + On6' -H &c. -h X {0, + &c.) + ix{H, + &c.), 

A^0" + &c. = G, + G,^0 -h &c. -I- \ (0, + &c.) + niH^ + &c.), 

&c. = &c. 
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49. Since the system has been disturbed from a position of 
equilibrium these equations are all satisfied by 6 = 0, 4> = 0, &c. 
We thus obtain the equilibrium values of X, fi. Let these be 
\o, Mo- Then 

= &c. J 

These are the equations of equilibrium already alluded to. The force 
function U being a known function of the co-ordinates, the co- 
efficients Oj , Ca , &c. are all known ; and thus any two of these 
equations will determine Xo. /^o- The remaining equations will 
then be identically satisfied, because the quantities Gi, 0^, &c. are 
not unrestricted, but are such that the equations of equilibrium 
are all satisfied. 

Let the dynamical values of X and /i be X = Xj + Xj, /tt = /*,, -|- ytti. 
Then \ and fii are small quantities whose squares can be rejected. 
The equations of oscillation then become 

A,,e" + A,,^" + ... = G,,e + G^4 + ... 

+ Xo(GiiO + G^,<l> + ...) + \0, 
+ fi, (H,^e +H^,4> 4 . . .) -I- /^ifi"! 

A^e" + A^cj>" + ... = G,,6 + G^(l> + ... 

+ X„ (Or^0 + 022^ -f- ...) + XiG^a 

&c. = &c. 

We have here as many equations as there are co-ordinates. Besides 
these we have as many geometrical equations as indeterminate 
multipliers. These are 

O^e + O,<f>+... = 0] 

Thus we have on the whole sufficient equations to find all the un- 
known quantities 0, ^ ...Xi, fj^. 

50. To solve these we proceed exactly as in the corresponding 
method described in Vol. i., where the co-ordinates 0, ^, &c. are all 
independent, except that we now include \i, fh amongst the 
variables to be determined. We take as our typical solution 

^ = ilf sin (pt + a), ^ = N sin {pt + a), &c. 

\ = D sin (pt-\- a); fj^ = E8m{pt + a). 
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Substituting these in the equations we see that sin {pt + a) can be 
divided out from every equation. Writing 

1/12 = Cl2 + XoG^12 + /*(h"l3 

&e.=&e. 
we thus obtain 

(^„p= + C,,)M-\r {A,,f + G,,) N -I- 



+ G,D + H,E = 

&c. = .. 
= 
= 0. 



■ G, 


-ffi 


.G, 


s. 


&c., 


&c. 


0, 





0, 






0,M+G,N+... 

H^M+H^N+... 

Eliminating the ratios M, N, &c. D, E, we have the determinantal 
equation 

Anp' + G,„A,,p''+G,„...G,,H, =0. 

A^^p^ + G,„ A^p'' + C^: 

&c. , &c. , 

Gi , G2 , 

Si , H2 , 

If there be n co-ordinates, this is an equation of the nth degree to 
find p". Taking any root positive or negative, the preceding equa- 
tions determine the corresponding ratios of Jlf, If, &c. TaMng all 
the roots in turn and adding together these partial solutions we 
have a solution complete with its 2n constants. These constants 
have to be determined from the initial values of the co-ordinates 
and their velocities. 

51. This determinant differs from that used when there are 
no indeterminate multipliers in two respects. (1) There is a 
change in the quantities G^, G^^, &c. represented by the insertion 
of the bar over the letters, (2) the determinant is bordered by the 
coefficients Gi, Hi, &c. of the first powers of the co-ordinates in the 
geometrical equations. 

We notice that there is a very great simplification of the 
process when the force function is such that the coefficients of the 
first powers of the co-ordinates in its eapansion are all zero. In 
this case (?i, Oj, &c. are zero, hence from the equations of equilibrium 
Xo = 0,/X|, = 0. Thus Cu= Cu, (7i2 = Oi2,&c. = &c. It immediately 
follows that it is unnecessary to calculate the terms of the second 
order in the geometrical equations, for these disappear from the 
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equations of motion. This of course is an important simplification. 
Further, the final determinant only differs from that used when 
there are no indeterminate multipliers by being bordered by the 
coefficients Gi, &c. H^, &c. 

This simplification occurs when the position about which the 
system oscillates is a position of equilihrium for all variations of 
the co-ordinates, although the constraints compel the system to oscil- 
late in a given limited manner. 

52. Brief Summary. In order to indicate the method of 
proceeding in any particular case we shall now sum up the general 
line of argument. 

Expand the semi vis viva T and the force function U in powers 
of the co-ordinates 6, ^, &c. and their diiferential coefficients 
ff, <f)', &c., all powers above the second being rejected. Multiply 
the geometrical relations /= 0, F= by X = X„ + Xi and fi = fi^ + jx^ 
where Xj and fi^ are small quantities of the same order as the co- 
ordinates 6, tf), &c. and expand these products, all powers of the 
small quantities above the second being rejected. First, taking 
the expression U+Xf+fj^F, equate to zero the coefficient of the 
first power of each co-ordinate, we thus have equations to find 
Xo, fio- Secondly, omitting the accents in the expression for T and 
also the constant terms in U, form the discriminant of 

Tp'+U+\f+^iF 

with regard to the co-ordinates and the subsidiary variables Xi, fii. 
Equating this determinant to zero, we have an equation to find the 
values otp. 

53. On Principal Oscillations. The equations which deter- 
mine the constants M, N, &c. D, E are shown above. Solving 
these we see that their ratios are equal to the ratios of the minors 
of the constituents of any row we please in the determinantal 
equation. If we represent these minors by /n (p), I^^ (p"), &c. the 
oscillations of the system are represented by 

^ = Zi /„ (pi") sin (^pjt + Ui) + Li /ii (pi") sin (pj, + Oj) + &c., 

^ = i, /i2 Oi^) sin (pj; + Hi) + is lu iPi) sin {pjt + a^) + &c., 

&c. = &c., 

where L^, L^ &c. are constants which depend on the initial con- 
ditions. 

When the initial co-ordinates are such that all the constants 
Zi, is, &c. vanish except one, the expressions for 0, ^ ...X, fi are 
reduced to the trigonometrical expressions in some one column. 
The co-ordinates 0, (j), &c. then bear to each other ratios which are 
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constant throughout the motion. It follows also that the values of 
the co-ordinates 6, cj), &c. repeat at a constant interval, viz. the 
period of the trigonometrical expression in the one column pre- 
served. Referring to Vol. i. we see that the characteristics of a 
principal oscillation are satisfied. 

54. The system being referred to any co-ordinates 0, (j), &c. it 
may be required to find how it should be disturbed from its position 
of equilibrium that it may describe any proposed principal oscilla- 
tion. We see that the system must be so displaced that its co- 
ordinates 0, <f>, &c. have the ratios of the minors of any row of the 
determinantal equation. It is also necessary that the initial 
velocities 0', <^', &c. have the same ratio. These conditions are 
necessary and sufficient. 

55. Putting this into algebraical language, we say that when a system is per- 
forming a principal oscillation of the type sin (^^f + a,), then 

a J 

— = &c. = 111 sin (pi« + aj . 



We also infer from these equations that throughout the motion 6"= —Piff, 
0"= --Pii>, &e. 

56. Principal Co-ordinates. It may be required to find formula of transforma- 
tion by which we may change any co-ordinates 8, <p, (&C. into principal co-ordinates. 
According to the definitions laid down in Vol. i. a system is referred to principal 
co-ordinates J, ij, &c. when the vis viva 27 and the force function JJ are expressed 
inthefoi-ms 2T={'2-|-V^+f'2 -)-... ) 

2(!7-a(,)=Cur' + C2a^H%J^+...J ' 

Lagrange's equations then take the form J"-CnJ=0, rf' -c^i)=(l, &a., so that 
the whole motion is given by {=£ sin {Pit-i-a,), ri=:F sin {p^t + a^), &e., where E, F, 
&o. are the constants of integration and Pi'= - % ,p^''=-c^, &e. 

When the initial conditions are such that aU the constants E, F, &e. are zero 
eiccept one the system is said to be performing a principal oscillation. If then we 
write a; = siu(pit-fai), y = 8m (p^t + a^), x wiU be a multiple of f , j/ a multiple of ij, 
and so on. The expressions for 8, (p, &c. given in Art. 53, now reduce to 

<p = Ljlia {p^^)x -i- ijslj J {P2^)y+... 
&c. = &c. 

These formulte will enable us to change any co-ordinates 8, 0, &c. into others 
X, y, &o. which make T and U assume the forms 



2r=a,ia;'2H-aj22/"'+...) 
!(P-l7o)=(!ux2 + Ci#-l-...f • 



The 71 constants L^, L^, &c., are arbitrary multipliers of x, y, &o., and may, if we 
please, be so chosen as to make a^ , u^ , &c. each equal to unity. 
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On Lagrange's Determinant. 

57. On examining Lagrange's method of finding the oscillations 
of a system we see that the whole process depends on the solution 
of a certain determinantal equation. Even the stability or in- 
stability of the equilibrium depends on the nature of its roots. If 
this equation can be solved, the character of the motion and the 
periods of oscillation (if the motion be oscillatory) are immediately 
apparent. If the equation cannot be solved, we may expand the 
determinant and discuss its roots by the methods given in the 
theory of equations. But without expanding the determinant we 
may sometimes accomplish the same purpose by the following 
theorem. We shall begin with the determinant in its simplest 
form as it is obtained in Vol. I. Chap. ix. ; we shall then consider 
the modifications introduced by bordering it with any quantities. 

58. Separation of Roots. Let the determinantal equation 
be written in the form* 



A = 



AiP' + C'n. 


AaP' + Cia, &C. 


A^^f + G^, 


A^^f+C^,kc. 


&c. 


&C. 



= 0. 



Let us form from this determinant a minor by erasing the first row 
and the first column. We may then form from this minor a second 
minor, and so on. Thus we have a series of functions of p^ whose 
degrees regularly diminish from the nth to the first. Let us call 
the successive determinants thus formed A, Ai, Aj, &c. The de- 
terminant A is not altered if we border it with a column of zeros 
on the right-hand side and a row of zeros at the bottom, provided 
we put unity in the vacant corner. We may therefore consider 
that A„= 1. 

By a theorem in determinants, if In, I^, &c. be the minors 
of the several constituents of A, we have AAj = Inl^ — 112, and 
we notice that I^ = Aj. Let us suppose p' to increase gradually 
from p-' = — 00 to p= = -f 00 , then when p^ passes through a value 
which makes Aj = we see that A and Ag must have opposite 
signs. The same argument applies to every one of the series 

* The proposition that the roots of Lagrange's determinant, when written in 
this general form, are all real is due to Sir W. Thomson. It is the extension of a 
corresponding theorem for that particular form of the equation which occurs when 
the vis viva is expressed as the sum of the squares of the velocities of the co-or- 
dinates. Several proofs of this latter theorem will be found in Lesson VI. of 
Dr Salmon's Higher Algebra. The simplest of these is the one given by Dr Salmon 
himself. He also proves that the roots are separated by those of the leading 
minors. The proof in the text is an extension of his line of argument to Lagrange's 
determinant in its general form. Another line of argument is indicated in the" 
examples in Art. 71. 

R. D. II. 4 
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A, Aj, Aj, &e., whenever any one of them vanishes the deter- 
minants on each side have opposite signs*. 

Using these determinants like Sturm's functions we see that 
a variation of sign can be lost or gained only at one end of the 
series. It can be lost at the end A only when p' passes through 
a root of the equation A = 0, and it will be regained again as p' 
passes through the next root in order of magnitude, tmless a root 
of the equation Aj = lies between these two. 

If then we can prove that n variations of sign are lost as p^ 
passes from p^= — co to j3^ = + oo it is clear that the equation 
A = must have n real roots and these roots will be separated by 
the roots of the equation Ai = 0. 

Now the coefficient of the highest power of p" in the deter- 
minant A is the discriminant of T, and is therefore positive. The 
coefficient of the highest power of ^^ in Aj is the discriminant of 
T after 6' has been put zero, and this also is positive. Thus the 
coefficients of the highest powers of p^ in every one of the de- 
terminants A, Ai, Aa, &c. are positive. If then we substitute— oo 
for p^, these determinants are alternately positive and negative, if 
we substitute + oo for p" the determinants are all positive. It 
follows that n variations of sign are lost as p^ passes from p^ = — oo 
to p' = + (Xi . 

Summing up we see that the roots of each determinant of the 
series A, Aj, As, <fcc. are all real and the roots of each separate or 
lie between the roots of the determinant next before it in the series. 

59. Resuming our line of argument we see that as p^ increases 
from p^ = — CO to p" = + 00 a variation of sign in the series A, Ax, &c. 
is lost when p^ passes through a root of A = 0, and once lost this 

* In this reasonmg we have for the sake of brevity omitted the case in which 
two or more successive determinants in the series A, Aj, Aj, &e. vanish for the 
same vahie of p^. But this omission is of no real importance, for we may change 
these determinants into others whose constituents are slightly different from those 
of the given determinants but are such that no successive two of the series have a 
common root. In the limit, therefore, when these arbitrary changes of the consti- 
tuents are indefinitely small, the roots of the series of determinants will still be real 
and the roots of each will separate, or coincide with, the roots of the next before it 
in the series. 

To show that these changes are possible, let A, Aj, Aj be any three consecutive 
members of the series. Let us suppose that Ag does not vanish while the two mem- 
bers (and perhaps others) just before it are zero. Then from the equation in the 
text, we have 1-^=0. Let us add to each of the constituents of which Zjj is the 
minor the small quantity a. The determinant A^ is unaltered and remains equal 
to zero. The determinant A undergoes a slight alteration, so that in its new form 
the equation just quoted becomes i^A^=-a^A^. Thus A is no longer zero. In 
this way whenever any two consecutive members of the series of determinants 
vanish, one may be rendered finite. 
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variation cannot be regained. It immediately follows that as p' 
passes from p' = a to p^ = /8 if k variations of sign are lost there 
are exactly k roots of the equation A = between these limits. 

60. It will be noticed that in this line of argument no as- 
sumption has been made about the functions 

T = ^A,,e'-^ + A,,e'<i>' + ^A.^_<f,'^ +...] 
u- u, = iCn^ + G^e<^ + ic^0=+ J ■ 

except that the successive discriminants of the former are all 
positive. This may be expressed by saying that T is a one-signed 
positive function, i.e. a function which keeps the positive sign for 
all values of the variables and never vanishes except when all the 
variables are zero. That the vis viva is a one-signed positive 
function is of course evident. The necessary and sufficient con- 
ditions that a quadric function should be a one-signed positive 
function are given in Williamson's Differential Calculus. They 
may be briefly summed up by saying that the successive discrimi- 
nants are all positive. A short proof is given in a note at the end 
of the volume. 

61. Equal Roots. Since the roots of any one of the leading 
minors /n, /ja, &c. separate the roots of Lagrange's determinant, 
it follows that when the latter has r roots each equal to j3i, each 
of the former must have r — 1 roots each equal to pi. For the 
same reason any leading second minor such as Aj must have r — 2 
roots each equal to p^. 

Consider next any other minor of the determinant. By proper 
changes of rows and columns we may represent this by Ii^. Since 
AAj = /„ 1^2 — Iii, it follows that /j^ must also have r — 1 roots 
equal to pi . 

On the whole we conclude that if Lagrange's determinant have 
r equal roots, then every first minor has r — 1 roots equal to each of 
these. In the same way it follows from this, that every second 
minor has r — 2 roots equal to each of these, and so on. 

62. This theorem will often enable ua to detect the presence of equal roots in 
Lagrange's determinant. We equate any minor to zero and thus obtain an equation 
to find J)'', which is sometimes of a very simple form. 

Suppose for example the system had two co-ordinates, so that (Art. 60) 
2T = vlii«'2 + 2^,/'0' + ^220'2) 

If we form Lagrange's determinant, we see that the minors cannot be zero unless 
^ii/^u=^i2Mi2=^22/-^22i ^"•''^ °f these ratios being equal to -p". Unless there- 
fore these conditions are satisfied there cannot be two equal roots. 

63. The equation used in solid geometry to determine the lengths of the axes , 
of a conicoid is an equation of Lagrange's form. As a consequence of this theorem, 
the usual conditions for a surface of revolution follow at once by equating each of 
the minors to zero. 

4—2 
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64. The Bordered Determinant. Lei us now border Lagrange's determinant 
with any arbitrary quantities /, g, h, &c., so that we obtain the determinantal 
equation. 



A' = 






=0. 



f 9 

Regarding this as a function of p', we see that its degree is one less than that of A. 
We shall now consider how the roots of this equation are connected with those of 
Lagrange's. 

If we remove the zero in the corner of A' and write ap^ + c in its place, where a 
and c are any quantities however small, we obtain another equation which is of 
Lagrange's form but one degree higher than A. The expression for 22" from which 
this new equation is derived is the same as the former with the addition of the 
term ax'^ where x is some new variable. If then a be positive, we may apply the 
theorem proved in Art. 58 to this new determinant. Call this new determinant D', 
then the roots of Z>' are all real and are separated by those of the first minor of any 
constituent in the leading diagonal. But the determinant A is the minor of the 
last constituent in that diagonal. The roots of D' are therefore all real and are 
separated by those of A. If we put a and c both infinitely small, two roots of 
the equation D'=0 are each infinite, and the other roots may be made to ap- 
proximate as closely as we please to those of A' = 0. Hence we infer that whatever 
the qiiantities t, g, Sc. may be, the roots of the determinantal equation A'=0 are 
real and separate or lie between those of A=0. 

65. The original determinant A has n columns and n rows. The determinant 
A' has been derived from A by bordering it with n arbitrary quantities forming a 
new column and a new row with zero in the corner. In the same way we may 
border the determinant A' with a new set of n arbitrary quantities /, g', &o., filling 
up the vacant spaces near the comer with zeros. Thus we obtain a new deter- 
minant with four zeros in the comer, which we may caU A". This determinant is 
of one degree less than A' and its roots are all real and separate those of A'. 

66. Lastly let us form the series of re -1-1 determinants A, A', A" &c., termi- 
nating with a constant. Each determinant is derived from the one before by 
bordering it with n arbitrary quantities with zeros near the corner, so that the 
determinants are all symmetrical. Proceeding as in Art. 64, we may regard this 
set of determinants as the limiting cases of other determinants which are all of 
Lagrange's form, but of degrees successively higher than A. The last of these, 
being in the limit a constant, will have all its roots infinitely great. Prefixing to 
this second set of determinants the set formed (as described in Art. 58) by cutting 
off rows and columns, we have a complete series of determinants separated into 
two sets by the determinant A. They begin with unity and terminate with a 
determinant whose roots (in the limit) are all infinitely large. It follows by the 
theorem in Art. 58 that in passing from^'=o to p^=p no variation of sign can be 
lost in the complete series because no root of the last determinant can lie between 
the finite quantities o and /3. But if k roots of the determinant A Ue between these 
limits, K variations of sign must be lost in the first set of determinants. Hence as 
many variations of sign are gained in the second set of determinants as are lost in 
the first set. Summing up we infer that as ^^ passes from p2=a top*=/3, ifKvaria- 
tions of sign are gained in the series A, A', A", &c. there are exactly k roots of the 
equation A = between these limits. 
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67. Ex. 1. In the theorem of Art. 64 show without putting a=0 that the 
roots of A' separate or lie between those of A. 

Ex. 2. In the theorem of Art. 66 show that if variations of sign are lost as p' 
passes from j)° = a to j)'=j3, then a is greater than /3. 

Ex. 3. If the system be referred to principal co-ordinates, show that the deter- 
minantal equations A' = 0, A"=0 may be written in the form 

t + ?^+ =0 

{f9'-f'g)- . {gh'-g'hr- 

68. Invariants of tbe System. In order to determine the values of ^^ it-wiU 
often be necessary to expand the determinant. When there are only a, few co- 
ordinates this can be done without difficulty. In other cases we may use Taylor's 
theorem. Let A be the discriminant of T and let II represent the operation 

Then Lagrange's determinant becomes when expanded 

«2n-4 

Ap2»-i-n(A)p2..-2+n2 (A)-E— --{-...= 0. 

1.2 

If A' be the discriminant of U and II' represent the operation II when the letters 
A and C are interchanged, we may write the equation in the form 

A' + n' (A') j)2 -l-n'2 (A') -j^ + ... = 0. 

When there are only three co-ordinates we may adopt the notation used in the 
chapter on Invariants in Dr Salmon's Conies. 

69. It is sometimes convenient to change the co-ordinates from 9, (p, &e. to 
others x, y, &o. connected by linear relations. Let these be 

0=:llX + l^ + l^+ ... 

<l> — mjX + m0 + m^z + . 
&c.=&e. 

In whatever manner this is done it is clear that the equation giving the times of 
oscillation must be the same. Theratios of the coefficients of the several powers of 
p^ ixe therefore invariable. Let /i be the determinant of transformation, i.e. 
the determinant whose rows are the coefficients of x, y, z, &c. in the equations of 
transformation just written down. Then by a known theorem in determinants the 
discriminant A is changed into /t^A. Hence all the other coefficients are altered in 
the same ratio. The coefficients A, II (A), Ac. are therefore called the invariants of 
the system. Tlie sign of each of these, and the ratio of any two, are unaltered by any 
transformation of co-ordinates. 

70. Ex. 1. If a system be in equilibrium, show that the equilibrium will be 
stable if - n (A), n^ (A), - n' (A), &o. be all positive. 

We notice (1) that A is necessarily positive, (2) since the roots of Lagrange's 
equation are all real, these are the conditions given by Descartes' theorem that the 
roots should be all positive. 

Ex. 2. The same dynamical system can oscillate about the same position of 
equilibrium under two different sets of forces. If pj, p^, &e. o-j, o-j, (fee. be the 
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perioda of oscillation when the two sets act separately, Ri, B^, &e. the periods when 
they act together, prove that S-^+S-2=S— ^. 

This follows from the fact that n (A) contains Cji, <fec. only in their first powers. 

Ex. 3. Two different systems of bodies when acted on by the same set of forces 
oscillate in periods pi, p^, &c., o-j, o-^, &c. It Si, R^, &e. be the periods when they 
are both acted on by this set of forces, prove that Sp2 + Sir''=SB^. 

71. Ex. 1. Let T and U be given in their simplest forms, i.e. referred to 
principal co-ordinates, and let these be 

2({7-f/o) = Cie'' + c202+ ,, 

It is required to transform these to general co-ordinates by using the formulas of 
Art. 69, and thence to construct the general form of Lagrange's determinant. For 
the sake of brevity let Bj^=aiP^ + Ci, B^=a^p''+C2, &o., let there be k. of these. 
Also let nil), 1(12), &c. be the minors of Zj, Ij, &a. in the determinant of transforma- 
tion, called /I in Art. 69. Then show (1) that Lagrange's determinant is equal to 
li?BjB2 ...Bk, (2) that the minor of the leading constituent of Lagrange's determi- 
nant is equal to {I(y}2B2B3 ...Bk -H{X(mi)}^5iB3...>BK H- ..., (3) that Lagrange's 
determinant when bordered with /, g, h, &a. with zero in the vacant corner is 
equal to 



fgh. 



^BA 



f 9 h 



■BiB,...B^-... 



Ex, 2. Deduce from the analytical results of the last article that if T and U 
be any expressions which can be derived by a real linear transformation from the 
forms 2T=aifl'2-Ha20'2H-... 

where the a's and the c's have any signs, then (1) the roots of Lagrange's determinant 
are all real, (2) that they will be separated by those of any leading minor, and (3) 
that they will also be separated by those of the bordered determinant. 

Energy of an Oscillating System. 

72. A system is referred to its principal co-ordiiiates, it is 
required to find its kinetic and potential energies. 

Let the co-ordinates be ^, rj, &c. so that the vis viva 2T and 
force function U are given by 

2 (jr-Cr„) = -_p,=f-_p,Y -•••]■ 
Then by Lagrange's equations Art. 56, we have. 

^=Esm (p^t + ai), i)=F sin (pj: + a^, &c. 

Substituting these in the expressions for T and U just written 
down, we find 

2T=p^E' cos^ {pyt + Ml) +piF' cos= (j,^t + a,} + &c., 

2(U,-U)= p,'E' sin= (p,t + Hi) -f p^'F' sin^ (p^t + ct,) -f &c. 
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Here T is the kinetic energy of the system, and when the 
position of equilibrium is the position of reference, f/p — J7 is the 
potential energy. 

From these expressions we infer that the whole energy of a 
system oscillating about a position of equilibrium is the sum of the 
energies of its principal oscillations. 

73. Mean kinetic and Potential energies. The mean 
value of E- cos* (pt + a) with regard to time from t ==0 to t = t is 
E-i ft 

— I cos'^ {pt + a) dt, which after integration reduces to ^E^ when t 
* Jo 

is veiy great. The mean value of E^ sin- (pt + a) is of course the 
same. We therefore infer that the mean kinetic energy of a system 
oscillating about a position of equilibrium is equal to the mean 
potential energy, the mean being taken for a long period and the 
position of equilibrium being the position of reference. Thus the 
energy of the system is on the whole equally distributed into 
kiaetic and potential energies. Sometimes one has an excess and 
sometimes the other, but in any long time their shares are equal. 

74. Energy of any system. To find the energy of a system 
oscillating about a position of equilibrium referred to any co- 
ordinates. 

Let the general co-ordinates be 0, (j), &c; so that the kinetic 
energy T and the potential energy TJ^—IJ are given by 
'2.T = A^^6'^+^A^^e' <!>'+.. 

We have just proved that the whole energy is the sum of the 
energies of the principal oscillations. Let us therefore find the 
whole energy of that principal oscillation whose type (Art. 55) is 

-^ = -^ = &c. = sin {pj, + Hi), 

where M,==LJn{p,% N^ = LJ^ (Pi^) Sue. 

Substituting in the expression for T we find 

2T= [^„ Jfi^ + 2J.ijilfiiVi + . . .] Pi' cos= (Pit + aO- 
Let us indicate by the sjmibol T^ the result of substituting for 
0', d>', &c. in T the coefficients M,,, N-,, &c. of the column in Art. 53 
which represents the principal oscillation whose type is sin {p^t+a.^. 
Then T^ will indicate the result of substituting M^, N^, &c. and so 
on. We see therefore that the whole kinetic energy of the system is 

fiP,* cos* {pyt + tti) + T^pi cos* {p^t + Kj) + &c. 

If Ui, Ui, &c. indicate the results of the same substitutions in 
U -U'o,we find that the potential energy of the system is 
= -Ui sin* (pit + tti) - U., sin* (pj: + ok) - &c. 
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If we compare the expressions for the kinetic and potential 
energies of a principal oscillation obtained in Art. 72, we see that 
the coeflScients of the trigonometrical terms are equal. We there- 
fore infer that 

T,p,' +U^=0, T,p^ +U, = 0, &c. = 0. 

Adding together the two expressions for the kinetic and poten- 
tial energies we find that the whole energy is represented by 

T^p^ + T4>^+ 

75. We may also deduce the equation T^p^ -\- Ui = from the 
equations given in Art. 50 to find M, N, &c. If we multiply these 
by M, N, &c. respectively (omitting the two last) and add the 
results, we obviously have, since \ and fi are here absent, 

(iluif ^ + 2A^MN +...)p' + (G^M^ + 2G,,MN +...) = 0, 

which is the result to be proved when written at length. 

Effect of changes in the system. 

76. Effect of an increase of inertia. Supposing the system to be oscillating 
about its position of equilibrium under a given set of forces, it is required to find 
the effect of increasing the inertia of any part of the system without altering the 
forces. 

Let 2T=^iie'2 + 24ijeV + ...] 

2(C7-t7„) = Cnfl'!+2C,2fl0+... f <^' 

where the ^'s and C'b are all given by the conditions of the question. Suppose we 
add on to 2 T the quantity 

it is required to find the change in the periods of oscillation. 

Let us change the co-ordinate by writing fli = e + 60 + &c., then elimraating 6 
we find that T and U take the forms 

2T=(4u+m) ei'^+24V>'+ -1 (o, 

2{U-U,)= C„9,2+2CVi*+-J ^ '• 

where A'^^ &o., C'j^ &B. are the coefficients as altered by the change of variables. 
The periods are now given by the determinant 

If we put M = 0, this equation gives the periods before the increase of inertia. 
We write this in the form/(p^) = 0. Let I be the minor of the leading constituent 
in the determinant. Then the equation to find the altered periods is 

u=f{p^) + fi.pH=0. 
We notice that I is independent of /i so that /i enters into the equation only in the 
first power. The coefficients of the highest powers of p* in / {p^) and I are the first 
and second discriminants of T and are therefore both positive, Art. 60. 

Let the roots of / (p^)=0 hep^, p^, &a., and the roots of 1=0 be q^, q^, <fee., 
both series being arranged in descending order of magnitude. The roots of 1=0 
separate those of / (^j^) = by Art. 58, hence the terms of the series p^^, q-^, p^, q^, &a. 
are arranged in descending order. The case in which some of these quantities are 
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equal may be regarded as the limit of the case in which they are all different, 
however small those differences may be. Since all the oscillations of the system 
are real the values of p^^, p^ &o. are positive. 

In order to discover how the roots of the equation m=0 have been altered by the 
introduction of ft, we put p^ in succession equal to p^", p^, (fee. We see that u takes 
the sign of / and is therefore alternately positive and negative, beginning with a 
positive value. Thus u now vanishes for values of p^, the greatest of which lies 
between p.^ and p^, the next greatest between p^ and p^ and so on. Thus all the 
roots have heen decreased*. 

But putting j>« in succession equal to jiS q^, &o„ we see that u takes the sign of 
/ {P') which is independent of /jl. These signs are therefore the same as before the 
introduction of /*. It appears therefore that no value of /i can so decrease the root 
p{^ that it becomes less than g^^, or so decrease the root p/ that it becomes less than 
Ja^ and so on. Thus the roots continue to be separated by the roots 7=0. 

Now / is the minor of the leading constituent in Lagrange's determinant, that is 
1=0 is the equation which gives the periods when we introduce into the system 
the constraint 9i=0. Hence we infer that though all the values of p^ are decreased 
by an increase /i. to the inertia of any part of the system, yet no increase however great 
can so reduce them that any one passes the corresponding value obtained by absolutely 
fixing the part whose inertia was increased. 

It immediately follows that if any of the periods of the system are common to 
the system before and after fixing the part under consideration, those periods will 
not be altered by the addition to the inertia. 

77. Ex. 1. If the force function be increased by a positive quantity 

li(e + b<p + &e.)^ 
prove that all the roots of Lagrange's determinant are decreased but continue to be 
separated by the roots of the minor I. The periodic times of such of the oscillations 
as are real are therefore aU increased. 

Ex. 2. Suppose aU the periods of oscillation of a system to be known and 
let them be indicated as usual by the values of p. Let these be^^i, p^, &c. Suppose 
all the periods to be also known when some particular mode of motion is 
prevented and let the corresponding values oip be jj, q^, &e. Whenthe constraint 
is partly loosened, i.e. when the system is allowed to move in the particular manner 
formerly restricted but with more inertia than when free, show that the periods are 
given by the equation {p'-Pi'')(p^-P2') &0:+^P^{P^-gi')(p^-2!i') &c.=0, where 
M is a quantity proportional to the mass added on to increase the inertia. 

Ex. 3. Let the system be referred to any co-ordinates $, (p, (fee, and let the inertia 
be increased by the addition of /i {ad' + bip'+ ...)'. Let A be the discriminant of T 
before the addition to the inertia, and A' the same discriminant when bordered in 
the usual symmetrical manner by a, b, &c. with zero in the comer. Prove that the 
quantity M in Ex. (2) is given by M= - fiA'l^. 

78. Effect of introducing a constraint. Supposing a system to be oscillating 
about a position of equilibrium with any number of independent co-ordinates 8, <f>, &c., 

* Lord Eayleigh shows in his Theory of Sound, Vol. I., Art. 88, that any indefinitely 
small increment of mass is attended by a prolongation of all the natural periods or 
at any rate that no period is diminished. Thence by integration a similar theorem 
is true for any finite increment. 
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it is required to find the effect on the periods of introducing a geometrical relation 
between the co-ordinates. 

Let this geometrical relation be f (B, 0,...)=O, then since the system is in 
eqnilibrium for displacements represented by any values of 9, <j>, &c., the coefficients 
of the first powers of 8, (p, &o. in the expansion of V will be zero. We may therefore 
(Art. 51) write this equation in the form/ (9, 0...)=a9 + 60+ ...=0. 

We now use the method of indeterminate multipliers as already explained in 
Art. 48. We write down the equations of oscillation as if there were no geometrical 
constraint and then add to their right-hand sides \dfjdS and \dfjd<t>, &a. In our 
case these additions are simply Xa and X6, &c. The new determinant found by 
eliminating 6, ip, &e. and the additional unknown quantity \ will be the same as 
Lagrange's determinant bordered by a, b, &c. We thus have 

AiP'+C'n. ^i2?' + Ci2 a =0. 

&e. &e. b 

u, 6 

This equation will give the periods after introducing the geometrical relation 
between the formerly independent co-ordinates of the system. 

The properties of this determinant have been discussed in Art. 64. We see that 
the system will have one principal oscillation fewer than it had before, and the 
periods of these principal oscillations will lie between or separate the periods of its 
former oscillations. 

79. Ex. 1. Two independent systems whose principal co-ordinates (Art. 56) 
are respectively (d, ^) and (f , ri) vibrate in different periods. If they are connected 
by introducnng a geometrical relation which may be represented by 

show that the periods of the connected system are given by 
g^ h' o? ff' 

where (p^ , p.^) (ttj , r^) are the values of p for the two disconnected systems. 

Ex. 2. Two independent systems referred to any co-ordinates (6, 0) ({, i;) are 
connected together so that the co-ordinates and ^ are made equal. If the letters 
have the meaning given in Art. 48 unaccented letters referring to the first and 
accented letters to the second, show that the periods are given by 
(4„i)2 + Cji) U\^p'+ C'u, A'vi^+C\o\ + {A\,p^+C\,) I AiP' + Cu, A^p'+ C^ 1=0. 
\A'jsP^+C\.^,A'^^+C'J \a^P^+Gj2, A^ + C^\ 

Co7nposition and Analysis of Oscillations. 

80. The position of a system being defined by several co- 
ordinates X, y, &c. the oscillations of that system will be generally 
given by equations of the form 

x = Ni sin (p]t + Vi) + iVa sin (pj, + Vi) + &c. 
with similar expressions for y, z, &c. 

In order to obtain a clear insight into the changes of the motion 
indicated by these series it will sometimes be necessary to combine 
these separate oscillations or to find some simple geometrical 
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methods of representing these terms which may enable us to realize 
the nature of the motion. 

To obtain a geometrical representation we use a representative 
point whose co-ordinates whether Cartesian or polar are made to 
depend in some convenient manner on the co-ordinates x, y, z, &c. 
The motion of this representative point will then exhibit to the 
eye the motion of the system. 

81. Commensurable Periods. Suppose for example we 
wish to trace a motion represented by x = Nsva.pt + N sin 2pi, 
the coefficients being equal in magnitude. Choosing Cartesian 
co-ordinates we may let the abscissa of a point P represent on any 
scale the time elapsed since some epoch, and let the ordinate 
represent the value of a;. There will be no difficulty in tracing the 
two curves x^ = N sin pt and x.i = N sin 2^t Let these be the two 
dotted lines. We obtain the required curve by adding the ordi- 
nates corresponding to each abscissa. Let this be the continuous 
line. 




In the figure the axis of the abscissae is not drawn. It clearly 
joins the two extreme points on the right and left-hand sides. 

We see from a simple inspection of the figure that the motion 
consists of a violent oscillation to each side of the mean position 
followed by a very slight one and so on alternately. This figure 
resembles that used in Astronomy to trace the changes in the 
magnitude of the equation of time throughout the year. 

82. Ex. 1. Show that the motion represented by a; =«'BinyJ + J/ sin 3i)« consists 
of two large osciUations to one side of the mean position followed by two equally large 
ones to the other side, and so on opntinually. 

Ex. 2. Trace the motion represented by x^Nsiv. 2pt + Nsm Spt, and point out 
the difference between the two parts of the large oscillation. 

83. When we combine together an infinite number of commensurable oscillations 
we obtain some interesting results by the use of Fourier's theorem. Thus, if we 
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examine the motion indicated by the series y=Naiapt- ^N sin 2pt + ^N sin 3pt - &b. 
we shall prove that the representative point has an oscillatory motion whose period 
is the same as that of the first term. This series is shown in treatises on the Integral 
Calculus to be the expansion according to Fourier's theorem of ^Npt between the 
limits pt= -IT to pt = IT. Betuming to the motion indicated by the series, we see 
that y increases uniformly from - ^wN to JttW during the time irjp, and then sud- 
denly or rapidly changes to - ^tN, to repeat again its gradual increase during the 
next oscillation. 

As the series is convergent it will usually be sufficient to consider the motion as 
represented by a limited number of terms. The expression for y is thus rendered 
perfectly continuous. 

84. Ex. Examine the motion represented by the series 

y =N sin pt+^N ain Spt + \N sin 5pt + &e., 
show that the representative point rapidly changes from one side of its mean position 
to the other, remaining stationary for half the period of the first term in each of 
these extreme positions. 

85. Analysis of Oscillations. When the position of a 
system is indicated by the sum of a number of oscillatory terms 
whose periods are commensurable it is clear that the motion con- 
tinually repeats itself at a constant interval. This interval is the 
least common multiple of the periods of the several oscillatory 
terms. Thus this compound oscillation resembles a principal 
oscillation at least in one important feature. See Art. 53. Such 
a compound oscillation might even be used as a new kind of 
simple or principal oscillation by the help of which more compli- 
cated oscillations of the system might be analysed. 

We are thus led to perceive that the single trigonometrical 
oscillation is not the only one by which we may analyze a 
complicated motion. We may sometimes find it advantageous 
to combine many of these oscillations into larger units to obtain a 
clear idea of the motion. This may even prove to be a necessity 
when the number of coexistent oscillations is infinite. 

86. Analysis by Waves. When the surface of still water 
is disturbed by throwing a stone into it, or when a piano string 
or a drum head is struck at some one point, the parts of the system 
remote from the impact do not begin to move at once, but appear 
to wait until the effect of the impulse has reached them. In 
other words, the motion appears to diverge from the centre of 
disturbance in the form of Waves. These waves may be taken as 
new simple oscillations. The convenience of this new elementary 
motion is evident, for if several disturbances are given to different 
parts of the medium each will produce a wave and the actual 
motion at any point is the resultant of all these waves. 

87. The following illustration will put this theory in a clearer light. Let AOB 
be a tight string, such as a piano string, whose extremities A and B are fixed and 
whose length AB = iirl, and let this string be vibrating transversely about its mean 
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position AB. Since the deviation of each particle from its position of equilibrium 
will require a separate co-ordinate to express its value, it is clear that the string has 
an infinite number of co-ordinates. Hence, by Lagrange's rule, the deviation of each 
particle will be expressed by an infinite number of trigonometrical terms. Let y 
represent the deviation from the straight line AB of the particle whose distance 
from the middle point is x. Let the part of the string, viz. EOF, bounded by 
x=-e and «= -i-e be plucked aside and arranged so as to form the curve y=f(x), 
the rest of the string being undisturbed, and let the whole string start from rest. 
By Fourier's theorem we may represent this initial state of the string by an equation 
which may sometimes be written in the form 

2/ = 2 |2irisin| + ^2sin2|-|-jf3sin3| + &c.j- (1). 

It wUl be shown in another chapter that the motion of the string at the time t is 

given by y=i j J^j sin| cosptH-^a sin 2y oos2p{-l-<S!c.l (2), 

where ^ is a constant which depends on the nature of the string. 

Since the particles of the string are oscillating about their positions of equilibrium, 
their motions may be resolved into Lagrangiau oscillations which of course are re- 
presented by the several terms of this series. Taking any one periodical term by 
itself (say the one containing cos xpt) we see that aU the characteristics of a principal 
oscillation are satisfied. Thus the displacement of any one particle (defined hyx=x^ 
bears a ratio to the displacement of any other (defined by x=x^ which is equal to 

KX i KCB 

sin -yi; sin —^, and is therefore constant throughout the motion, Art. 53. In 
other words the phases of the oscillations of aU the particles are the same. 

JE" /■""'■: Jp" JS /^^F E' {""'\f' 



But if we recur to the expression (2) and examine how the string appears to 
move, we find something very different. If we trace the cuive 

2/ = WiSin--HW2siny -t-&c (3), 

we find it represented in the accompanying figure. We have ^ = for all values of x 
except those which lie between x=2iliri:e where i is any integer; between these 
limits we have y=if(x}. Since 2tI is the length of the string, x is practically limited 
to lie between 0A= ~tI and OB=irl. This portion is represented by the thick line, 
while the dotted line exhibits the form of the curve for all values of x and should of 
course be continued to infinity on both the right and left-hand sides. 

Comparing equations (1) and (3) we see that the form of the string at the time 
t=0 is represented by the portion of this curve between A and B, the ordinates being 
doubled. To discover the motion at the time t, we wi'ite the equation (2) in the form 

y=SN^ sin K (j+ptj + 2J/^ sin k (j -ptj . 

The first of these series may be derived from (3) by writing x + lpt for x. This may 
be represented by moving the curve towards the left a distance equal to Ipt, the 
origin being fixed. Thus the disturbance EF travels towards the end A of the 
string and passes off, a new disturbance E'F' entering the string at B. The second 
series may be represented by moving an equal and similar curve to the right of O 
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through a distance equal to Ipt. The sum of the ordinates of these two curves re- 
presents the displacement at the time t of that particle of the string whose position 
in equilibrium is the foot of the ordinate. 

Thus the original single disturbance has separated into two disturbances, one of 
which travels to the right and the other to the left. Each travels without change 
of form and with uniform velocity. This wave-like motion may be treated as a 
simple motion, by means of which we may construct other more complicated wave- 
motions. In this new simple oscillation all the particles have the same period, but 
they are not all in the same phase. One particle is at the crest of the wave at the 
same instant that another is in the hollow. 

The case in which the particles of the string have any initial velocities may be 
treated in the same way. If the elements bounded by x = - e and a; = e have an initial 
velocity represented by/(t), the rest of the string being undisturbed, we obtain y by 
simply writing dyjdt for y in equation (1) and integrating the result. If the elements 
be both displaced from their initial position and have initial velocities, we merely 
add the two separate values of y. 

88. Composition of oscillations of nearly equal periods. 

Trace the motion represented by x = 1^1 sin (pt + Vi) + Ng sin (qt + v^), 
where Nj and Nj are both positive and p and q are nearly equal. 

In the first place, consider any time at which pt + I'l and qt + Vs 
differ from each other by an even multiple of .tt. At this instant 
the two trigonometrical terms have the same sign, and, since ^ and q 
are nearly equal, they will increase and decrease together for several 
oscillations, how many will depend on the nearness of p and q to 
each other. The value of x will therefore vary between the limits 
+ (Nx + N^). Next consider any time at which pt + vi and qt + v^. 
differ by an odd multiple of tt. The two trigonometrical terms 
have opposite signs and will continue to have opposite signs for 
several oscillations. The value of x will therefore vary between 
the limits + (iV, — N^. We see that the motion of that part of 
the dynamical system which depends on the co-ordinate x under- 
goes a periodic change of character. At one time, this part of the 
system is oscillating with an arc N^ + N^, after an interval equal 
to irKp — q), the arc of oscillation is N^ — N^. If N^ and N^ are 
nearly equal, this last may be so small, that the motion is invisible 
to the eye. Thus there will be alternate periods of comparative 
activity and rest. This alternation is sometimes called beats. 

89. Transference of Oscillations. When a system has 
two degrees of freedom, two co-ordinates x and y will be necessary 
to determine its position in space. Suppose the oscillation of x 
to be given by exactly the same expression as before, while that 
of y is the same with the opposite sign given to N^. Let us also 
suppose that JVi and N^ are nearly equal. Each of these co- 
ordinates will have alternate periods of comparative rest and 
comparative activity. But the period of rest in one will syn- 
chronise with the period of activity in the other co-ordinate. If 
now the visible motion of one part of the system depend on x 
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and the visible motion of another on y, these parts will be in 
alternate rest and oscillation. Thus there will appear to he a 
transference of energy from one part of the system to another and 
back again. 

90. This peculiarity of the resultant of two oscillations of nearly equal periods 
renders it important to determine when two roots of Lagrange's determinant are 
nearly equal. This point however has been practically discussed in Art. 62. It is 
there shown that when two roots are equal every first minor must be zero. If two 
roots are nearly equal, it follows from the principle of continuity that every minor 
is nearly equal to zero. By equating to zero some minor whose roots may be found 
as in Art. 62, we obtain some quantities which must be nearly equal to the roots 
sought, if any such exist. To settle this last point we substitute these quantities 
in turn in Lagrange's determinant and in the other minors. If all these nearly 
vanish for any one of these substitutions there will be nearly equal roots in 
Lagrange's determinant and these will be nearly equal to the quantity substituted. 

91. Composition of Oscillations of very unequal periods. 

Trace the motion represented 63/ x = Nj sin (pt + Vi) + N2 sin (qt + V2) 
where Nj and Nj are both positive and p is small compared with q. 
In this case qt+v^ increases by 27r, while pt + Vi alters only by 
2Trp/q, so that the second trigonometrical term goes through all 
its changes while the first is only very slightly altered. The 
system will therefore appear to oscillate about a mean position 
determined by the instantaneous value of the first trigonometrical 
term. Thus the oscillations will appear to be simply harmonic 
with a period 27r/q and an extent of oscillation equal to Nj. A t 
the same time the apparent mean position will travel slowly, first to 
owe side and then to the other of the real mean, in the comparatively 
long period 27r/p. 

92. Sesnltant Oscillation. We may compound any number of oscillations 
represented by the terms of the series 

x=Niaia(pit + i'i) + N2Bia{p^t + v2) + &<^ (1) 

in the following manner. 

Let n be a quantity to be chosen at our convenience, and let pj =n+qi,P2=n + q^,&o. 
Suppose the resultant oscillation to be represented by 

X = R sin (nt + p) (2), 

then we have Bco8p=SNcoa{qt + i')] ,„, 

iJ sin p = SW sin (g« + c)! 
whence R and p may be found without difficulty. 

This method of compounding oscillations is of great advantage when their 
periods are equal. In this case all the p's axe equal, and by choosing n=p we have 
all the g's equal to zero. We thus replace the series (1) by the simple harmonic 
form (2) in which R and p are absolute constants. 

If the periods are nearly equal, we can choose n so that all the q'a are small. The 
values of the elements R and p will now vary, but only slowly. The resultant os- 
cillation is therefore very nearly a harmonic one. The elements of the resultant 
oscillation, being found at any one moment, will be nearly constant for a considerable 
time, and their small changes all follow known laws. These laws are determined by 
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equation (3). We may thus still obtain a clearer insight into the changes of the 
■ values of x by examining the single term (2) than the series (1). 

93. Geometrical Construction. We may represent any oscillation such as 
x=tl &\a('pt + v) by a simple geometrical construction which is sometimes useful. 
From any origin draw a straight line OA whose length shall represent N on any 
scale we please, and let v be the inclination of OA to a, straight line OL fixed in 
space. We may call OL the axis of reference. With centre and radius equal to OA 
describe a circle. If a particle P, starting from A, describe this circle with a uniform 
angular velocity equal to p it is clear that the distance of P from the axis of reference 
is equal to Wain (jpt+v). Thus, by the help of this circle, when the straight line OA 
is given, the whole oscillation is determined. We may therefore by a straight line 
OA represent any harmonic oscillation. 

In this manner we may replace the oscillations to be compounded by a series 
of straight lines OA-^, OA^, &c. The circles on OA^, OA^, &o. are to be described by 
points Pj, Pa, &c., and the sum of their distances from the axis of reference is the 
quantity to be represented by the resultant oscillation. Let us also for the sake 
of simplicity, suppose that the periods are all equal, so that the g's m equations (3) 
are all zero. 

Let OB represent the resultant of OA^, OA^, &b. found by the "parallelogram 
law," i.e. found as if OA^, OA^, Ac. were forces to be compounded as in statics. 
Then by interpretation of equations (3) we see that OB will represent the resultant 
oscillation. 

We may therefore find the resultant of any number of oscillations in the same co- 
ordinate, if of equal periods, by a geometrical construction. Representing each 
oscillation by u, straight line, the resultant is found by compounding these straight 
lines according to the "parallelogram law." 

94. Examples on Transference of Oscillations. Ex. 1. A uniform rod 
AB is suspended from a fixed point by a short rod 00 which is attached to it at 
right angles at its middle point. Equal weights are suspended from A and B by 
strings of equal lengths, the whole system forming a somewhat sluggish balance. 
If one weight be drawn slightly aside from the vertical and allowed to oscillate, the 
system starting from rest, find the subsequent motion *- 

* D. Bernoulli in the Nova Commen. Petrop. Vol. xix. p. 281 describes an 
experiment which he made on the motion of pendulums. Happening to pull aside 
one scale of a rather sluggish balance he noticed that it immediately began to swing 
to and fro, but that the opposite scale was not disturbed. Shortly however the 
latter scale began to move and to make sensibly greater and greater oscillations 
while the first scale gradually lost its oscillatory motion. At length the two 
appeared to have interchanged their motions, the scale first disturbed being almost 
at rest when the other attained its greatest extent of oscillation. The same 
movements were then repeated in the opposite order until the first scale had 
resumed its original motion and the second was again at rest. 

Euler contributes two papers to the same volume of the Petersburgh memoirs 
with the object of explaining theoretically the cause of the motions observed by 
Bernoulli. In his first paper he assumes that the point of support of the balance 
Ues in the straight hne joining the points of attachment of the strings and finds 
that the motions observed by Bernoulli do not occur. He thus fails to find the 
explanation. In his second paper he rejects this limitation and has better success. 
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•(2), 



Let GA = GB=a, let I be the length of either of the strings AP, BQ. Let G be 
the centre of gravity of the beam, 00=c. Let Mh!' be the moment of inertia of the 
beam about 0, m the mass of either scale treated as a particle. Let 00=1). 

Let 0, 17, fl be the inclinations to the vertical of 00 and the strings AP, BQ 
respectively ; mP and mQ the tensions of the strings. Let Ox, Oy be horizontal 
and vertical axes, (i, y), (xj, y^) the coordinates of P and Q. The equations of 
motion are then 

x=b<t> + a + lTi\ .^. 

y = b-a^ + l\ * '' 

i^" + lr,"=-gri] , -a4,"=-P+g\ 

Mk^4>" = - Mcgip - mP (60 + a) + mPi)b + mQ ( - 60 + o) + mQeb, 
where accents as usual denote differential coefficients with regard to the time. 
Eliminating P and Q, the last equation becomes 

{Mk^+2ma^)^" + {Mc+2mb)g4>=mbg{r, + e) (5). 

To shorten the solution, we write 



Xi=b<jj-a + lff\ 



h"- 



(Mc + 2mb)g 
Mk^ + 2ma'' 



=P^ 



mbg 



Mie + 2mai 



= g. 




.(6). 



The equations (3) and (5) then become 

Eliminating i; and d we obtain an equation to determine <j>. To solve this we 
put ip=0 00a fU and thence find that fn, must satisfy the quadratic 

{pf-li') {fi?-p^) -2hqf/? = (7). 



In the Oambridge Mathematical Journal, Vol. 11. p. 120 there is a paper signed 
D. G. S. on the sympathy of pendulums with special reference to Bernoulli's 
problem. Owing to numerical errors in all these investigations, the results 
obtained do not properly illustrate Bernoulli's problem. For instance Euler 
substitutes for the tensions of the strings, in the large as well as in the small 
terms, the weights of the scales and this substitution is also made by the writers in 
the Cambridge Journal. 

R. D. II. 5 
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If pi^, /i^ are the roots of this quadratic, the values of (p, 17, 6 are easily seen to be 
= C?! cos lijt + C/j cos /Ijf 

e= „ o cos tt, t +-5r-^ cos u-t- Coos nt 

ij = same + same + G cos nt. 

To find the values of the constants C, Cj^, C^ we have the initial conditions 

^=0, e=0, 9)=€; <t>'=0, 8'=0, v=o. 
We therefore find 

^_ e (to" - /^sj") ft^ COS i^t - («' - Ml') /^' cos ^t ^^^ ^^ 

71 = same + ^e cos nt. 
In a pair of ordinary scales, mjM and therefore q will sometimes be small and 
ft=6/J win generally be small. Without assuming either of these to be small, we 
shall suppose that the product hq is small. We then find from (7) 
2hqn^ 2 2- gftgp' 



thT 



i^^'-p'^-^;^-. («)• 



—2. l-i J' - ^2_^ 



Substituting and keeping only the principal terms, the values of ^, $, ij become 
20 = - j^3^ (cos Mi« - cos li^t)) 

29 = e cos /ijt - e cos nf I 

257=eOOS/tit + ecoSTOf ■' 

provided v? and p^ are not so nearly eqnal that their difference is of the order hq. 

Looking at the expressions for 6 and rj we see by the reasoning in Arts. 88 and 89 
that the transference of oscillations from one scale to the other will take place in 
the manner described by Bernoulli 

We also notice that the beam wUl remain stationary if q, i.e. mjM be small 
whatever h, i.e. bjl may be. On the other hand the beam will oscillate if ft is small 
but rajM not small. 

Before leaviag the discussion of the equation (7) we may remark that it gives 
the condition of stability of an ordinary balance, when a balance is disturbed it 
should return readily to its horizontal position. The beam oscillates about its posi- 
tion of equilibrium and the quicker the oscillation the more readily can it be determined 
by the eye whether the mean position of the beam is or is not horizontal. The 
balance should therefore be so constructed that the two times of oscillation are as 
short as possible. These times of oscillation are obviously 25r//ii and 2irlii^ and 
hence ytij and /i.^ must be as large as possible. This requires that both to" and p" 
should be large, i.e. (1) the time of oscillation of either particle suspended from a 
fixed point by its string should be short; (2) the time of oscillation about the 
fulcrum of the rigid body formed by attaching the particles to the extremities of 
the rods and removing the strings should be short. 

Ex. 2. Supposing one scale of the balance described in the last example to be 
acted on by a small periodic force equal to /{ cos Xt in a direction parallel to the 
arm AB, prove (1) that if X is nearly equal to n, a large oscillation will be produced 
in the scales while the arm will not be much disturbed, (2) that if X is nearly equal 
to Ml or /Uj there wiU be large oscillations in all the parts of the system. 
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Ex. 3. A rod AB, length 2a, can turn freely round a vertical axis through its 
centre of gravity G which bisects AB. At A and B are suspended two equal 
particles, each of mass m, by unequal strings of lengths I and V. One of these 
strings is now slightly displaced through an angle c in a plane perpendicular to the 
vertical plane through the rod. Find the motion. 

If a, 2 + a;, 2 + j/ be the horizontal displacements at the time t of the extremity A 
and of the two particles respectively and if gll=v?, gjV=n'^, ma^lMk^=p', prove 
that 

z = C DOS \t + C cos \'t + G", 
where >?, X'^ are the roots of the quadratic 

(X^ - «=) (X'2 - ji'S) - (\^ - m2) pV2 - (X^ - TC'2)p2re2 = 0. 

The conditions that there may be a complete transference of oscillation from one 
string to the other are (1) X and X' must be nearly equal, (2) the coefficients of 
cos Xt and cos X't in the expression for x and y must be nearly equal. Arts. 88 and 
89. Show that these conditions require that m and n' should be nearly equal and p 
small. 

If the lengths of the strings are equal prove that 
2x = e (cos K« + cos X't), 2?/ = c (cos nt - cos X'f) 2« (1 + "iif) = - 1p^ (cos X't - 1), 
where y^=r? (l + 2p2). Thence show that the conditions for complete transference 
are satisfied if j> is small. 

Ex. 4. The middle points of two equal rods AB, A'B', are fixed at G, G', about 
which they are capable of turning freely in one plane, the rods being without mass 
and the length of either rod small compared with GG'. Four particles of equal 
mass are placed at A, B, A', B' ; and A and B', A' and B mutually attract each 
other, A and A\ B and B' mutually repel each other according to the law of the 
inverse square. Prove that the rods will be in stable equilibrium when they lie in 
the same straight line, two mutually attracting particles being between C and G', 
and that if they be slightly disturbed the system will have a double oscillation whose 

periods are 27r (4c'//t)* and iir (4c3/3/i)i respectively ; ju being the absolute force of 
any particle and CC'=2c. [Coll. Exam. 

Show also that there will be no complete transference of motion from one bar to 
the other. 

Ex. 5. Determine the small motions (in the magnetic meridian) of two 
permanent bar-magnets of equal mass suspended each by its extremities by 
parallel strings, all four of equal length, from points in a horizontal line, the 
mutual action of the magnets being slight compared with the other forces. The 
magnets being at rest, one only is set in motion, show that its whole energy will in 
time be conrainnicated to the other. [Math. Tripos, 1875. 
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CHAPTER III. 

OSCILLATIONS ABOUT A STATE OF MOTION. 

The Energy Test of Stability. 

95. It has been proved in Vol. i. that, when we know one 
first integral of the equations of motion. of a system disturbed 
from a position of equilibrium, such as the equation of energy, 
we may sometimes from that one integral determine whether the 
position of equilibrium is stable or not. Thus, when the potential 
energy is a minimum in the position of equilibrium, it immediately 
follows from the equation of vis viva that the position of equili- 
brium is stable. But when the potential energy is not a minimum, 
the equation of vis viva alone is not sufficient to determine 
whether the equilibrium is stable or unstable. But by taking 
into consideration the other equations of motion this position of 
equilibrium is proved to be unstable. 

We may apply an "energy test" of stability to a given state 
of motion as well as to a given position of equilibrium, but with a 
similar limitation. When a certain function derived from such of 
the first integrals as we may happen to know is an absolute mini- 
mum or maximum we may be able to prove that the system 
cannot depart far from the given state of motion. But when that 
function is neither a maximum nor a minimum we only infer that 
there is apparently nothing in these equations to restrict the 
deviations of the system. To determine this point we must 
examine more minutely the equations we already have or we must 
discover the remaining equations of motion. This latter part of 
the question will therefore be postponed until we discuss the 
oscillations about a state of motion. Meantime we shall consider 
the " energy test" with a view to determine how far it can be 
made to decide the question of stability. 

96. Stability of a State of Motion. Let a dynamical 
system he in motion in any manner under a conservative system 
of forces, and let E he its energy. Then E is a known function 
of the co-ordinates 9, <^, &c. and their first differential coefficients 
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&, 0', &c. : this is constant and equal to h for the given motion. 
Suppose that either some or all of the other first integrals of the 
equations of motion are also known, let these be 

For the purposes of this proposition, let us regard 6 and 6', <f) and 
d) , &c. as independent variables, except so far as they are connected 
by the equations just written doum. Then, if E be an absolute maxi- 
mum, or an absolute minimum, for all variations of 0, 6', &c. (those 
corresponding to the given motion m,aking E constant), the motion is 
stable for all disturbances which do not alter the constants Oi, 
Ca, <&c. 

Let as many of the letters as is possible be found from the first 
integrals in terms of the rest, and substituted in the expression 
for JE. Let i|r, -^fr', &c. be these remaining letters, then we have 

^=/(^,t'>&c.,a„C„&c.)=A. 

Let the system be started in some manner slightly different from 
that given, then the const^int h is altered into h + 8h. First let IS 
be a minimum along the given motion, then any change whatever 
of the letters ■yjr, ^jr', &c. increases E, and it follows that the dis- 
turbed motion cannot deviate so far from the given motion that 
the change in E becomes greater than Sh. Similarly, if E be an 
absolute maximum, the same result follows. 

The same argument will apply to any first integral of the 
equations of motion, besides the energy integral. If any one of 
the functions Fi, F^, &c., which contains all the letters, be an 
absolute maximum or minimum^ then the motion is stable for 
all displacements which do not alter the constants of the other 
integrals used. 

97. When the system is disturbed from a position of equilibrium 
which is defined, as in Vol. i., by the vanishing of the co-ordinates 
6, (f), &c., we have 

E = iA,,e'^ + A^,ff^' + &C.-U 

where A^, A-12, &c. are all constants, and JJ is independent of 
ff, <j)', &c. Here the terms which constitute the kinetic energy, 
being necessarily positive and vanishing with ff, 4>', &c., are evi- 
dently a minimum for all variations of 6', <f)', &c. We see, without 
the use of any other integrals, that it —IT be a minimum for all 
variations of 0, (f), &c., E is an absolute minimum, and that 
therefore the equilibrium is stable. 

In what follows a similar result will be obtained when the 
system is disturbed from a state of steady motion. It will be 
shown that, when a function represented hy F—U is a minimum 
under certain conditions, this state of steady motion is stable 
under the same conditions. The function F of course reduces to 
zero when the state of motion reduces to a state of rest. 
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98. To find a steady motion. It often happens that the motion whose 
stability is in question is a state of steady motion. This generally occurs when 
some of the co-ordinates are absent from the Lagrangian function, though present 
in the form of velocities. Let us represent by x, y, &o. the co-ordinates which are 
absent from the Lagrangian function, and let $, ri, &b. be the remaining co-ordinates. 
Thus the Lagrangian function L will be a function of {, |', 17, i/', &e., x', y', &o., but 
not of X, y, &e. The Lagrangian equations will therefore take the forms 

d dL dL ^ dL dL 

dtd^' df ' dx' dy' 

where u, v, &c. are constants introduced by integration. These equations will 
contain f, J', |", 1;, if, ij", &e., x', a;", y', y", &c., and do not contain t explicitly. 
They may therefore be satisfied by putting x' = a, y'=b, &c., f=a, 7j=/3, &o., where 
a, h, &c., a, j3, &o. are constants to be determined by substituting in the equations. 
If $ stand for any one of the co-ordinates, it is evident that dTJdd and dTjdff' will 
both be constants after the substitution is made. Omitting the equations which 
contain u, v, &c., as they do not assist in finding the constants a, b, &c., a, /3, &o. 

we have the equations '7ft ~^' '7~~^< *''-=0 (1). 

where L = T+ XJ. Thus we have as many equations as there are co-ordinates |, ri, 
(fee. directly present (i.e. not merely present as velocities) in the expressions for T 
and U. The quantities a, b, &a. are therefore undetermined except by the initial 
conditions, while a, /3, &c. may be found in terms of a, b, &o. by these equations. 
These equations may be conveniently remembered by the following rule. 

In the Lagrangian function, which is the difference between the kinetic and 
potential energies, write for all the differential coefficients their assumed constant 
values in the steady motion, viz. x'=a,, y'=b, d:c., ^'=0, ri'=Q, etc. The Lagrangian 
function is now a function of the co-ordinates |, rf, c&c. only. Differentiating this 
result partially with regard to each of these co-ordinates and equating the results to 
zero, we obtain the equations of steady motion. 

99. Stability of a steady motion. To determine if this motion is stable we 
use the method indicated in Art. 96. The equation of energy may be written in the 
form E = T-U=h. 

Since T is not a function of the co-ordinates x, y, &c. the Lagrangian equations 
for these co-ordinates lead as before to the integrals dTjdx'=u, dTldy'=v, &o., 
where u, v, &c. are constants. By the help of these integrals we shall eliminate 
x', y', &o., and thus obtain S as a function of the other co-ordinates. If E be an 
absolute maximum or minimum, this motion is stable for aU disturbances which do 
not alter the constants u, v, &c. There can be no difficulty in effecting the elimi- 
nation in any particular case, but we may perform the process once for all. The 
process is a repetition of that called Modification in Vol. i. 
To effect the elimination, let 

T=i{xx)x'^-i-(x^)x'i' + &e (2), 

where the coefficients of the accented letters, viz. the quantities in brackets, are 
all known functions of f, i;, &c., but not of x, y, Sco. The integrals may then be 
written in the form 

{xx) x'-i-{xy)y'-i-...=u- (a;|) i' - {xt/) V - &c. j 

{xy)x' + (yy)y'-\-...=v-(y^)i'-{yn)r,'-&o.[. (3). 

&o. = &c. I 

For the sake of brevity, let us call the right-hand aides of these equations u-X, 
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v-Y, &c. Since 3" is a quadratic function of the accented letters, we may write it 
in the form 

If we substitute in the terms after the first &a. the values of x', y' given by (3), 
we obtain the result 



2'=i(«)r+(i'))rv+&c.-2^ 



0, u + X, v + Y, &a. 

u-X, (xx), (xy), &a. 

where A is the discriminant of T, when |', 17', &o. have been put zero. If we change 
the signs of X, Y, &o., this determinant is unaltered, hence when expanded such 
terms as uX, vX, &c. cannot occur. If therefore, we put 



F=z 



1^ 
'2A 



u V . 
u {xx) {xy) . 



•W, 



and expand the first determinant, we have as the result of the elimination 

T=f'+4Bur+BijrV+ (5), 

where the terms after F express some homogeneous quadratic function of J', r/, &a. 
Now T is essentially positive for all values of x', y', &a, and therefore for such 
as make «, 1;, &c. all zero. Hence the quadratic expression B^^'^ + &o. is a minimum 
when {', 77', &a. are zero. If then the function F-V is a minimum for all variations 
of St Vt <*c. , the steady motion given by (1) is stable for all disturbances which do not 
alter the momenta u, v, <6c. 

100. When {', ij', &o. are put zero, the process indicated by the successive 
equations (2), (3), (4), (5) is exactly that described in Vol. i. as the Hamiltonian 
method of forming the reciprocal function of T for the co-ordinates x, y, &a. We 
may therefore enunciate the rule in the following manner. 

Suppose a steady motion to be given by {'=0, ri' = 0, d;c., x'=a, y'=b, c&c, so that 
the momenta u, v, (t;c. with regard to x, y, c&c. are constants. Form the reciprocal 
function of T with regard to x', y', (&c., putting zero for each of the letters |', i;', c&c. 
Let F be this reciprocal function, and - U or V be the potential energy. Then if 
F-UorP + Visa minimum for all variations of S,ri, c&c. this steady motion is stable 
for all disturbances which do not alter the momenta u, v, t&c. 

When the reciprocal function F has been found, we may put the equations (1) 
which determine the steady motion into another form. The function F is the 
reciprocal of T with regard to x', y', &e., and f, ij, &c. are merely other letters 
present during the process of transformation, hence, as explained in Vol. i., we have 

-J- = - — with similar equations for ri, &o. The equations of steady motion (1) 



di di 
therefore become 



d(F-U) 



d(,F-U) ^^\ 
drf 



J(P-U) ._d{F-U) 



du 



y 



dv 



(6), 



where ¥ - JJ or F + Y is the energy expressed as a fvmetion of the momenta u, v, c&c. 
instead of x', y', <&c. , the other accented letters f ', rj', <&c. being put equal to zero either 
before or after the differentiation. 

101. Special ease of Motion. If the energy be a function of one only of the 
co-ordinates, though it is a function of the differential coefficients of all of them, we 
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may show conversely that the steady motion will not be stable unless F-V is a 
minimum. 

Let J be this single co-ordinate, then, following the same notation as before, we 
have by vis viva 4 ^nf '" +F-U=h. 

Differentiating with regard to t, and treating B^^ as constant because we shall 
neglect the square of {', we obtain 

Bni"+§-^{F-U)=0. 
To find the oscillation, let J=a+p, then by (6) we have 

d^p rd^F-un 
*"d? + L d^ J^-"' 

where a is to be written for f after differentiation in the quantity in square 
brackets. The motion is clearly stable or unstable according as the coefficient of p 
is positive or negative, i.e. according as ii" - P is a minimum or maximum. 

Further information on this subject will be found in the author's Essay on the 
Stability of Steady Motion, 1877. 

102. Examples of stability of motion. Ex. 1. Let us consider the simple 
case of a particle describing a circular orbit about a centre of attraction whose ac- 
celeration at a distance r is /ir". If d be the angle the radius vector r makes with 
the axis of x, we have here a steady motion in which r'=0 and 6' is constant. Also 

■'^ n+1 

We notice that 6 is absent from this expression, hence by the rule we eliminate 
8' also by the integral r^d'=h, where h is the constant called u in Art. 99. We 

have then E=h^^ + h-,+ - — 7. 

r' n -f 1 

Putting the remaining accented letters equal to zero according to the rule, we 

have m steady motion TF ~ ~ ^ ■*" f"^ ~ ^' 

d^B Sh' „ , , o> . , 

and, smce --=-2 = -zr + /""" =/i(n + S) r"~', 

this steady motion is stable or unstable according as re -|- 3 is positive or negative 
for all disturbances which do not alter the angular momentum of the particle. 

Ex. 2. A top, two of whose principal moments at the vertex are equal, turns 
about its vertex under the action of gravity. If OC be the axis of unequal moment, 
and 6, <)>, tj/ the Bulerian angular co-ordinates of the body referred to a vertical axis 
measured upwards, we have (as in the chapter on vis viva. Vol. i.) 
2T=4 (9'2-t-sin29^'2)-K7(0'-t-^' cose)2 
TJ=—Mgh cos 9 + constant, 

where h is the distance of the centre of gravity from 0, and M is the mass of the top. 
We have therefore the two Integra's <t)' + ^' cos 9= re and Cre cos fl-|-.4 An^ef^m, 
where re and m are two constants, 'n.ns former representing the angular velocity of 
the top about its axis and the latter the angular momentum about the vertical. 
By eliminating tp! and ^' and making the energy E a minimum, show (1) that a 
state of steady motion, with real values of the constants m and n, is given by 8=a 
provided CV-iMghA cos a is positive. Show (2), by examining the sign of 
d'E/dB^, that this motion is stable. Thus th9 axis of the top will describe a right 
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cone of semi-angle a round the vertical through the point of support with an 
angular velocity given by the value of ^'. 

Ex. 3. A solid of revolution moves in steady motion on a smooth horizontal 
plane, so that the inclination e of its axis to the vertical is constant. Prove that 
the angular velocity n of the axis about the vertical is given by 

u?- ^" „_ ^3 df ^0 
4 cos 9 ^ ^ sin 9 cos 6 dB ' 

where z is the altitude of the centre of gravity above the horizontal plane, n the 
angular velocity of the body about the axis, G, A and A the principal moments 
of inertia at the centre of gravity, and M the mass. Find the least value of n which 
makes /i real, and determine if the steady motion is stable. 

Examples of Oscillatimis about Steady Motion. 

103. The oscillations of a system about a state of steady 
motion may be found by methods analogous to those used in the 
oscillations about a position of equilibrium. Let the general equa- 
tions of motion of the bodies be formed by any of the methods 
already described. If any reactions enter into these equations it 
will be generally found advantageous to eliminate them. Let 
the co-ordinates used in these equations to fix the positions of 
the bodies be called 6, (f), &c. Suppose the motion, about 
which the oscillation is required, to be determined by &=f{t), 
f = F(i), &c. We then substitute 0=f(t) + x,<f) = F (t) + y, &c., 
in the equations of motion. The squares of x, y, &c. being neg- 
lected, we have certain linear equations to find x, y, &c. These 
equations can, however, seldom be solved unless we can make t 
disappear explicitly from them. When this can be done the 
linear equations can be solved by the usual known methods, and 
the required oscillations are then found. 

In what follows we shall first illustrate the method just de- 
scribed by forming the equations in a few interesting cases from 
the beginning. We shall then generalize the process and obtain 
a determinantal equation analogous to that given by Lagrange for 
oscillations about a position of equilibrium. This equation will be 
adapted to all cases which lead to differential equations with 
constant coefficients. 

104. Theory of Watt's governor. To find the motion of the halls in Watt's 
governor of the steam engine. 

The mode in which this works to moderate the fluctuations of the engine is well 
known. A somewhat similar apparatus has been used to regulate the motion of 
clocks, and in other oases where uniformity of ni-^on is required. If there be any 
increase in the driving power of the engine, or any diminution of the load, so that 
the engine begins to move too fast, the balls, by their increased centrifugal force, 
open outwards, and by means of a lever either cut oft the driving power or increase 
the load by a quantity proportional to the angle opened out. If on the other hand 
the engine goes too slowly, the balls fall inward, and more driving power is called 
into action. In the case of the steam engine the lever is attached to the throttle- 
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valve, and thus regulates the supply of steam. It is clear that a complete adapta- 
tion of the driving power to the load cannot take place instantaneously, but the 
machine will make a series of small osoillatious about a mean state of steady 
motion. The problem to be considered may therefore be stated thus : — 

Two equal rods OA, OA', each of length I, are connected with a vertical spindle 
by means of a hinge at which permits free motion in the vertical plane AOA'. At 
A and A' are attached two balls, each of mass m. To represent the inertia of the 
other parts of the engine we shall suppose a horizontal fly-wheel attached to the 
spindle, whose moment of inertia about the spindle is /. When the machine is in 
uniform motion, the rods are inclined at some angle n to the vertical, and turn 
round it with uniform angular velocity n. If, owing to any disturbance of the 
motion, the rods have opened out to an angle 6 with the vertical, a force is caUed 
into play whose moment about the spindle is some function of {8 - o). We may 
expand this function in powers of {6 -a) and, as it wiU be sufficient to retain only 
the first power, we shall represent it by -/3(5-o). It is required to find the 
oscillations about the state of steady motion. 

Let (p be the angle which the plane AOA' makes with some vertical plane fixed 
in space. The equation of angular momentum about the spindle is 

||(Z+2mFsin=fl)^i = -^(9-a) (1), 

where mk^ is the moment of inertia of a rod and ball about a perpendicular to the 
rod through 0, the balls being regarded as indefinitely small heavy particles. The 
semi vis viva of the system is 

and the moment of the impressed forces on either rod and ball about a horizontal 
through perpendicular to the plane AOA' is ^dTJjdd= -mghaiad, where h is the 
distance of the centre of gravity of a rod and baU from 0. Hence, by Lagrange's 

,. d dT dT dU 
equation — —;-__ = -_, we have 
dt de dJd d9 



^j-,-sm9cose 



{ty=-b^-- (^). 



where a has been written for k'jh. This equation might also have been obtained by 
taking the acceleration of either ball, treated as a particle, in a direction perpen-. 
dicular to the rod in the plane in which 8 is measured. 

To find the steady motion we put 8— a, d<pldt=n, the second equation then gives 
n'coBa=gla. To find the oscillations, we put 8=a + x, d<t>jdt = n + y. The two 
equations then become 

(1+ 2mA;2 sin^ a)% + "imlfin sin 2a ^ = - §x\ 

-jTj - re sin iay =(v? cos 2a - - cos a\x I 
To solve these equations, we must write them in the form 

(^'"'''«+2mk)"»'+(2-sP+^'°'«) 'y=A . 

(!^+v? SVC? a)x-n sin 2a.y=0 
where the symbol S stands for the operation djdt. Bliminating y by cross multi- 
plication we have 
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The real root of this cubic equation is necessarily negative, because the last terra 
is positive. The other two roots are imaginary because the term 5^ has dis- 
appesired between two terms of like signs. Also, the sum of the three roots being 
zero, the real parts of the two imaginary roots must be positive. Let these roots 
therefore be - 2p and p ± g ^ - l. Then 

x= He-'"" + Ke'" sin {qt + L), 
where H, K, L are three undetermined constants depending on the nature of the 
initial disturbance. Thus it appears that the oscillation is unstable. The balls 
will alternately approach and recede from the vertical spindle with increasing 
violence. 

105. The defect of a governor is therefore that it acts too quickly, and thus 
produces considerable oscillation of speed in the engine. If the engine is working 
too violently, the governor outs off the steam, but owing to the inertia of the parts 
of the machinery, the engine does not immediately take up the proper speed. 
The consequence is that the balls continue to separate after they have reduced 
the supply of steam to the proper amount, and thus too much steam is cut off. 
Similar remarks apply when the balls are approaching each other, and a con- 
siderable oscillation is thereby produced. This of course is but an incomplete ex- 
planation, but that the oscillation thus produced is of considerable magnitude has 
been strictly proved in Art. 104. It will be presently shown that this fault may be 
very much modified by applying some resistance to the motion of the governor. 

In the same way when the motion of clock-work is regulated by centrifugal 
balls, it is found as a matter of observation that there is a strong tendency to 
irregularity. If the balls once receive in the slightest degree an elliptic motion, 
the resistance /3 (9 - a) by which the motion of the balls is regulated may tend to 
render the ellipse more and more elliptical. To correct this some other resistance 
must be called into play. This resistance should be of such a character that it 
does not affect the circular motion and is only produced by the elUpticity of the 
movement. 

One method of effecting this has been suggested by Sir G. B. Airy. The elliptic 
motion of the balls may he made to cause a slider on the vertical spindle to rise 
and fall. K this be connected vfith a horizontal circular plate in tv vertical 
cylinder of slightly greater radius, and fiUed with water, the slider may be made 
to move the plate up and down by its oscillations. Thus the slider may be 
subjected to a very great resistance, tending to diminish its oscillations, while its 
place of rest, as depending on statical, or slowly altering forces, is totally un- 
affected. Memoirs of the Astronomical Society of London, Vol. xx., 1851. 

The general effect of the water will be to produce a resistance varying as the 
velocity, and may therefore be represented by a term - ycMjdt on the right hand of 
equation (2). The solution being continued as before, the cubic will now take the 
form 

[(2-Sr^ + "°''^) («'+7«^)+™Bin»a(l + 3cos«a + 2-^) 5-(-2^,nsin2a]a==0. 

If the roots of this cubic are real, they are all negative, and the value of x takes the 
form !C=Ae-''''+ Be'i^* + Cfc""', 

where -X, -/i, -v are the roots, and A, B, G are three undetermined constants. 
If one root only is real, that root is negative, and if the other two be y ± g ,^ - 1 the 

value of X takes the form 

x=He-^ + Ke2>' sin {qt + L), 

where H, K, L as before are undetermined constants. 
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In order that the motion may be stable it is necessary that 'p should be negative. 
The analytical condition* for this is 



7(l + 3cos^a+2-^)>2-|p2cota. 



If 7 be sufficiently great this condition may be satisfied. The uniformity of 
motion of the rods round the vertical will then be disturbed by an oscillation whose 
magnitude is oontinually decreasing and whose period is iwjq. By properly choosing 
the magnitude of I when constructing the instrument, the period may sometimes 
be so arranged as to produce the least possible ill efiect. If the period be made 
very long the instrument will work smoothly. If it can be made very short there 
will be less deviation from circular motion. 

In this investigation no notice has been taken of the frictions at the hinge and 
at the mechanical appliances of the governor, which may not be inconsiderable. 
These in many cases tend to reduce the oscUlation and keep it within bounds. 

106. In the case of Watt's governor if any permanent change be made in the 
relation between the driving power and the load, the state of uniform motion which 
the engine will finally assume is different from that which it had before the change. 
Thus, when the engine is driving a given number of looms, let the rods OA, OA' of 
the governor be inclined to each other at an angle 2a and be revolving about the 
vertical with an angular velocity n. If some large number of the looms is sud- 
denly disconnected from the engine, the balls will separate from each other, and the 
rods will become inclined at some other angle 2a'. In this case, if n' be the angular 
velocity about the vertical, m'^cos a'=n' cos a. The rate of the engine is therefore 
altered, it works quicker with a less load than with a greater. This is a great 
defect of Watt's governor. For this reason it has been suggested that the term 
governor is inappropriate, the instrument being in fact only a moderator of the 
fluctuations of the engine. 

This defect may be considerably decreased by the use of Huyghens' parabolic 
pendulum. In this instrument the centres of gravity A, A' of the baUs are made to 
move along the arc of a parabola whose axis is the axis of revolution. Let AN be 
an ordinate of the parabola, AG the normal, then NG is constant and equal to L, 
where 2L is the latus rectum. Begarding the balls as particles, and neglecting the 
inertia of the rods which connect them with the throttle valve, we see by the 
triangle of forces that the balls will rest in any positions on the parabola, if 
n^L=g, where n is the angular velocity of the balls about the vertical through 0. 
It is also clear that when the angular velocity is not that given by this formula, the 
balls (unless placed at the vertex) must slide along the arc. Let us now consider 
how this modification of the governor affects the working of the engine. When the 
load is diminished the engine begins to quicken ; the balls separate and the steam is 
cut off. It is clear that equilibrium will not be established until the quantity of 
steam admitted is just such as to cause the engine to move at exactly the same rate 
as before. 

Ex. Show that when the inertia of the rod and balls are taken account of, 
the centre of gravity of either ball and rod must be constrained to describe a 



* If the roots of the cubic aafl + hx^ + cx+d^Q be x=a±§^(-l) and 7, we 
have -bja=2a + y, cja==2ya. + a?+^, -dla={a^+^)y, whence we easily deduce 
{bc-ad)fw'= -2a {{a + y)^ + p^} ; hence be -ad and a have always opposite signs. 
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parabola whose latus rectum is independent of the radius of the ball, if the 
governor is to cause the engine always to move at a given rote. 

It should be mentioned that several other methods of avoiding this defect have 
been invented besides the parabolic pendulum. But any further description of these 
would be here out of place. 

107. A speed governor, similar to that invented by Sir G. Airy, but with a 
spring instead of a pendulum, was described by Prof. J. A. Ewing in Nature, 
Vol. zxiii. 1881. He applied it to a clock driving a recording seismograph whose 
motion was required to be continuous and fairly uniform. 

Another governor was invented by the brothers Siemens which is remarkable 
because it does not require the use of Watt's governor. A short description of it is 
given in the Life of Sir William Siemens, by William Pole, 1888 ; see also a paper by 
Mr Wood, Institution of Civil Engineers, March 10, 1846. 

The reader who is interested in the subject of governors may refer to an 
article by Sir G. B. Airy, Vol. xi of the Memoirs of the Astronomical Society, 
1840, where four different constructions are considered. He may also consult an 
article by Mr Siemens in the Phil. Trans, for 1866, and a brief sketch of several 
kinds of governors by Frof, Maxwell in the Phil. Mag. for 1868. An account of 
some experiments by Mr Ellery, on Huyghens' parabolic pendulum, may be found 
in the Astronomical Notices for December, 1875. 

108. Laplace's Thkee Pabticles. It has ieen shown in Vol. I. Chap. VI., 
that if three particles be placed at the corners of an equilateral triangle and pro- 
perly prelected, they will move under their mutual attractions so as always to 
remain at the angular points of an equilateral triangle. These we may call 
Laplace's three particles. It is owr present object to determine if this mjotion is 
stable or unstable. 

We shall begin by assuming that the three particles remain always very nearly 
at the corners of an equilateral triangle. We shall then have to determine whether 
their oscillations about these comers are real or imaginary. To effect this we might 
choose their common centre of gravity as a fixed origin of co-ordinates. But the 
triangles formed by joining the particles to their common centre of gravity are not 
marked by any simplicity of form. Instead of referring the motion to the centre of 
gravity it will be more convenient to reduce one of the particles to rest, and to con- 
sider the relative motion of the other two. We have thus only one triangle to 
examine, and that one nearly equilateral. 

Let the mass M of the particle to be reduced to rest be taken as unity, and let 
m, m' be the masses of the other two. Let r, r', E be the distances between the 
particles Mm, Mm', mm' ; and let <p', 0, ^ be the angles opposite to these distances. 
If 0, 8' be the angles which r, r' make with a straight line fixed in space, and if the law • 
of attraction be the inverse /cth power of the distance, the equations of motion are 



dV fdey l + m m'coa\l/ ot'cos0 _ 
d?^^\di) '^^ '^ r« If 



r dt\ dtj 



dB\ m' sin \p m' sin _ 



with two similar equations for the motion of m'. 

Let us now put r=:a + x, r' = a + x + X, and let the angle between these radii 
veotores be iTr+ Y, also let B=nt + y, where x, y, X and Y, are all small quantities 
whose squares are to be neglected. It should be noticed that a variation of .r, y 
alone, X and Y being zero, will represent a variation of steady motion in which the 
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particles always keep at the eorners of an equilateral triangle, while a variation of 
X, Y will represent a change from the equilateral form. The former of these by 
hypothesis is a possible motion, hence the equations can be satisfied by some 
values of x, y joined to X=Q, Y=0. By this choice of variables we may hope to 
discover some roots of the fundamental determinant previous to expansion, and 
thus save a great amount of numerical labour. If d stand for djdt, and 6 = 0*"'' 1 
the four equations will now become 
{bSi' - {k + 1) [1 + m+m')} X -2almSy - im' {k+1)X- iJSm' (K + l)aT=0, 

2bnSx + abShi - i'^Sm' {k + 1) X+^m' {k+1) aY=0, 
S^-{K+l){l+m+m')}x-2dbndy+{bS^-{K+l){l+im+m')}X-{2abnS+iJ3wiK + l)a}Y=0, 

2bnSx + abSh/ + {2bnd-iJ3(K+l)m}X+{abS^-im{K + l)a}Y=0. 

109. To solve these we put x=Ae''*, y =B^, X= G^, Y=Be^*. Substituting 
and eliminating the ratios of A, B, G and H we obtain a determinantal equation 
whose constituents are the ooefBoieuts of x, y, X and Y with X written for S. This 
equation will give eight values of \. We see at once that one factor is X. This might 
have been expected, because we know that a variation of y, (with x, X and Y aU zero,) 
is a possible motion. Again, some variation of x and y, (with X and Y both zero,) is 
also a possible motion, hence some factor of the determinant can be found by ex- 
amining the first two columns. By subtracting from the first 2ra times the second 
column we find that this factor is 6X^- (k-3) (l + m+m') = 0. 

To find the other factors we divide the determinant by the factors already 
found. Then, subtracting the first row from the third and the second from the 
fourth, we have three zeros in the first column and two in the second. The 
expansion is then easy. We then see that there is another factor X, and also that 

b''\* + b\^{3-K){l + m+m') + ^{l + K)''{m + m.' + mm')=0. 

The two zero roots give x=Ai+A2t with similar expressions y, X and Y. But 
by substitution in the equations of motion we see thatx=^], y=Bi~^(K + l)Ajntla, 
X=0 and Y=0. These roots therefore indicate merely a permanent change in the 
size of the triangle. On examining the other values of X^, we find (1) The motion 
cannot be stable unless k is less than 3. (2) The motion is stable whatever the 
masses may be, if the law of force be expressed by any positive power of the dis- 
tance or any negative power less than unity. For other powers the stability 
depends on the relation between the masses. (3) The motion is stable to a first 

approximation If ^_____, > 3 (^3— j , 

where M, m, ml are the masses*- To express the co-ordinates in terms of the time, 
_we must return to the diSerential equations of the second order. The results are 
rather long, and it may be sufficient to state that when, as in the solar system, two 
of the masses are much smaller than the third, the inequalities in their angular 

* In a brief note in Jullien's Problems, Vol. n. p. 29 it is mentioned that this 
question has been discussed by M. Gascheau in a Th^se de M€canique, the particles 
being supposed to attract each other according to the law of nature. The result 
arrived at is that the motion is stable when the square of the sum of the masses is 
greater than 27 times the sum of the products of the masses taken two and two. 
No reference is given to where M. Gascheau's work can be found, and the author is 
therefore unable to give a description of the process employed. 
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distanoea, as Been from the large body, have much greater coefficients than the 
inequalities in their linear distances from the same body. 

The reader will find a more complete discussion of this problem in a paper by 
the author published in the sixth volume of the Proceedings of the London Mathema- 
tical Society, 1875. The co-ordinates x, y, X, Y are expressed in terms of the time 
and the possibility of any small term rising into importance is shortly treated. 

Theory of oscillations about steady motion. 

110. Having illustrated by two important examples the 
methods of practically findiag the oscillations about a state of 
motion, we pass on to the general theory of the subject. 

111. The Determinantal Equation of steady motion. 

To form the general equations of oscillation of a dynamical system 
ahout a state of steady motion. 

Let the system be referred to any co-ordinates 0, ^, ■\p', &c. 
If the geometrical equations do not contain the time explicitly 
the vis viva 2T may be represented by the expression 

2T = P,,e'^ + 2P,,e'<j>' + P^^'^ + &c. 

where Pu, P^^, &c. are known functions of the co-ordinates 6, 
<j>, &c. Let the force function be U. Let the state of motion 
about which the system is oscillating be determined by 9=f(t), 
^ = F (t), &c. To determine these oscillations we put 0=f(t) + x, 
<l) = F(t) +y, &c. Let the Lagrangian function L = T-\: U be 
expanded in powers of x, y, &c. as follows : 

L = Lo + A-^od -H J.j2/' 4- &c. -h G-^oo -f- C^y + &c. 

+ \ (^ua;'2 -I- 2^i2a5y -I- &c.) + \ {G^^a? + 2G^^y + &c.) , 

-I- Q^^xaf + Gi^y + G^yx + &c. , 

It will afterwards be found convenient to write E-^^=Gvi— G^, 
E^ = 013 — ^31, and so on. 

We shall now define a steady motion to be one in which all the 
coeflScients in this expansion are independent of the time. The 
physical characteristic of such a motion is that when referred to 
proper co-ordinates the same oscillations follow from the same dis- 
turbance of the same co-ordinate at whatever instant it may be 
applied to the motion. If the coefficients are not constant for the 
co-ordinates chosen it may be possible to make them constant by 
a change of co-ordinates. There are obviously many systems of 
co-ordinates which may be chosen, and a set may generally be 
found by a simple examination of the steady motion. If there are 
any quantities which are constant during the steady motion, such 
as those called f, 77, &c. in Art. 98, these may serve for some of 
the co-ordinates, others may be found by considering what quanti- 
ties appear only as differential coefficients or velocities, for example 
those called x, y, &c. in the same article. If none of these are 
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obvious, we may sometimes obtain them by combining the existing 
co-ordinates. Practically these will be the most convenient 
methods of discovering the proper co-ordinates. 

To obtain the equations of motion we must now substitute 
the value of L in the Lagrangian equations 

d dL dL . . - 

and reject the squares of small quantities. The steady motion 
being given by x, y, &c. all zero, each of these must be satisfied 
when we omit the terms containing x, y, &c. We thus obtain the 
equations of steady motion, viz. 

Oi=0, G^ = 0, &c. = 0, 
which by Taylor's theorem are the same as the equations (1) of 
steady motion given in Art. 98. 

Omitting these terms and retaining the first powers of all the 
small quantities we obtain the equations of small oscillations. 
Representing differentiations with regard to t by the letter 8, we 
have 

(^„8^ - G^,)x+{A^^ - E^h - G^,)y+{A,,h^ - E^S ~G^)z + &c. = 0, 

(A,,S^ + E,,B - G,,)x+(A^B^-G^)y + (A^S' - E^S - G^)z + &c.= 0, 

&c. + &c. + &c. = 0. 

112. To solve these we write « = Xe^*, y=Me^*, &c. Substi- 
tuting and eliminating the ratios L, M, &c. we obtain the following 
determinantal equation 

= 0. 



AiiX, Oji, 




Ai^^ ■ 


- Ei^X - 


■ C'lS, 


AsV- 


- Ei^ - 


- C^13 


&c. 


A,^X'+E^,X- 


-Gl2 


A^X^ 


-G^, 




A^X"- 


- Ej^ - 


-G^ 


&c. 


A,,X'-^E,,\- 


~ (^i3> A^aX" + J&aaA. - 


-G^ 


AgP^ - 


- C33. 




&c. 


&c. 






&c. 




&c. 






&c. 



If in this equation we write — X for X the rows of the new deter- 
minant are the same as the columns of the old, so that the deter- 
minant is unaltered. We therefore infer that the determinantal 
equation when expanded contains only even powers of X. 

We notice that if we remove from this determinant the terms 
which contain the letter E, the remaining determinant is the same 
as that which gives the oscillation about a position of equilibrium, 
Art. 58. We may therefore say that the terms which depend on 
E are due to the centrifugal forces of the steady motion. 

113. Conditions of Stability. Regarding this as an equa- 
tion to find X^, we notice that if the roots are all real and negative, 
each of the co-ordinates x, y, &c. can be expressed in a series of 
trigonometrical terms having different periods; the motion will 
therefore be stable. If any one of the roots is imaginary or if 
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any one is real and positive, there will be both positive and 
negative real exponentials entering into the expressions for x, y, &c. 
and therefore the motion will be unstable. The condition of dyna- 
mical stability is therefore that the roots of this equation must all 
he of the form \=±fi J— 1, where fju is some real quantity. 

114. Number of Oscillations. It follows also that when 
a system, under the action of forces which have a potential, oscil- 
lates about a stable state of steady motion, the oscillations of the 
co-ordinates are represented by trigonometrical terms of the form 
A sin (M + a) which are not accompanied by any real exponential 
factors such as those which occurred in the problem of the Governor. 

We see further that there will in general be as many finite 
values of \^ and therefore as many trigonometrical terms of 
different periods as there are co-ordinates. It often happens, as 
explained in Art. Ill, that some of the co-ordinates are absent from 
the expression for L, appearing only as differential coefficients. 
Suppose for example to be absent; then G^, G-^, Sac. are all 
zero, and we may divide \ both out of the first line and the first 
column of the fundamental determinant. We therefore have two 
zero values of \, while at the same time the number of finite 
values of \^ is diminished by unity. Hence the number of trigo- 
nometrical term^ of different periods cannot exceed the number of 
co-ordinates which eooplicitly eater into the Lagrangian function. 
Thus, in Ex. 2 of Art. 102, the function T+U has only the co- 
ordinate 6 explicitly, expressed, the others <f>' and i/r' appearing 
only as differential coefficients. It follows that if a top is disturbed 
from a state of steady motion, there will be but one period in the 
oscillation. 

115. The relations between the coefficients L, M, &c. in the 
exponential values of x, y, &c. may be obtained without difficulty 
if we remember that the several lines of the fundamental deter- 
minant are really the equations of motion. Taking any one line ; 
multiply the first constituent by L, the second by M, &c. and 
equate the sum to zero. If n be the number of co-ordinates, we 
thus obtain n — 1 independent equations to find the ratios of 
L : M : &c. ; so that we have one undetermined constant for each 
value of \. On the whole therefore we have, exactly as in 
Lagrange's equations. Chap. Ii., twice as many arbitrary constants 
as there are co-ordinates, all the other constants being determined 
by the equations just found. The arbitrary constants are deter- 
mined by the initial values of the co-ordinates and their differential 
coefficients. 

But, unlike Lagrange's equations, the quantity \ occurs in 
the first power in each of these equations, so that the ratios of 
L, M, &c. thus found may be imaginary. If —pi', —pi, &c. be the 

K. D. II. 6 
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values of V, the expressions for the co-ordinates when rationalized 
may therefore take the form 

a; = ^1 sin {pj, + Hi) + .4a sin {pjt ■\-a^ + ... 

y = B-, sin {p^t + ^j) + B^ sin {pj, + /Sj) -f . . . 

z = &c. 

where Sj is not necessarily equal to /Sj, nor a^to02, &c., though 
they are connected together. 

116. Principal Oscillations. When the initial conditions 
are such that every co-ordinate is expressed by a trigonometrical 
term of one and the same period, the system is said to be perform- 
ing a principal or harmonic oscillation. Thus each trigonometrical 
term corresponds to a principal oscillation, and any oscillation of 
the system is therefore said to be compounded of its principal 
oscillations. The physical characteristic of a principal oscillation 
is that the motion of every part of the system is repeated at a con- 
stant interval. If the type of the principal oscillation be V= — ^i*, 
we see that throughout the motion we shall have a/' = — p^'oe, 

y" = -Piy,&^- 

117. Ex. A homogeneous sphere of unit mass and radius a is suspended from 
a fixed point by a string of length b and is set in rotation about the vertical dia- 
meter. When the sphere is slightly disturbed from this state of steady motion, let 
bx, by and b be the co-ordinates of the point on the surface to which the string is 
attached; bx + a(, by + ar/ aud b + a the co-ordinates of the centre,, the fixed point 
being the origin and the axis of z vertical and downwards. Also let x = + v^ where 
<p and f have the meanings usually given to them in Euler's geometrical equations, 
see Vol. I. Chap. v. Thus before disturbance x'="- Prove that the Lagrangian 
function is 

If the motion of the centre of gravity be represented by a series of terms of the 
form M cos {pt + a), prove that the values ofp are given by 



(,._£) (.-n.-|)=|p. 



Show that, whatever sign n may have, this equation has two positive and two 
negative roots which are separated by the roots of either of the factors on the left- 
band side. 

118. Impulsive Forces. If we regard an impulse as the limit of a force acting 
for a very short time, we may deduce from Art. Ill the equations of motion of a 
system moving in steady motion and suddenly disturbed by an impulse. Integrating 
the equations of motion given in Art. Ill with regard to the time during the limits 
of the impulse, the integrals of all the terms except those of the form AS'x will be 
zero. This follows from the definition of an impulse given in Chapter u. of 
Vol. I. or from the argument given in adjusting Lagrange's equations to impulses 
in Chapter viii. of Vol. i. 

The equations of motion for impulses are therefore 
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^11 («^i - ««o) + -4i2 (S»/i -Syo) + = X, 

Ai.{SXi- Sx„) + A^JSiji- Sy„)+ = Y, 

&o.=&a. 
Here Sx^ - Sx^, (fee. are the changes in the velooitiea of the co-ordinates produced by 
the jerks. The quantities X Y, &c. are the integrals of the disturbing forces and 
therefore measure the jerks. If U be the force function of the impulses as explained 
in Vol. I. Chap. vni. we have X=dTJ\dx, Y—dVjdy, &o. 

119. Analysis of the roots of the determlnantal equation. If the determl- 
nantal equation of Art. 112 is not very complicated we may expand it in powers of 
X. We thus have an equation with only even powers of \. The important point to 
settle is the number of real negative values of X* which satisfy the equation. To 
determine this, we may use Sturm's theorem. Since the equation has only alternate 
powers of X, we may use the short rule which will be given in the chapter on the 
Conditions of Stability to find the successive remainders. 

But if it be inconvenient to follow this process, we may use some of the following 
theorems. 

120. We shall first show that the quadratic expression 

2A=Aiix'^ + 2A^x'y' + A^y'^ + &c. 
is a tme-signed positive function. To prove this we notice that the coefficients A-^, &c. 
are what the coefficients Pj^, &c. of the vis viva become when we write for the 
co-ordinates 8, ij), &c. their values in the steady motion. If then, by any linear re- 
lation between the variables, we could make A equal to zero, we could by introducing 
a constraint into the motion represented by a similar relation between 6', <j>', &o. 
cause the vis viva to be zero. But since the vis viva is essentially positive, this is 
impossible. 

When a given quadratic function is a one-signed positive function, it is known 
(Art. 60) that its discriminant is positive. It follows immediately that every dis- 
criminant formed after putting any of the variables x', y', &a, equal to zero must 
also be positive. 

121. Theorem I. It frequently happens that there are but two independent 
co-ordinates, so that the determinant is reduced to two rows. If we write 

D = A^A^-Aa\ Z»'=CliC22-C,22, e = ^1,022 -t-423Cll-24l2Cl2. 

the determinantal equation when expanded reduces to DX* -1- ( - 9 -f E^^^) \^ + D' = 0. 
The conditions of sta bility are therefore (1) D' is positive, (2) Eu" - 6 is positive and 
greater than 2JdD'. See Art. 113. 

122. Theorem II. Whatever be the number of co-ordinates the steady motion 
cannot be stable unless all the values of X^ given by the determinantal equation are 
real and negative. The coefficient of the highest power of X" (Art. 120) is positive, 
hence the term independent of X'' must also be positive. We therefore infer that the 
steady mation cannot be stable unless the discriminant of the quadratic expressicm 

iC=-C^T_x''--iC^xy-C^y^ + 

is positive. 

123. Theorem III. Let there be n co-ordinates and let A be the determinant 
given in Art. 112. Beginning with this determinant we may form a series of deter- 
minants each being obtained from the preceding by erasing the first line and the 
first column. Let us represent these by Aj, Aj, &c. The determinant A is not 

6—2 
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altered if we border it with a, column of zeros on the right-hand side and a row of 
zeros at the bottom, provided we put unity in the corner. We may therefore con- 
sider A„=l. Thus we have a series of determinantal functions of X' analogous to 
those used in connection with Lagrange's determinant. See Art. 58. 

Let us substitute in this series of determinants any negative value of X^ and 
count the number of variations of sign. If as \^ passes from \'= -a to \^= -p, 
K variations of sign are lost, then the number of real roots between - o ajid - ^ is 
either exactly equal to k or exceeds k by an even number. 

To prove this, we let I^, Ju, &o. he the minors of the several constituents of the 
determinant A. We notice that I^ is changed into I^i by changing the sign of X. 

Hence if Ji2=0 (X^) -1-X^ (X''), 

then 721 = (X'')-Xf(X2). 

Thus the product Ii^I^ is necessarily jostttre for all negative values of X*. It also 
follows that if Ijj vanishes for any negative value of X", then I^^ vanishes for the 
same value of X^. 

Starting with the equation A\=I^^I^- I^^I^ the rest of the proof is so nearly 
the same as that for the corresponding theorem in Lagrange's determinant (Art. 58) 
that it seems unnecessary to reproduce it here. Passing over therefore this proof 
we notice the following applications. 

124. Theorem lY. The coefficients of the highest powers of X^^ in the series of 
determinants A, Aj, &c. are the discriminants of the quadric A (Art. 120), and 
are therefore necessarily positive. The signs of the series of determinants when 
X^= - oo are therefore alternatively positive and negative. If the discriminants of 
the quadric 2C= - Cua" - iC^iXy - C^iy'' - &c. 

be also all positive, the signs of the series of determinants when X^=0 are all 
positive. Thus the full number, viz. n, of variations of signs have been lost in 
the passage from X''= - oo to \^=0. It immediately follows from the theorem just 
stated that when the quadric C is a one-signed positive function all the roots of the 
determinantal equation are real and negative. 

We may also express this by saying that when the quadric function C is a 
minimum for all displacements from the steady motion, that steady motion is stable. 

125. When this occurs the roots of each of the series of determinants A, Aj, 
Aj , &c. are all real and negative, and the roots of each separate or lie between the 
roots of the determinant next above it. 

This follows from the mode of proof adopted in discussing Lagrange's deter- 
minant. 

126. Theorem V. Equal roots. The existence of equal roots usually indicates 
that there are terms in the solution with t as a factor, but it will be shown in 
another chapter that this is not the case when the minors of the determinant A 
are also zero. 

Suppose, as in the last proposition, that the fuU number of variations of sign 
have been lost in the passage from X'= - oo to X*=0. Then it may be shown, as 
in the corresponding proposition in Lagrange's determinant, that if the funda- 
mental determinant have i equal roots, then every first minor has r - 1 roots equal to 
each of these, and every second minor has r - 2 roots equal to each of these, and so on. 

We therefore infer that the existence of equal roots merely indicates a cor- 
responding indeterminateness in the coefficients of the principal oscillation which 
is derived from these equal roots. 
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Thus in Art. 115 we have n- 1 independent equations to find the ratios of the 
coefficients L, If, &o. of any exponential. But when there are r equal roots we 
have only n-r independent equations leaving r of the coefficients independent. 

127. Tlieorem VI. If we remove the terms which contain the centrifugal forces 
the remaining determinant has the same form as Lagrange's determinant. Thus we 
have two determinantal equations each of which, for its own use, may be regarded 
as an equation to find \^. From each of these we may derive a series of deter- 
minants formed by the rule given in Art. 58. If we count the number of variations 
of sign when V= -oo and when X'=0, it is evident that each of the two series 
exhibit the same loss. It therefore follows that the equation with the centrifugal 
forces has at least as many negative roots as the corresponding Lagrange's equation, 
and if it have more, the excess is an even number. If therefore all the roots of the 
corresponding Lagrange's determinants are negative, then all the roots of the 
equation with the centrifugal forces are also real and negative. Thus the general 
efiect of these centrifugal forces is to increase the stability. 

The substance of this section may be found partly in - paper by the author 
published by the London Mathematical Society, 1875, and partly in the author's 
Essay on the Stability of Motion, 1877. 

128. The Bepresentative Point. When a dynamical system has not more 
than three co-ordinates, we may obtain a geometrical representation of the oscilla- 
tion. Let these independent co-ordinates be x, y, a. If we regard these as the 
Cartesian co-ordinates of some point P, it is clear that the positions of P as it 
moves about will exhibit to the eye the motion of the system. We may call this 
point the representative point. The importance of this point has been already 
shown by the use made of it in Art. 80. 

129. Osculation about equilibrium. Let us first suppose the system to be 
oscillating about a position of equilibrium, and let it be performing any principal 
oscillation. Then throughout the motion the co-ordinates x, y, z bear a constant 
ratio to each other (Art. 53). We therefore infer that the path of the representative 
particle is a straight line passing through the origin. If the oscillation be defined 
by the type sin (pt-Ha) we have also (by Art. 55) x"= -p^x, y"= -p''y, &a. Hence 
the representative point oscillates in a straight line with an acceleration tending to the 
origin and varying as the distance therefrom. 

130. To find the position of this straight line let the vis viva 2T and the force 
function V be represented by 

2I'=4llai'2-^2JlJx'2/' + &c.l 

2{U-U„) = Cax'' + 2Ci^y + &o. f ^ '' 

Then by Lagrange's equations, since x"= -p''x, &b., we have 
-pf (Ajjx + Aj^ + &e.)=Cj^x + Cj^ + &0.) 



i (2). 

p^(Aj^^ + Aja + &o.) = Cj^ + C30+&e.\ 



&e. =&c. 
Omitting the accents in T and the constant term U^ , let us put 

2A = Aj^iX' + 2A-^^y + &o.) ,, 

-2C=Cij^x'' + 2C-^y + &o.\ ^ '' 

We also construct the two quadrics A = a, (7=7 where a and y are any constants. 
These quadrics have their centre at the origin and have a common set of conjugate 
diameters which may be found by the following process. Let x, y, z be the Cartesian 
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co-ordinates of any point on one of the three conjugates. Then, since the diametral 
planes of this point in the two quadrios are parallel, we have 

dA_dG dA_dC dA_dC 

dx ~ dx' dy ~ dy ' dz ~ dz' 
Comparing these with the equations (2) we see that when the system is performing 
a principal oscillation the representative point P oscillates in one of the common 
conjugate diameters of the quadrics. 

131. By Euler's theorem on homogeneous functions we have /i^ = C Applying 
the same reasoning to equations (2) we have p^A = C. Hence |U=p^. Let the 
diameter described by the representative point cut the quadrics A = a and C=y 
in the points D and B' and let be the origin. Then putting P at D we have 
A = a, and since C is a homogeneous function we have C={ODIOD'fy. 

Hence p^=(ODjOD')'' yja. The value of 2wlp gives the period of oscillation corre- 
sponding to any common conjugate diameter ODD'. 

132. The quadric G=y possesses the property that if x, y, z be the co-ordinates 
referred to any axes of a point P on its surface the work done by such a displacement 
from the position of equilibrium is constant and equal to - y. 

138. As an example of this geometrical analogy let us consider the following 
problem. A rigid body, free to move ahout a fixed point 0, is under the action of 
any forces and makes small oscillations about a position of equilibrium % find the 
principal oscillations. 

Let OA, OB, OG be the positions of the principal axes in the position of 
equilibrium, OA', OB', OC their positions at the time t. The position of the body 
may be defined by the angles between (1) the planes AOC, AOC, (2) the planes 
BOO, BOG', (3) the planes COA, GOA'. Let these be called e, <p, f respectively. 
Then 6, <p, \j/ are angular displacements of the body about OA, OB, OG. Taking 
these as the axes of co-ordinates in the geometrical analogy ; a small displacement 
of P from the origin to a point x — 6,y = (p,z=tji represents a rotation of the body 
about the straight Une described by P and whose magnitude is measured by the 
distance traversed by P. 

If Jj, Jj, I3 be the principal moments of inertia at 0, the vis viva of the body is 
clearly 21=1^8'^ + 1^4,'^ + I^fK 

Writing x, y, z for d', </>', \j/. as before, the quadric T=a or A = a is evidently the 
momental ellipsoid at the fixed point. 

Let the work of the forces as the co-ordinates change from zero to 8, (f>, <//, or 
X, y, zhe given by 2U= Gj^x' + 2 G^^y + &a. 

Then, following the analogy, as P moves along a radius vector OD' of the quadric 
J7= -y or G=y, the work is - (OPjOB')^y. Hence, this quadric possesses the 
property that the work done by the forces when the body is twisted through a given 
angle round any radius vector varies inversely as the square of that radius vector. 
If the equilibrium is stable, the work due to a rotation about every diameter must 
be negative, the quadric must therefore be an ellipsoid. 

It now follows from the general theorem that the body will perform a principal 
oscillation if it is set in rotation about any one of the three conjugate diameters of 
the momental ellipsoid and the ellipsoid U = - 7, and will therefore continue to 
oscillate as if that diameter were fixed in space. 

The quadric U has been called the ellipsoid of the potential. This name was 
given to it by Prof. Ball,, who arrived at the theorem just proved by a different 
course of reasoning. See his Theory of Screios, Art. 126. 
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134. OsclUatlon about steady motion. To determine the motion of the 
representative point we muat have recourse to the equations of motion written 
down in Art. 111. Since we must follow the same line of argument as in Art. 131, 
it is unnecessary to do more than state the result. The symbols A and C having 
the same meaning as before the path of the representative point is given by 
the equations Ap^ - C=j8. 

[(^u£23-4ijEis+Ji3Ei2)a; + &o.]2)3+[(CuB2,-C,2£;i3 + Ci8Ei2)a; + &o.]=0. 
The path of the representative point is therefore a plane section of a quadric. 
We infer that lohen a system is performing a principal oscillation about a state 
of steady vwtion the representative point describes an ellipse. The ellipse is 
described with an acceleration tending to the centre and varying as the distance 
therefrom. The periodic time in the ellipse is by definition the same as that in 
which the system performs its principal oscillation. 

135. Ex. Show that the three planes of these harmonic ellipses are diametral 
planes of the same straight line with regard to the three quadrics represented by 
Ap^-G=p, where p^ has any one of the three values given by the determinant of 
motion. The direction cosines of this straight line are proportional to E^ , - B^^, Ejj 
and it may be called the axis of the centrifugal forces. 

136. The introduction of the representative point to exhibit the motion of the 
system may appear somewhat artificial. But there is a closer connection than has 
yet been mentioned. Suppose for example that a system is oscillating about a 
position of equilibrium. Let us transform the co-ordinates x, y, z into others 
f , n, t so that 

4iX= + ^^r^y' + *c- =f ' + V' + r- 

The equations of motion take a simplified form and become those of a single 
particle of unit mass acted on by forces with a known force function J7. Thus 
when the eo-ordiuates are properly chosen some kinds of motion may be completely 
■found by replacing the system by its representative particle. In other kinds of 
motion constraints have to be placed on the particle that it may represent the 
motion. The single particle used by Presnel in his theory of double refraction is 
practically the representative particle, and it is necessary to impose imaginary 
constraints that its motion may represent that of the medium. 

A more complete account of the theory of the representative point is given in 
the essay on Stability of motion already referred to. 



CHAPTER IV. 

MOTION OF A BODY UNDER THE ACTION OF NO FORCES. 

Solution of Euler's Equations. 

137. To determine the motion of a body about a fixed point, 
in the case in which there are no impressed forces. 
Euler's equations of motion are 

A^-{B-Cl)w^,=^(i\ 

multiplying these respectively by tBj, Wj, a>^; adding and inte- 
grating, we get 

^< + 5< + 0Q)s='=r (1), 

where T is an arbitrary constant. 

AgaiQ, multiplying the equations respectively hy Aa^, Bco^, Gcos, 
we get, similarly, 

.4V' + -BW + C^«3' = G'2 (2), 

where 6 is an arbitrary constant. 

To find a third integral, let 

«»i'+W3'' + o)s' = a)2 (3); 

dcDi dffla . dwg da> 

then multiplying the original equations respectively by tOi/A, fo^/B, 
0)3/0, and adding, we get 

da, (B-G , G-A , A-B\ 
'^Tt= [-jr +~B-+ -^-ja,>o,,a,, (4) 

_ (B~G)iG-A)iA-B) 
ABG '*'^'"''"»- 
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But solving the equations (1), (2), (3), we get 
CA 

ab 

'''^{C-B){G-A) •^-'^■^ "') . 

T(B + C) — G'-' 
where \ = ^— , with similar expressions for Xj and X^. 

Substituting in equation (4), we have 

da) , ^ 

"d^"^('^i-'"»)(^-'"°")(''5-'"') (^)- 

The integration of equation (6)* can be reduced without diffi- 
culty to depend on an elliptic integral. The integration can be 
effected in finite terms lq two cases ; when A = B, and when 
G^ = TB, where B is neither the greatest nor the least of the three 
quantities A, B, G. Both these cases will be discussed further on. 

138. It will generally be supposed that A, B, G are in order of magnitude, so 
that A is greater than B, and B than C. The axis of B will be called the axis of 
mean moment. If we eliminate wj from the equations (1) and (2), we have 

AT-G^=B{A-B)o,j'+G(A-C!) w,^ 
which is essentially positive. In the same way we can show that GT - G^ is 
negative. Thus the quantity (J^/T may have any value lying between the greatest 
and least moments of inertia. 

The three quantities Xj, Xj, Xs in Art. 137 are all positive quantities ; for since 
B + G-Ais positive, and G^/T<:A, it follows that Xj is positive. The numerators 
of Xj and X3 are each greater than that of \, and are therefore positive, the 
denominators are also positive ; hence X^ and X3 are both positive. Also we have 
ABG {\-\^ = {TG -G''){A-B), with similar expressions for Xj-Xj and \-\. 
It easily follows that X2 is the greatest of the three, and \ or X3 is the least according 
as G'lT is greater or less than B. 

It follows &om equations (5) that throughout the motion a^ must lie between X^ 
and the greater of the quantities Xj and X3. 

139. Kirchliofl's solution. The solution in terms of elliptic integrals has 
been effected in the following manner by Kirohhoff. If we put 

M0)=Vi^*w^. ni>)=fljfS^^' 

then k is called the modulus of F, and must be less than unity if F is to be real for 
all values of <p. The upper limit is called the amplitude of the elliptic integral F 

* Euler's solution of these equations is given in the ninth volume of tlie Quarterly 
Journal, p. 361, by Prof. Cayley. Kirohhoff's and Jaoobi's integrations by elliptic 
functions are given in an improved form by Prof. Greenhill in the fourteenth 
volume, pages 182 and 265. 1876, 
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and is usually written am F. In the same way sin0, cos tp, and A (0) are written 
sin am F, cos am F, and A am F. 
We have by differentiation 

d cos . dd) • .. i,\ 

-^=-sm0^=-sm0A(0) 



.(1). 



dsinrf> , <Jd ^ . ,^. 

-^=cos0^=oos0A(0) 

^^) = _ *!^Ei^2?:* ^ = - ft» sin COS 
<JF A{0) d^ V V 

These equations may be made identical with Euler's equations if we put 
ii'=X((-T) and Wi=aAamX(«-T) ^ 

fc)2=6sinamX(t-T) J- (2), 

w^=c cos am \ (t - t) j 

A-B _ c\ A-G _ T)\ B-C _ „aX ,„. 

G ~ ab' B ~ ca' A ~ he ^ '' 

• We have introduced here six new constants, viz. a, b, c, \, k and t. With these 
we may satisfy the three last equations and also any initial values of uj^ u^, Ug. 
The solution if real will also be complete. 

When t=r we have from (2) Wi=o, 02=") ^^^ ug=c. Hence by Art. 137 

Aa^+Gc^=T, A^a'+G^c^=G^; 

2_ G'^GT ^_AT--& 

-•"'~A(A~cy '^~G{A-G)' 

Dividing the second of equations (3) by the first, we have 

b^_ A-G G_ . , AT- G" 
c'~A-Bb'' ' '~B(A-B)' 
Multiplying the first and second of equations (8), we obtain 

{ A-B){G'-GT) 
ABG 
The ratios of the right-hand sides of (8) are as c^ : 6^ : k^a", and these have just 
been found. Hence if the signs of a, b, c, X be chosen to satisfy any one of the 
three equalities, the signs of all will be satisfied. 

Dividing the last of equations (3) by either of the other two, we find 

B-G AT-G^ yi_ A-G G^-BT 

A-B G'-GT' A-B G'-GT' 

If Gr'>BT and A, B, G are in descending order of magnitude, the values of 
a?, V, e^ and X^ are all positive. Also k^ is positive and less than unity. The 
solution is therefore real and complete. 

If 6^< BT we must suppose .i, £, C to be in ascending order of magnitude to 
obtain a real solution. If we may anticipate a phrase used by Poinsot, and which 
wiU be explained a little further on, we may say that the expression for u^ in this 
solution is to be taken for the angular velocity about that principal axis which is 
enclosed by the polhode. 

If G^=BT we have k^=l and 

i>', ,, l + sinA . „ ef-e-f 

— nllog^i ^; .•■ smaml!'=-j; s. 

I COB0 ^. ^l-sm0 e^+e-^ 



F=f' 



Substituting in equations (2) the elliptic functions become exponential. 
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If B = C we have fc2=0 and in this case F=<p, so that am. F=F. If we again 
substitute in equations (2) the elliptic functions beoome trigonometrical. 
The geometrical meaning of this solution will be given a little further on. 

Poinsot's and MacGullagh's constructions for the motion. 

140. The fundamental equations of motion of a body about a 
fixed point are 

A-W + BW+CW = G' (1), 

Am,' + Beo^^ + Gm^'' = T (2). 

These have been already obtained by integrating Euler's 
equations, but they also follow very easily from the principles of 
Angular Momentum, and Vis Viva. 

Let the body be set in motion by an impulsive couple whose 
moment is G. Then we know by Vol. I. Chap. VI., that throughout 
the whole of the subsequent motion, the moment of the momentum 
about every straight line which is fixed in space, and passes through 
the fixed point 0, is constant, and is equal to the moment of the 
couple G about that line. Now by Art. 10, the moments of the 
momentum about the principal axes at any instant are Am,, Bos^, 
Gm,. Let a, /S, y be the direction angles of the normal to the 
plane of the couple G referred to these principal axes as co- 
ordinate axes. Then we have 

Ato,=G cos a ] 

Bco, = Gcos/3[ (3), 

GcOg = (r COS 7 ) 

adding the squares of these we get equation (1). 

Throughout the subsequent motion the whole momentum of 
the body is equivalent to the couple 0. It is therefore clear 
that if at any instant the body were acted on by an impulsive 
couple equal and opposite to the couple G, the body would be 
reduced to rest. 

141. It follows from the definition given in Vol. I. Chap. vi. 
that the plane of this couple is the Invariable plane and the 
normal to it the Invariable line. This line is absolutely fixed in 
space, and the equations (3) give the direction cosines of this line 
referred to axes moving in the body. 

It appears from these equations, that if the body be set in 
rotation about an axis whose direction cosines are (I, m, n) when 
referred to the principal axes at the fixed point, then the direction 
cosines of the invariable line are proportional to Al, Bm, Gn. If 
the axes of reference are not the principal axes of the body at the 
fixed point, the direction cosines of the invariable line will, by 
Art. 10, be proportional to Al — Fm — En, Bm — Dn — Fl, and 
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Gn — El~ Dm, where A, F &c. are the moments and products of 
inertia*. 

142. Since the body moves under the action of no impressed 
forces, we know that the Vis Viva will be constant throughout the 
motion. We have therefore 

where Tf is a constant to be determined from the initial values 

of ©1, 0)2, W3. 

The equations (1), (2), (3) will suffice to determine the path in 
space described by every particle of the body, but not the position 
at any given time. 

143. Poinsot's construction. To explain Poinsot's repre- 
sentation of the motion hy means of the mom^ntal ellipsoid. 

Let the momental ellipsoid at the fixed point be constracted, 
and let its equation be 

Aa?+_Bf- + Gz^ = M^. 

Let r be the radius vector of this ellipsoid coinciding with the 
instantaneous axis, and p the perpendicular from the centre on 
the tangent plane at the extremity of r. Also let a be the an- 
gular velocity about the instantaneous axis. 

The equations to the instantaneous axis are — = — = — , and 

^ «! tOa 6)3 

if {x, y, z) be the co-ordinates of the extremity of the length r, 
each of these fractions is equal to r/w. Substituting in the equa- 
tion to the ellipsoid, we have 

{Am^ + B,c} + Oft)/) -= -3^6* ;.••<» = A 73^- . 

The equation to the tangent plane at the point {x, y, z) is 
Ax^ + Byrt -1- Gzl;= Me*, 
substituting again for (x, y, z) we see that the equations to the 

f n f 

perpendicular from the origin are -j — = p — = ?r~ i 

* That the straight line whose equations referred to the moving principal axes are 
xlAui=ylBa2 = zjCia^ is absolutely fixed in space may be also proved thus, if we assume 
the truth of equation (1) in the text. Let x, y, z be the co-ordinates of any point 
P in the straight line at a given distance r from the origin, then each of the equali- 
ties in the equation to the straight line is equal to rjG and is therefore constant. 
The actual velocity of P in space resolved parallel to the instantaneous position of 

the axis of a; is =-Tf - Va + z<^i= j, \a -p -(B-C) (OjUjt . But this is zero, by 

Buler's equation. Similarly the velocities parallel to the other axes are zero. 

+ It should be observed that in this Chapter T represents the whole vis viva of 
the body. In treating of Lagrange's equations in Chapter n. it was convenient to 
let T represent half the vis viva of the system. 
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but these are the equations to the invariable line. Hence this 
perpendicular is fixed in space. 

The expression for the length of the perpendicular on the 

tangent plane at {x, y, z) is known to be — = z^^ , 

substituting as before, we get 

1 ^ AW + B'^ + GW r^_G^ M^_ 

•■■P = -^-^'- 
From these equations we infer 

(1) The angular velocity about the radius vector round which 
the body is turning varies as that radius vector. 

(2) The resolved part of the angular velocity about the per- 
pendicular on the tangent plane at the extremity of the instan- 
taneous axis is constant. This theorem is due to Lagrange. 

For the cosine of the angle between the perpendicular and 
the radius vector = p/r. Hence the resolved angular velocity 
is = ft) p/r = T/G, which is constant. 

(3) The perpendicular on the tangent plane at the extremity 
of the instantaneous axis is fixed in direction, viz. normal to the 
invariable plane, and constant in length. 

The motion of the momental ellipsoid is therefore such that, 
its centre being fixed, it always touches a fixed plane, and the 
point of contact, being in the instantaneous axis, has no velocity. 
Hence the motion may be represented by supposing the momental 
ellipsoid to roll on the fixed plane with its centre fixed. 

144. Ex. 1. If the body while in motion be acted on by any impulsive couple 
whose plane is perpendicular to the invariable line, show that the momental ellipsoid 
wiU continue to roU on the same plane as before, but the rate of motion will be 
altered. 

Ex. 2. If a plane be drawn through the fixed point parallel to the invariable 
plane, prove that the area of the section of the momental ellipsoid cut off by this 
plane is constant throughout the motion. 

Ex. 3. The sum of the squares of the distances of the extremities of the princi- 
pal diameters of the momental ellipsoid from the invariable line is constant through- 
out the motion. This result is due to Poinsot. 

Ex. 4. A body moves about a fixed point under the action of no forces. Show 
that if the surface AT' + By^ + Cz^=M {x^ + y^+z')^ be traced in the body, the princi- 
pal axes at being the axes of co-ordinates, this surface throughout the motion 
will roU on a fixed sphere. 

145. These theorems have been proved on the supposition that the quantities 
T and G are constant, but when the body is acted on by forces and both T and G 
vary, the theorems do not altogether lose their significance. It is still true that at 
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each instant during the motion the axis of the resultant couple of angular 
momentum, i.e. the invariable line, is coincident in direction with the perpendicular 
on the tangent plane to the momental ellipsoid at its point of intersection with the 
instantaneous axis ; also the angular velocity about the invariable line is always 
equal to TjG though this ratio may not\)e constant. At any instant the values of 
the vis viva T and the couple G are given by the equations 



-(-:)" 






where K has been written for Me*. 

Conversely, we may enquire what conditions must hold amongst the impressed 
forces that any one of Foinsot's theorems may hold throughout the motion. Let us 
suppose the body to be acted on by a couple Q whose components about the axes 
are L, M, N. 

146. (1) If we examine the proof in Art. 137 by which T is proved constant 
when no forces act on the body, we see that 

1 dT 

5 -^=Luj^+ BIia^ + Nw^^Qu COB QOI, 

a OX 

where QOI is the angle between the axis OQ of the couple Q and the instantaneous 
axis 01. It immediately follows that T is constant when the moment of the 
impressed forces about the instantaneous axis is always zero. When this is the 
case (i> is proportional to r throughout the motion. 

147. (2) Beferring again to Art. 137 we see in the same way that 

^ = ^ (i^wi + ilfBu»+ JVCuj) = <? cos QOL, 

where'QOX is the angle between the axis OQ of the couple and the invariable line 
OL. It follows that G is constant when the impressed forces have no moment 
about the invariable line. When this happens, u varies as the product pr through- 
out the motion. 

148. (3) The plane containing the invariable line 01, and the instantaneous 
axis 01 may be called the ptone of the centrifugal forces for the reasons given in 
Vol. 1. Chap. V. Art. 260. 

We see that both T and G are constant when the plane of Ihe impressed couple 
coincides with the plane of the centrifugal forces. When this is the case, to varies as 
r, and p is constant throughout the motion. 

1 dn r^ Q 
Ex. 1. Show that - -^ = = . - sin lOL . sin QOL . cos IhQ, 
p at Kb) 

where ILQ is the angle between the planes lOL and QOL. It immediately follows 
that p and therefore G^IT is constant when the projection of the axis of the 
impressed couple on the plane of the centrifugal couple is the invariable line. 

Ex. 2. Show also that if the instantaneous axis is near -■ pnncipal axis, the 
angular displacement of p is not made small by the presence of the small factor 
lOL. It is also necessary that one of the other factors should be small. 

149. The Polhode. To assist our conception of the motion 
of the body, let us suppose it so placed, that the plane of the 
couple G, which would set it in motion, is horizontal. Let a 
tangent plane to the momental ellipsoid be drawn parallel to the 
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plane of the couple G, and let this plane be fixed in space. Let 
the ellipsoid roll on this fixed plane, its centre remaining fixed, 
with an angular velocity which varies as the radius vector to 
the point of contact, and let it carry the given body with it. We 
shall then have constructed the motion which the body would have 
assumed if it had been left to itself after the initial action of the 
impulsive couple G*. See Fig. (1). 

The point of contact of the ellipsoid with the plane on which 
it rolls traces out two curves, one on the surface of the ellipsoid, 
and one on the plane. The first of these is fixed in the body and 
is called the polhode, the second is fixed in space and is called the 
herpolhode. The equations to any polhode referred to the prin- 
cipal axes of the body may be found from the consideration that 
the length of the perpendicular on the tangent plane to the ellip- 
soid at any point of the polhode is constant. Taking the expres- 
sions for this perpendicular given in Art. 143 we see that the 
equations of the polhode are 

MG^ 

AV + B^y^ + C^z'^^' 



Aa?+By^ +Cz^ =M.^ j 
Eliminating y, we have 

A{A-B) n? +C{G-B)z' = (^ - B^M^. 

Hence if B be the axis of greatest or least moment of inertia, 
the signs of the coefficients of «^ and z"^ will be the same, and the 
projection of the polhode will be an ellipse. But if B be the 
axis of mean moment of inertia, the projection is a hyperbola. 

A polhode is therefore a closed curve drawn round the axis of 
greatest or least moment, and the concavity is turned towards the 
axis of gi'eatest or least moment according as G^jT is greater or 
less than the mean moment of inertia. The boundary line which 
separates the two sets of polhodes is that polhode whose projection 
on the plane perpendicular to the .axis of mean moment is a 
hyperbola whose concavity is turned neither to the axis of greatest, 
nor to the axis of least moment. In this case G^ = BT, and the 
projection consists of two straight lines whose equation is 

A{A-B)x'- C(B- G) a^= 0. 

* Prof. Sylvester has pointed out a dynamical relation between the free rotating 
body and the ellipsoidal top, as he calls Poinsot's central ellipsoid. If a material 
ellipsoidal top be constructed of uniform density, similar to Poinsot's central ellip- 
soid, and if with its centre fixed it be set rolling on a perfectly rough horizontal 
plane, it will represent the motion of the free rotating body, not in space only, but 
also in time : the body and the top may be conceived as continually moving round 
the same axis, and at the same rate, at each moment of time. The reader is referred 
to the memoir in the Philosophical Transactions for 1866. 
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This polhode consists of two ellipses passing through the axis 
of mean moment, and corresponds to the case in which the per- 
pendicular on the tangent plane is equal to the mean axis of 
the ellipsoid. This polhode is called the separating polhode. 

Since the projection of the polhode on one of the principal 
planes is always an ellipse, the polhode must be a re-enteriug 
curve. 

Supposing the principal moments A, B, (7 to be in descending 
order and the axis of G placed in a vertical position, figure (2) is a 
rough sketch of that half of the polhodes which is viewed by an 
eye placed in the positive octant not far from the axis of B. The 
arcs ABA', GBC, AC A' represent the principal sections, B being 
the positive end of the mean axis. The remaining arcs represent 
the two sets of polhodes separated from each other by the separa- 
ting polhodes SS', TT. 

C 





Fig. 1. Fig. 2. 

The terms polhode and heTpolhode are due to Foinsot, ThSorie nouvelle de la 
rotation dea corps 1834 and 1852. 

150. To find the motion of the extremity of the instantaneous axis along the 
polhode which it describes we have merely to substitute from the equations 



X y z r ^ M ^ ' 



in any of the equations of Art. 137. For example we thus obtain 



dx_ I 



T B-Gyz 



&c., x2=- 



BC 



-(-Xi'+r2), &c., &c. 



M A c2 • ' ' - (A-G){A-By 

Since dxjdt, dyjdt, dzjdt cannot vanish simultaneously it is evident from these 
equations that the instantaneous axis moves continuously along its polhode without 
any halting or change in the direction of its motion. This is, of course, also 
obvious from Fig. (1) for as the angular velocity about the instantaneous axis 01 
caimot change sign without vanishing and therefore contradicting the equation 
of vis viva (Art. 137, (2)), the point I must continuouslydescribe both its polhode 
and herpolhode. 

Again since the sign of dzjdt for every polhode is positive or negative according 
as the product xy is positive or negative we see that for that portion of the 
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polhodes represented in the figure the extremity of the instantaneous axis moves 
upwards or downwards according as it is on the right or the left hand side of the arc 
CC These directions are indicated by the arrows. Thus the positive extremity of 
the instantaneous axis moves in the positive direction round the axis of greatest 
moment and in the negative direction round the axis of least moment of inertia. 

Ex. 1. A point P moves along a polhode traced on an ellipsoid, show that the 
length of the normal between P and any one of the principal planes at the centre 
is constant. Show also that the normal traces out on a principal plane a conic 
similar to the focal conic in that .plane. Also the measure of curvature of an 
ellipsoid along any polhode is constant. 

Ex. 2. Show that the straight line OJ whose direction cosines are proportional 
to dui/dt, d(oJdt, dujdt lies in the diametral plane of the invariable line and is 
at right angles to the invariable line. Show also that the sum of the squares 
of these quantities is 

0'"= -<»*+(2Tp2- G^i) a>lp,- {p,'>F'-{p,p^+Ps) G''T+p,G*}IPs\ 
where Pi, p^, pj are the sum of the products of the quantities A, B, C taken 
respectively one, two and three together. 

Ex. 3. Show that the resolved pressures P, Q, B on the fixed point in the 
directions of the principal axes at are given by 

P= -U1W2J/ {A - B)IC + UjUi^ (G - A)IB + Uj^{ui0 + (>i^) - {a^ + <ji^)a; 
with similar expressions for Q and R, where x, y, z are the co-ordinates of the 
centre of gravity G, and A^ B, C are the principal moments of inertia at 0. 

Thence show that the pressure on is 'equivalent to two forces (1) a force 
0'^ . GK which acts perpendicular to the plane OGK, where GK is the perpendicular 
drawn from G on the straight line OJ described in the last example, (2) a force 
u" . GH acting parallel to GH where GJS is a perpendicular from Gf on the instan- 
taneous axis. 

151. The Herpolhode. Since the herpolhode is traced out 
by the points of contact of an ellipsoid rolling about its centre on a 
fixed plane, it is clear that the herpolhode must always lie between 
two circles which it alternately touches. The common centre of 




these circles will be the foot of the perpendicular from the fixed 
centre on the fixed plane. To find the radii let OL be this 

R. D. II. '^ 
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perpendicular, and / be the point of contact. Let LI = p. Then 
we have by Art. 143, p= = r^ - jp= = -y- im^ - ^j . 

The radii will therefore be found by substituting for w" its 
greatest and least values. But by Art. 138, these limits are Xj, 
and the greater of the two quantities Xj, Xj. 

The herpolhode is not in general a re-entering curve ; but if 
the angular distance of the two points in which it successively 
touches the same circle be commensurable with 27r, it will be 
re-entering, i.e. the same path will be traced out repeatedly on the 
fixed plane by the point of contact. 

152. MacCuUagh's Construction. To explain MacCul- 
lagh's representation of the motion by means of the ellipsoid of 
gyration. 

This ellipsoid is the reciprocal of the momental ellipsoid with 
regard to a sphere of radius e, and the motion of the one ellipsoid 
may be deduced from that of the other by reciprocating the 
properties proved in the preceding Articles. We find, 

(1) The equation to the ellipsoid referred to its principal 

x^ y'' z^ 1 
axes IS ^ _ + _+_=^. 

(2) This ellipsoid moves so that its superficies always passes 
through a point fixed in space. The point lies in the invariable 
line at a distance 0/\/MT from the fixed point. By Art. 138 we 
know that this distance is less than the greatest, and greater than 
the least semi-diameter of the ellipsoid. 

(3) The perpendicular on the tangent plane at the fixed point 
is the instantaneous axis of rotation, and the angular velocity of 
the body varies inversely as the length of this perpendicular. If p 

1 IT 

be the length of this perpendicular, then ® =- a / TTf • 

(4) The angular velocity about the invariable line is constant 
and = Tja. 

The corresponding curve to a polhode is the path described on 
the moving surface of the ellipsoid by the point fixed in space. 
This curve is clearly a sphero-conic. The equations to the sphero- 
conic described under any given initial conditions are easily seen 

tobe 0.-^,^ + .= = ^, 5 + 1 + ? = ^. 

These sphero-conics may be shown to be closed curves round 
the axes of greatest and least moment. But in one case, viz. 
when 0^/T=B, where B is neither the greatest nor the least 
moment of inertia, the sphero-conic becomes the two central 
circular sections of the ellipsoid of gyration. 

The motion of the body may thus be constructed by means of 
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either of these ellipsoids. The momental ellipsoid resembles the 
general shape of the body more nearly than the ellipsoid of gy- 
ration. It is protuberant where the body is protuberant, and 
compressed where the body is compressed. The exact reverse of 
this is the case in the ellipsoid of gyration. See Vol. I. Art. 27. 

153. MacCiillagh'B geometrical interpretation. MacCuIlagh has uBed the 
ellipsoid of gyration to obtain a geometrical interpretation of the solution of Euler's 
equations in terms of elliptic integrals. 

The ellipsoid of gyration moves so as always to touch a point L fixed in space. 
Let us now project the point i on a plane passing through the axis of mean 
moment and making an angle o with the axis of greatest moment. This projection 
may be effected by drawing a straight hne parallel to either the axis of greatest 
moment or least moment. We thus obtain two projections which we will call 
P and Q. These points will be in a plane PQL which is always perpendicular to 
the axis of mean moment. As the body moves about the point L describes on 
the surface of the ellipsoid of gyration a sphero-conic KK', and the points P, Q 
describe two curves pp', qq' on the plane of projection OBD. If the sphero-conic, 
as in the figure, enclose the extremity A of the axis of greatest moment, the curve 
inside the ellipsoid is formed by the projection parallel to the axis of greatest 
moment, but if the sphero-conic enclose the axis of least moment, the inner curve 
is formed by the projection parallel to that axis. The point P which describes the 
inner curve will obviously travel round its projection, while the point Q which 
describes the outer curve wiU oscillate between two limits obtained by drawing 
tangents to the inner projection at the points where it cuts the axis of mean 
moment. 

Since the direction-cosines of OL are proportional to Aui, Bu^, Cwj it is easy to 
see that, if x, y, z are the co-ordinates of L, 

— =-^=— = - = -4= (1) 
4wi Bu2 C'wg G jMf 




Let OP=p, OQ=p', and let the angles these radii veotores make with the plane 

7—2 
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containing the axes of greatest and least moment be ip and ^' measured in the 
direction BD so that DOP= - <t>, DOQ= - 0' : we then have 

-pan(p=y=Bu2{MT)-i\ ^gj^ 

p cos sin o=z= C«3 (afT)-jf 
p'coB^' ooea=x=Aii)i(MT)-i\ /g» 

-p'sin^' =y=Ba2{MT}-ii 

It is proved in treatises on solid geometry that, if the plane on which the 
projection is made is one of the circular sections of the ellipsoid, the projections 
will be circles. This result may be verified by finding p or p' from these equations. 
Bemembering that p and p' are constants, let us substitute in Euler's equation 

from (2) and the first of equations (3). We have 

P^=-Tfr •jMTpp' sin a coa a COB (/>'. 

Since p' cos 0' is the ordinate of Q, we see that the velocity of P varies as the 
ordinate of Q, and in the same way the velocity of Q varies as the ordinate of P. 

To find the constants p, p' we notice that p is the value of y obtained from 
the equations to the sphero-conic when z=0. We thus have 
{AT-G')B ,^_ (G^-CT)B 

''^~MT{A-B)' ''~MT{B-G)' 
the latter being obtained from the former by interchanging the letters A and C. 



1 54. Since p' sin 0'=p sin <f>, we have by substitution 






■^s\r?<t>, 



where X^ has the same value as in Art. 139. Let us suppose <t> expressed in terms 
of t by the eUiptio integral 

M-')=/:^*— 



x/'-?-' 



sin^0 



so that (p = am X (t - t). Substituting this value of in equations (2) or (3), we 
obtain the values of toj , u^, u, expressed in terms of the time. 

155. Stability of Rotation. If a body be set in rotation 
about any principal axis at a fixed point, it will continue to rotate 
about that axis as a permanent axis. But the three principal 
axes at the fixed point do not possess equal degrees of stability. 
If any small disturbing cause act on the body, the axis of rotation 
will be moved into a neighbouring polhode. If this polhode be a 
small nearly circular curve enclosing the original axis of rotation, 
the instantaneous axis will never deviate far in the body from the 
principal axis which was its original position. The herpolhode also 
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will be a curve of small dimensions, so that the principal axis will 
never deviate far from a straight line fixed in space. In this case 
the rotation is said to be stable. But if the neighbouring polhode 
be not nearly circular, the instantaneous axis will deviate far from 
its original position in the body. In this case a very small dis- 
turbance may produce a very great change in the subsequent 
motion, and the rotation is said to be UTistable. 

If the initial axis of rotation be the axis OB of mean mo- 
ment, all the neighbouring polhodes have their convexities turned 
towards B. Unless, therefore, the cause of disturbance be such 
that the axis of rotation is displaced along the separating polhode, 
the rotation must be unstable. If the displacement be along the 
separating polhode, the axis may have a tendency to return to its 
original position. This case will be considered a little further on, 
and for this particular displacement the rotation may be said to 
be stable. 

If the initial axis of rotation be the axis of greatest or least 

moment, the neighbouring polhodes are ellipses of greater or less 

eccentricity. If they be nearly circular, the rotation will certainly 

be stable ; if very elliptical, the axis will recede far from its initial 

position, and the rotation may be called unstable. If OG be the 

axis of initial rotation, the ratio of the squares of the axes of the 

A (A — O 
neighbouring polhode is ultimately „ ^„ — yJ . It is therefore 

necessary for the stability of the rotation that this ratio should not 
differ much from unity. 

156. It is well known that the steadiness or stability of a moving 
body is much increased by a rapid rotation about a principal axis. 

The reason of this is evident from what precedes. If the body 
be set rotating about an axis very near the principal axis of 
greatest or least moment, both the polhode and herpolhode will 
generally be very small curves, and the direction of that principal 
axis of the body will be very nearly fixed in space. If now a 
small impulse/ act on the body, the effect will be to alter slightly 
the position of the instantaneous axis. It will be moved from one 
polhode to another very near the former, and thus the angular 
position of the axis in space will not be much affected. Let XI 
be the angular velocity of the body, w that generated by the im- 
pulse, then, by the parallelogram of angular velocities, the change 
in the position of the instantaneous axis cannot be greater than 
sin~i (wjil). If therefore fl be great, a must also be great, to produce 
any considerable change in the axis of rotation. But if the body 
have no initial rotation fl, the impulse may generate an angular 
velocity w about an axis not nearly coincident with a principal 
axis. Both the polhode and the herpolhode may then be large 
curves, and the instantaneous axis of rotation will move about 
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both in the body and in space. The motion will then appear 
very unsteady. In this manner, for example, we may explain 
why in the game of cup and ball, spinning the ball about a ver- 
tical axis makes it more easy to catch on the spike. Any motion 
caused by a wrong pull of the string or by gravity will not produce 
so great a change of motion as it would have done if the ball had 
been initially at rest. The fixed direction of the earth's axis in 
space is also due to its rotation about its axis of figure. In rifles, 
a rapid rotation is communicated to the bullet about an axis in 
the direction in which the bullet is moving. It follows, from 
what precedes, that the axis of rotation will be nearly unchanged 
throughout the motion. One consequence is that the resistance 
of the air acts in a known manner on the bullet, the amount of 
which may therefore be calculated and allowed for. 

On the Cones dsscribed by the Invariable and Instantaneous Axes 
treated by Spherical Trigonometry. 

157. There are various ways in which we may study the 
motion of a body about a fixed point. We may have recourse to 
the properties of an ellipsoid as Poinsot and MacCuUagh have 
done. But we may also use a sphere whose centre is at the fixed 
point and which is either fixed in the body or fixed in space at our 
pleasure. This method is particularly useful when we wish to fitnd 
the angular motion of any line in space or in the body. By 
referring these angles to arcs drawn on the surface of the sphere 
we are enabled to shorten our processes by using such formulae of 
spherical trigonometry as may suit our purpose. 

The cones described by the invariable line and the instanta- 
neous axis intersect this sphere in sphero-conics. The properties 
of such cones are not usually given with sufficient fulness in our 
treatises on solid geometry. For this reason we have added a list 
of several properties likely to be useful. In order not to interrupt 
the general line of the argument this list has been placed at the 
end of the chapter. 

158. It is clear firom what precedes that there are two im- 
portant straight lines whose motions we should consider. These 
are the invariable line and the instantaneous axis. The first of 
these is fixed in space, but as the body moves the invariable line 
describes a cone in the body, which by Art. 152 intersects the 
ellipsoid « f gyration in a sphero-conic. This cone is usually called 
the Invariable Gone. The instantaneous axis describes both a 
cone in the body and a cone in space. By Art. 143, the cone de- 
scribed in the body intersects the momenta! ellipsoid in a polhode, 
and the cone described in space intersects the fixed plane on 
which the momental ellipsoid rolls in a herpolhode. These two 
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cones may be called respectively the instantaneoits cone and the 
cone of the herpolhode. 

159. The Cones. Let the principal axes at the fixed point 
be taken as the axes of co-ordinates. The axes of reference are 
therefore fixed in the body but moving in space. By Art. 140, 
the direction-cosines of the invariable line are AcaJO, Ba^jO, 
Gws/G; and the direction-cosines of the instantaneous axis are 
fOifto, oja/w, tos/o). From the equations (1) and (2) of Art. 140, we 
easity find 

(4<»i» -I- BW + Ga)f) G' = (A'a)^' + B'wi H- G^m^^) T. 

If we take the co-ordinates x, y, z to be proportional to the 
direction-cosines of either of these straight lines and eliminate &)i, 
<Ba, 0)3 by the help of this equation, we obtain the equation to the 
corresponding cone described by that straight line. In this way 
we find that the cones described in the body by the invariable 
line and the instantaneous axis are respectively 
AT-GF BT-G^ GT-Q^ 

A ^ B y ^ G ^' 

A(AT-G')x'' + B(BT-G')y'' + G(GT-G^)z'' = 0. 

These cones become two planes when the initial conditions are 
such that G^ = BT. 

Ex. 1. Show that the circular sections of the invariable cone are parallel to 
those of the ellipsoid of gyration and perpendicular to the asymptotes of the focal 
conic of the momental eUipsoid. 

160. There is a third straight line whose motion it is sometimes convenient to 
consider, though it is not nearly so important as either the invariable line or the 
instantaneous axis. If x, y, z be the co-ordinates of the extremity of a radius vector 
of an ellipsoid referred to its principal diameters as axes and if a, b, c be the semi- 
axes, the straight line whose direction-cosines are ic/a, yjh, zjc is called the eccentric 
line of that radius vector. Taking this definition, it is easy to see that the direc- 
tion-cosines of the eccentric line of the instantaneous axis with regard to the 
momental ellipsoid are a^ JaJT, ui^ ■JbjT' "s J^W- These are also the direction- 
cosines of the eccentric line of the invariable line with regard to the ellipsoid of 
gyration. This straight line may therefore be called simply the eccentric line and 
the cone described by it in the body may be called the eccentric cane. 

Ex. 1. The equation to the eccentric cone referred to the principal axes at the 
fixed point is {AT - G^) x^ + (BT - G') y^+{GT -G')z^=0. 

This cone has the same circular sections as the momental ellipsoid and cuts that 
ellipsoid in a sphero-conic. 

Ex. 2. The polar plane of the instantaneous axis with regard to the eccentric 
cone touches the invariable cone along the corresponding position of the invariable 
line. Thus the invariable and instantaneous cones are reciprocals of each other 
with regard to the eccentric cone. 

161. The sphero-conics. Let a sphere of radius unity be 
described with its centre at the fixed point about which the 
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body is free to turn. Let this sphere be fixed ia the body, and 
therefore move with it in space. Let the invariable line, the 
instantaneous axis, and the eccentric line cut this sphere in the 
points L, I, and E respectively. Also let the principal axes cut 
the sphere in A,B, G. It is clear that the intersections of the 
invariable, instantaneous, and eccentric cones with this sphere will 
be three sphero-conics which are represented in the figure by the 




lines KK', JJ', Diy, respectively. The eye is supposed to be 
situated on the axis OA, viewing the sphere from a considerable 
distance. All great circles on the sphere are represented by 
straight lines. Since the cones are co-axial with the momental 
ellipsoid, these sphero-conics are symmetrical about the principal 
planes of the body. The intersections of these principal planes 
with the sphere will be three arcs of great circles, and the portions 
of these arcs cut off by any sphero-conic are called axes of that 
sphero-conic. If we put ^ = in the equations to any one of the 
three cones, the value of yjx is the tangent of that semi-axis of the 
sphero-conic which lies in the plane of xy. Similarly, putting 
y = 0, we find the axis in the plane of xz. If (a, h), {a', b'), (a, /8) 
be the semi-axes of the invariable, instantaneous, and eccentric 
sphero-conics respectively, we thus find 

tan a tan a' tan a >\/AT—G^ 1 

~1S~~ A ~ JAB^ ^/W^^W^^TB' 

tan&' tan/S ^AT-G^ 1 



A ^lAG -JG^-CT s/AG' 

The first of these two sets gives the axes in the plane AOB, 
the second those in the plane AOG. The former will be imagi- 
nary if G" < BT. In this case the sphero-conics do not cut the 
plane AOB. The sphero-conics will therefore have their con- 
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cavities turned towards the extremities of the axes OA or OG, i.e. 
towards the extremities of the axes of greatest or least moment 
according as G^^ is > or < BT. Since tan 6/tan b' = 0/A it is clear 
that the invariable cone and the axis of greatest moment of 
inertia always lie on the same side of the instantaneous cone. 

162. Ex. 1. If we put 1 - e^=sin^bl&in^a we may define e to be the eooentrioity 
of the sphero-conic whose semi-axes are a and b. If e and e' be the eccentricities of 
the invariable and eccentric sphero-conics respectively, prove that 
6="=^ {S - G)IB (A - G) and e''= {B - C)I{A - C) 
so that both these eccentricities are independent of the initial conditions. 

Ex. 2. If the radius of the sphere had been taken equal to {G^IMT)^ instead of 
unity, show that it would have intersected the ellipsoid of gyration along the invari- 
able cone, and if the radius had been (MTe^'/Cf^ji, it would have intersected the 
momenta! eUipsoid along the eccentric cone. 

Ex. 3. A body is set rotating with an initial angular velocity n about an axis 
which very nearly coincides with a principal axis OG at a fixed point 0. The 
motion of the instantaneous axis in the body may be found by the following 
formulae. Let a sphere be described whose centre is 0, and let I be the extremity 
of the radius vector which is the instantaneous axis at the time t. If (x, y) be the 
co-ordinates of the projection of / on the plane AOB referred to the principal axes 
OA, OB, then x= Jb [B - G) L sin {'pnt + M), 

y=sjA{A-G)Loos {pnt+M), 
where p^={B -C){A~ G)IAB, and L, M are two arbitrary constants depending on 
the initial values oi x,y. 

Ex. 4. If in the last question L be the point in which the sphere cuts the 
invariable line, if (p, B) be the spherical polar co-ordinates of G with regard to 
L as origin, and a the radius of the sphere, then 

iy'=n'^L''{2AB-G{A+B} + {A-B)Goos2{pnt + M)], e=±t + '^^^j"~' . 

163. To find the motion of the invariable line and of the 
instantaneous axis in the body. 

Since the invariable line OL is fixed in space and the body 
is turning about 01 as instantaneous axis, it is evident that the 
direction of motion of OL in the body is perpendicular to the 
plane lOL. Hence on a sphere whose centre is at the arc IL 
is normal to the sphero-conic described by the invariable line. This 
simple relation will serve to connect the motions of the invariable 
line and the instantaneous axis along their respective sphero- 
conics. 

Supposing Ux, (<>2, U3 to be all positive the axis 01 lies in the positive octant, 
and the body is turning round 01 in the direction ABG (Fig. Art. 161). Since OL 
is fixed in space, it appears to move in the body in the direction opposite to rotation. 

If then L and A lie on the same side of the sphero-conic JJ' (as is the case 
when A, B, G axe in descending order of magnitude), L moves in the body along its 
sphero-conic in the direction KK'. On the other hand, if L and A lie on opposite 
sides of the sphero-conic JJ', L moves in the opposite direction. See also Art. 150. 
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164. Let V be the velocity of the invariable line along its 
sphero-conic, then since the body is turning about 01 with angular 
velocity w, and OL is unity, we have ?) = w sin LOI. But by Art. 
143 TjO = a cos LOI. Eliminating a we have 

v = (T/G)tsinLOI. 

165. Produce the arc IL to cut the axis AK in N, so that 
LN is a normal to the sphero-conic described by the invariable 
line. Taking the principal axes at the fixed point as axes of 
reference, the direction-cosines of OL and 01 are respectively 
proportional to Acoi, Bco^, Gca^, and wi, a^, Wj. The equation to 
the plane LOI is 

{B—G) ca^wyc + (G —A) WaWjy + {A—B) m^a^ = 0. 

This plane intersects the plane of xy in the straight line ON", 
hence putting z = 0, we find the direction-cosines of ON to, be 
proportional to (A — G) coi, (B — G) CO2, and 0. Hence 

^^^ A(A^^^l + B^-^^ 

G'J{A - Gf (o," + (B- Gfcai 

The numerator of this expression is easily seen to be G^ — GT. 
Expanding the quantity under the root we have 

A^(o^^ + BW - 2C (^< + Bca^") + O' {(o^+ co^^), 

which is clearly the same as 

Gte _ GW -2G{T- Geo,'') + G' (w^ - co,'). 

Substituting we find 

G^-GT 



cos LON = 
tan LON = 



G'/G'-2GT+G'm'' 
G'^G'ay'-T' 



G'-GT 

But T/G = a> cos LOI, ,-. TtaaLOI^-JGW - I^. Hence the 

^. tanZO/ G^-GT ^ . ^^ ^ , , 

ratio T7yw~ — nfp — > ^'^^ ** therefore constant throughout 

the motion. 

Combining this Result with that given in the last Article, we 
see that the 

velocity of L\ _ G^-GT 
along its conicj GO ' 

where n is the angle LON. If we adopt the conventions of 
spherical trigonometry, n is also the length of the arc normal to 
the sphero-conic intercepted between the curve and the principal 
plane AB of the body. 

166. Ex. 1. If the focal lines of the invariable cone cut the sphere in S and S', 
these points are called the fooi of the sphero-conic. Prove that the velocity 
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of L resolved perpendicular to the arc SL is constant throughmit the motion and 
equal to {(G^-BT) {AT-G^)IABG'}i. If LM be an arc of a great circle perpen- 
dicular to the axis containing the foci, and p be the arc SL, prove also that 

l-C){B-C)]i, 



l=-§f^-T^f-"- 



Ex. 2. Prove that the velocity of L resolved perpendicularly to the central radius 

. AT~G^ 
vector AL is — — ;;— cot AL. 

Air 

Ex. 3. If r, )•', r" be the lengths of the arcs joining the extremity 4 of a princi- 
pal axis to the extremities L, I, E of the invariable line, instantaneous axis, and 
eccentric Une respectively ; 8, 8', 8" the angles these arcs make with any principal 
plane AOB, prove that 

cosr _ cos r' _ cos r" tan 8 _ tan 8' _ tan 8" 

AT -G^Z^rajAT' ~c ~b"~7bc'' 

where fsarciJ. This theorem wiU enable us to discover in what manner the 
motions of the three points L, I, E are related to each other. 

Ex. 4. Show that the velocity of the instantaneous axis along its sphero-conic 

is = — 7 D~ *^" ^' '^°^ f> wli^re n' is the length of the normal to the instantaneous 

sphero-conic intercepted between the curve and the arc AB, and f= arc LI. 

Comparing this result with the corresponding formula for the motion of L given 
in Art. 165, we see that for every theorem relating to the motion of L in its sphero- 
conic there is a corresponding theorem for the motion of I. For example, if 8' be a 
focus of the instantaneous sphero-conic, we see by Ex. 1 that the velocity of I 
resolved perpendicular to the focal radius vector 8' I bears a constant ratio to cos LI. 
This constant ratio is equal to that given in Ex. 1 multiplied by CfCjTAB. 

Ex. 5. Show that the velocity of the eccentric line along its sphero-conic is 
{(G^- GT)j J ABGT] tann", where n" is the length of the arc normal to the sphero- 
conic intercepted between the curve and the principal arc AB. 

Ex. 6. Prove that (velocity of EY - (velocity of L)''= constant. Show also that 
this constant=(^T- GP) (BT-G^) {GT-G')IABGG^T. 

Ex. 7. The motion of L along its sphero-conic is the same as that of a particle 
acted on by two forces whose directions are the tangents at L to the arcs LS, L8' 
joining L to the foci of the sphero-conic and whose magnitudes are respectively 
proportional to sin LS cos LS' and sin LS' cos LS. 

Solutions of these examples and proofs of other theorems in this section may 
be found in a paper contributed by the author to the Proceedings of the Royal 
Society, 1873. 

167. The instantaneous axis describes a cone in space, which 
has been called the cone of the herpolhode. The equation of 
this cone cannot generally be found, but when it can be determined 
we have another geometrical representation of the motion. For 
suppose the two cones described by the instantaneous axis in 
space and in the body to be constructed. Since each of these 
cones will contain two consecutive positions of their common 
generator, they will touch each other along the instantaneous 
axis. Then, the points of contact having no velocity, the motion 
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will be represented by making the cone fixed in the body roll on 
the cone fixed in space. 

168. Poinsot's theorem. To find the motion of the instan- 
taneous cuds in space. 

Since the invariable line OL is fixed in space, it will be con- 
venient to refer the motion to OL as one axis of co-ordinates. 
Let the angle the instantaneous axis 01 makes with OL be called 
f, and let </> be the angle the plane lOL makes with any plane 
passing through OL and fixed in space. 

During the motion the cone described by 01 in the body rolls 
on the cone described by 01 in space. It is therefore clear that 
the angular velocity of the instantaneous axis in space is the 
same as its angular velocity in the body. Describe a sphere 
whose centre is at and radius unity, and let this sphere be 
fixed in the body. Let L, I be the intersections of the invariable 
line and instantaneous axis with the sphere at the time t, L , I' 
their intersections at the time t + dt. Then IL, I'L' are con- 
secutive normals to the sphero-conic KK' traced out by the 
invariable line and therefore intersect each other in some point P 




which may be regarded as a centre of curvature of the sphero- 
conic. Let p = PL. Then clearly 

velocity of / resolved) _ /velocityN sin (p -f- ^ 
perpendicularly to IL] \ oi L ) ' sin /> 
Therefore by Art. 164 we have 

sin f -^ = ^ tan f (cos f -1- cot p sin ^) ; 



d4_T(. 
■'■ dt~G\ 



1 + ^^). 
tanp/ 



But in any sphero-conic tan p = tan' nltan^ I, where n is the 
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length of the normal intercepted hetween the curve and that axis 
which contains the foci, and 11 is the length of the ordinate 
through either focus, and is usually called the latus rectum. 
Substituting for tanp, and remembering that 

tan? G^-CT , K . ,n. ■,, , tan»6 

- — - = — rim — I by Art. 165, and tan l = , we get 

tann GT ' •' ' tana' ^ 

ddi T Tf&'-GTy /tan^ty «v 

If we substitute for tan a and tan 6 theii' values, we get 
d^_T (AT-G^){BT-(^)(GT-G^) 
dt~G'^ ABGQT' ^• 

169. A simple geometrical construction for this result has 
been given by Dr Ferrers, Master of Caius College, in a Smith's 
Prize paper (1882). If OH be the projection of the instanta- 
neous axis 01 on the invariable plane drawn through the fixed 
point 0, and if OH intersect the momental ellipsoid in H, then 

d4> G^M^ 1 
dt~ TABGOH^' 

170. Since the resolved angular velocity about the invariable 
line is constant, we easily find lo = sec ^ TjG. Substituting this 
value of <u in equation (6) of Art. 137, we find a relation between 
f and d^/dt, which however is too complicated to be of much use. 

The values of d^jdt and d^/dt in terms of ? have now both been 
found ; from these the motion of the instantaneous axis in space 
can be deduced. 

171. Ex. 1. Show that the angular velocity v' of the instantaneous axis in 

space or in the body is given by '^"^'^^-Tdc ( -^ +-^ + C^- 2 -^ ) — M-^. where w is 

the resultant angular velocity of the body and Xj , X2 , Xg have the meanings given 
to them in Art. 137. This result is due to Poinsot. 

Ex. 2. The length of the spiral between two of its successive apsides, described 
in absolute space, on the surface of a fixed concentric sphere, by the instantaneous 
axis of rotation, is equal to a quadrant of the spherical ellipse described by the same 
axis on an equal sphere moving with the body. This is Booth's Theorem. 

Ex. 3. If the eccentric line intersect in the point 'E the unit sphere which is 
fixed in the body and has its centre at the fixed point, prove that 
/velocityy_ T d0 

where the letters have the meanings given to them in Art. 168. 

172. The Rolling and Sliding Cone. Let be the fixed 
point, 01 the instantaneous axis. Let the angular velocity « 
about 01 be resolved into two, viz. a uniform angular velocity TjG 
about the invariable line OL, and an angular velocity w sin lOL 
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about a line OH lying in a plane fixed in space perpendicular to 
the invariable line, and passing through the fixed point 0. Let 
this fixed plane be called the invariable plane at 0. As the body 
moves, OH will describe a cone in the body which will always touch 
this fixed plane. The velocity of any point of the body lying for a 
moment in OH is unaffected by the rotation about OH, and the 
point has therefore only the motion due to the uniform angular 
velocity about OL. We have thus a new representation of the 
motion of the body. Let the cone described by OH in the body 
be constructed, and let it roll on the invariable plane at with the " 
proper angular velocity, while at the same time this plane turns 
round the invariable line with a uniform angular velocity TjO. 
The cone described by OH in the body has been called by Poinsot 
the Rolling and Sliding Gone. 

To find a constmction for the sliding cone. Its generator 
OH is at right angles to OL, and lies in the plane 10 L. Now 
OL is fixed in space ; let OL' be the line in the body which, after 
an interval of time dt, will come into the position OL. Since the 
body is turning about 01, the plane LOL' is perpendicular to the 
plane LOI, and hence OH is perpendicular to both OL and OL'. 
That is, OH is perpendicular to the tangent plane to the cone 
described by OL in the body. The cone described by OH in the 
body is therefore the reciprocal cone of that described by OL. 
The equation to the cone described by OL has been found in Ai-t. 
159. Turning therefore its coefficients upside down, we see that 
the equation to the cone described by OH is 

ABC 



AT-G^ ^BT-G'" ^GT-G^' 

The focal lines of the cone described by OH are perpendicular 
to the circular sections of the reciprocal cone, that is the cone 
described by OL. And these circular sections are the same as 
the circular sections of the ellipsoid of gyration. Hence the focal 
lines lie in the plane containing the axes of greatest and least 
moment, and are independent of the initial conditions. 

This cone becomes a straight line in the case in which the 
cone described by OL becomes a plane, viz. when the initial 
conditions are such that G^ = BT. 

173. Tofimd the motion of OH in space and in the body. 

Since OL, OH and 01 are always in the same plane the 
motion of OH in space round the fixed straight line OL is the 
same as that of 01, and is given by the expression for d^ldt in 
Art. 168. 

To find the motion of OH in the body it will be convenient 
to refer to the figure of Art. 168. Produce the arcs PL, PL' 
to H and H' so that LH and L'H' are each quadrants. Then 
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H and H' are the points in which the axis OH intersects the 
unit sphere at the times t and t + dt. We have therefore 

/velocityN ^ /velocity\ sin(^+i-) ^ ^^an ?cot p. 
\ 01 H ) \ 01 L J sin p '^ 

Substituting for tan p as before we may express the result in 
terms of J;' or &> at our pleasure. 

Since the cone described by OH in the body rolls on a plane 
which also turns round a normal to itself at 0, it is clear that the 
angular velocity of OH in the body is less than the angular 
velocity of OH in space by the angular velocity of the plane, i.e. 

/velocity\ _d^_T 

\ oiH )~ dt G' 
Ex. If I, m, n be the direction-cosines of OH referred to the principal axes of 

, , , I m n _ '^ 

tne Doay, prove ^^y _ (j2) „^ - ^bt - CP) w^ ~ {CT - G") 0.3 ~ G >JgV - r= " 

The conjugate Ellipsoid and the conjugate line. 

174. Let the momenta! ellipsoid at the fixed point be 

A!c' + By'+Cz'' = K (1), 

where K = Me*. We also have 

Ami^+Bm^' + Gt 

These give 

(XA -A^) CO," + {\B - B') »/ + (KG - (?) m^=\T-Gn 

inA - A') w," + (nB - &) W + (jjlG- 0=) <o," = (iT-G'\" ^'^'■ 

If we now choose three quantities A', B', G', such that 

4 ' = (\4 - ^0 i> ^" = (M - ^')j>] 

B' = (kB- B') i, B'^ = {fj^B - B'yjX (4), 

G' = {\G-G")i, G'^ = {p,G-G^)j] 

we may construct in the body another conicoid, viz. 

A'x^ + Ey'' + G'z-' = K' (5), 

which will afterwards be shewn to be an ellipsoid. We shall 

also have ^,,^, ^ ^,,^, + C"W = ^'.j (6), 

where 2" and G' are two new constants. 

This second ellipsoid will possess some properties analogous to 
those of the momental ellipsoid. Thus : 

(1) The angular velocity about the radius vector round 
which the body is turning varies as that radius vector. 



^^l (2). 
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(2) The length of the perpendicular on the tangent plane at 
the extremity of the instantaneous axis is constant. 

(3) The resolved angular velocity of the body about this 
perpendicular on the tangent plane is constant, and = TjG'. 

It is not generally true that the position in space of this 
perpendicular is fixed. 

3. To determine if this transformation is possible we must 
examine the constants \ and /i. Solving (4) we find 

\ = i(^+S + (7), 
^^^ = 2^B + 2JS(7 + 2C^ - 4^ - 5^ -0'' = $ . 

We have therefore the following results : 
A'=liA{_B+G-A), B'=^B{G+A-B), G'=^C(A+B-G), 

A Tin 

Since A, B, C are moments of inertia, they are all positive, and 
the sum of any two is greater than the third. We infer (1) that 
A', B, G are also all positive, (2) that \ and jju are positive and 
greater than the greatest of the three A, B, G, (3) that T' and G'^ 
are real and positive. 

175. Since this analysis gives only owe value each to X and /t, 
it follows that if we perform the same operations on the second 
ellipsoid we shall obtain, the first ellipsoid and no other. Hence 
the two ellipsoids are conjugate to each other. Thus we have 

A = li' A' (B' + C - A-), &c., &c., 
and by substitution i /i = ABG/A'FG'. 

Either of the two bodies whose moments of inertia are A, B, C 
and A', B', G' may be called the conjiigate of the other. When we 
consider only the motion of one body, we suppose that body to 
carry with it the two ellipsoids as if rigidly connected to it. The 
perpendicular on the tangent plane to the momental ellipsoid of 
the body at its intersection with the instantaneous axis is the 
invariable line, while the corresponding perpendicular on the 
tangent plane to the conjugate ellipsoid at its intersection with 
the instantaneous axis is called the conjugate line. The direction 
cosines of the conjugate line are therefore A'coJG', B'tu^/G', G'cos/G'. 
See a paper by the author in the Quarterly Journal, 1888. 

Ex.1. Showthat ^^=-^_, 2(AT-G-I = -^BG 
with similai equations for the other letters. 

Show also that if A, B, G are in descending order of magnitude, A', B', G' are in 
ascending order. 

Ex. 2. Show that the motion in space of any point situated in the conjugate 
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line is in the same direction as if that poiat fixed (for the moment) on the body, hut 
its velocity is twice as great. See Art. 5, (1), and Art. 140, note. 

Ex. 3. Many of the theorems which govern the motion of the conjugate line 
OU are similar to those which govern the motion of the invariable line OL. 

The following are examples : — 

(1) The straight lines Oi, 01, OU describe quadric cones in the body in the 
same direction, the cone described by the instantaneous axis 01 being between the 
cones described by the invariable line 01. and the conjugate line 01/ . 

(2) The normal planes to the cones described by Oi, OU intersect each other 
along the instantaneous axis 01. 

(3) The velocity of OU along its cone varies as the tangent of the inclination 
to 01, and the ratio is equal to T'\Q'. It also varies as the tangent of the angle 
OU makes with the intersection of the plane UOl with any principal section of 
the conjugate ellipsoid. See Art. 165. 

(4) The cosines of the angles 101,, lOU are always in a constant ratio. 

Ex. 4. If e, \j/ be the angular co-ordinates of the conjugate line OU referred to 
the invariable line OL as the axis of z, show that 

— (l)'*(l)'=«-'(5)"-2lc^~' 
where iABGH = T(BC+GA + AB)-lG^(A + B + G) 

di) "aBG -^(<'°^»-<')(<=°^»-P){ooBO-y) 

where aGG'li = TBG+G^{A-\), &o., &o. 

It should be noticed that a, j3, y are real, 

Ex. 5. Two bodies each turning about a fixed point have angular velocities 
a?i, wj, U3 and Wi', oij', usg about their principal axes and their principal moments 
are A, B, G and A', B', G'. If these bodies move so that Wi=aj', ii)^=w^, u^=io^' 
prove from Euler's equations that A'IA=B'IB = G'jG. If they move so that 
Ci7i=-(ci/, ii>^=-oi^, t)3=-w3', prove that the bodies are conjugate. 

Prove also that if the relations given between the angular velocities hold initially 
it will always hold and that the cones described by the instantaneous axes are equal 
and similar. 

Motion of the Principal Axes. 

176. To find the angular moticms in space of the principal 
axes. 

Since the invariable line OL is fixed in space it will be con- 
venient to refer the motion to this straight line as axis of z. Let 
OA, OB, OG be the principal axes at the fixed point 0, and let, as 
before, a, /S, y be their inclinations to the axis OL or OZ. Let 
\, /i, V be the angles the planes LOA, LOB, LOG make with 
some fixed plane LOX passing through OL. Our object is to 
find da/dt and dXjdt with similar expressions for the other 
axes. We might here refer to Euler's geometrical equations given 
in Vol. I. chap. 5 and by writing a, \ for ^, i/r respectively obtain 

R. D. II. 8 
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the required expressions, but it will be found advantageous to 
make a slight variation in the argument. 

Describe a sphere whose centre is at the fixed point, and whose 
radius is unity. Let the invariable line, the instantaneous axis 
and the principal axes cut this sphere in the points L, I, A,B, G 
respectively. The velocity of A resolved perpendicular to LA will 
then be sin a dx/dt. But since the body is turning round 01 as 
instantaneous axis, the point A is moving perpendicularly to the 
arc lA, and its velocity is eo sin I A. Resolving this perpendicularly 
to the arc LA, we have 



sin a T- = ft) sin AI cos LAI = at 
at 



cos LI — cos LA cos I A 

sini^ 



by a fundamental formula in spherical trigonometry. But a cos LI 
is the resolved part of the angular velocity about OL, which is 
equal to T/O, and m cos I A is the resolved part of the angular 




velocity about OA, which is toi. We have therefore 

■ . , dX T 
sar a 37 = r» — Wi cos a, 
at br 

a result which follows immediately from Art. 19. Since G cosa= J.a)i, 

dX T (?cos^a 



sm^a- 



wehave — ^ dt- A 

This result may also be ■written in the form 



dX_T AT- 
dt~0'^' 



AG 



-cot^a (2). 



da 



177. To find -j- we may proceed in the following manner. 

By Art. 140, we have cos a = AmJG, cos /8 = Bw^/G, cos 7 = Gco^jG. 
Substituting in Euler's equation 
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we have sin a -5- = ( « — ^ j <7 cos /3 cos 7 (3). 

But by Art. 137 cos a, cos /8, cos 7 are connected by the equations 
cos^ a cos' /8 cos' 7 _ ^ ] 

cos' a + cos' /8 + cos' 7 = 1 J 

If we solve these equations so as to express cos /3, cos 7 in 
terms of cos a, we easily find 

.. 'fday G'^ (G^-CT A-C , \(&-BT A-B , \ ,,, 

178. Since the left'hand side of equation (5) is necessarily real, we see that the 
values of cos' a are restricted to lie between certain limits. If the axis whose 
motion we are considering is the axis of greatest or least moment let B be the 
axis of mean moment. In this case cos' a must Ue between the two limits 

— -T-^ — -i and — -== — =-if both be positive. By Art. 138 the former of 

Gr' A-G G^ A-B 

these two is positive and less than unity; this is easily shown by dividing the 

numerator and the denominator by AGG^. If the latter is positive the spiral 

described by the principal axis on the surface of a sphere whose centre is at the 

fixed point lies between two concentric circles which it alternately touches. If the 

latter limit is negative cos o has no inferior limit. In this case the spiral always 

lies between two small circles on the sphere, one of which is exactly opposite the 

other. 

If the axis considered is the axis of mean moment, cos' a must lie outside the 
same two limits as before. Both these are positive, but one is greater and the 
other less than unity. The spiral therefore lies between two small circles opposite 
each other. 

In order that dXjdt may vanish we must have G'ooB^a=AT, but this by substitu- 
tion makes dajdt imaginary. Thus dK/dt always keeps one sign. It is easy to see 
that if the initial conditions are such that Cf'/T is less than the moment of inertia 
about the axis which describes the spiral we are considering, the angular velocity 
will be greatest when the axis is nearest the invariable line and least when the axis 
is furthest. The reverse is the case if G'/T is greater than the moment of inertia. 

179. Ex. 1. Let CM be any straight line fixed in the body and passing 
through and let it cut the ellipsoid of gyration at, O in the point M. Let CM' be 
the perpendicular from on the tangent plane at M. If OM=r, OM'=p, and if 
i, i' be the angles OM, CM' make with the invariable line OL, prove that 

. , .dj T G 

sm't-f-= rz cos I cos I, 

dt G mpr 

where J is the angle the plane IjOM makes with some plane fixed in space passing 
through 01, and m is the mass of the body. This follows from Art. 19. 

Ex. 2. If KliK' be the coilic traced out by the invariable line in the manner 
described in Art. 161, show that \= {TjG) t + (angle LAK) - (vectorial area LAK), 
where X is the angle described by the plane oontaiuing the invariable line and the 
principal axis OA. 

Ex. 3. If we draw three straight lines OA, OB, OG along the principal axes at 

8—2 
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the fixed point of equal lengths, the sum of the areas conserved by these lines on 
the inyariable plane is proportional to the time. [Poinsot.] 

Ex. 4. If the lengths OA, OB, 00 be proportional to the radii of gyration 
about the axes respectively, the sum of the areas conserved by these lines on the 
inyariable plane will also be proportional to the time. [Poinsot.] 

Motion of the body when two principal axes are equal. 

180. Let the body be rotating with an angular velocity w 
about an instantaneous axis 01. Let OL be the perpendicular 
on the invariable plane. The momental ellipsoid is in this case a 
spheroid, the axis of which is the axis of unequal moment in the 
body. Let the equal moments of inertia be A and B. From the 
sjrmmetry of the figure it is evident that as the spheroid rolls on 
the invariable plane, the angles LOG, LOT are constant, and the 
three axes 01, OL, OG are always in one plane. Let the angles 
LOG = ry, IOG=i. 

Following the same notation as in Art. 137, we have 

(B3 = ft) cos i, <0i + 0)2 = (o^ sin^ i, 

G" = {A"" sin^ i + C cos^ i) <o\ 

T={A sin^ i + cos^ i) <o\ 

We therefore have 

Cft)s G cos i 

cos 7 = —pj- = , =■ . 

Or VJ-^sm^i + C^cos^i 

This result may also be obtained as follows. In any conic if i 
and 7 be the angles a central radius vector and the perpendicular 
on the tangent at its extremity make with the minor axis, and if 
a, b be the semi-axes, then tan 7 = tan i . b^/a\ Applying this to 
the momental spheroid, we have 

tan 7 = 79 tan i. 

The angle i being known from the initial conditions, the angle 7 
can be found from either of these expressions. The peculiarities of 
the motion will then be as follows. 

The invariable line describes a right cone in the body whose 
axis is the axis of unequal moment, and whose semi-angle is 7. 

The instantaneous axis describes a right cone in the body 
whose axis is the axis of unequal moment, and whose semi-angle 
is i. 

The instantaneous axis describes a right cone in space, whose 
axis is the invariable line, and whose semi-angle is i ~ 7. 

The axis of unequal moment describes a right cone in space 
whose axis is the invariable line, and whose semi-angle is 7. 

The angular velocity of the body about the instantaneous 
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axis varies as the radius vector of the spheroid, and is therefore 
constant. 

181. To find the common angular velocity in space of the in- 
stantaneous axis and the acds of unequal moment round the invariable 



Let G be the extremity of the axis of figure of the momental 
ellipsoid, and let fl be the rate at which the plane LO C is turning 
round OL. Let CM, ON be perpendiculars on OL and 01. 
Then since the body is turning round 01, the velocity of G is 
ON . (o. But this is also GM . fl. Since GM = OG sin 7, 
GN=OGsaii, we have at once O sin 7 = <» sin i, whence D, can 
be found. 

182. To find the common angular velocity in the body of the 
invariable line and the instantaneous axis round the axis of unequal 
moment. 

Let O' be the rate at which the plane LOG is turning round 
OG in the body. Let LM, LN be perpendiculars from any point 
L in the invariable line on OG and 01. Then since OL is fixed 
in space and the body is turning round 01, the velocity of L in 
the body is LN .to. But this is also LM . fl'. Since LM = OL sin 7, 
LN — OL sin {i — 7), we have at once O' sin 7 = co sin (i — 7), whence 
il' can be found. 

183. Ex. 1. If a right circular cone, whose altitude a is double the radius of 
its base, turn about its centre of grarlty as a fixed point, and be originally set in 
motion about an axis inclined at an angle a to the axis of figure, the vertex of the 
cone win describe a circle whose radius is j asin a. [Coll. Exam.] 

Ex. 2. A circular plate revolves about its centre of gravity as a fixed point. If 
an angular velocity w were originally impressed on it about an axis making an angle 
o with its plane, a normal to the plane of the disc will make a revolution in space in 
a time t given by 27r/T=w</r+ 3 sin^ a. [Coll. Exam.] 

Ex. 3. A body which can turn freely about a fixed point at which two of the 
principal moments are equal and less than the third, is set in rotation about any 
axis. Owing to the resistance of the air and other causes, it is continually acted 
on by a retarding couple whose axis is the instantaneous axis of rotation and whose 
magnitude is proportional to the angular velocity. Show that the axis of rotation 
will continually tend to become coincident with the axis of unequal moment. In 
the case of the earth therefore, a near coincidence of the axis of rotation and axis 
of figure is not a proof that such coincidence has always held. [Astronomical 
Notices, March 8, 1867.] 

Ex. 4. When A =B, show that the conjugate ellipsoid is a spheroid the axis of 
which is the axis OG of unequal moment in the body. 

Show also that the conjugate line OL' lies in the plane which contains 00, 01 
and OL ; and if -/ be the angle COL', tan y'=A tan i/(24 - C) so that 
cot 7 + cot 7' = 2 cot i. 
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Motion when G^ = BT. 

184. The peculiarities of this case have been already alluded 
to in Art. 137. When the initial conditions are such that this 
relation holds between the Vis Viva and the Momentum of the 
body the whole discussion of the motion becomes more simple*. 

The fundamental equations of motion are 

AW + B'co,'> + GW=G' = BT\ *- ^' 

Solving these, we have 



B-C (?2-5W\ 



'"^'A-C AB 
^_ A-B G^-B^mj 

'"''"^-C BG 
T, . dco^ G-A _ 

But d7^~~B — '*'^'"'' • 



(2). 



d^,__ / iA-B)(B-G) G'-B^wj 

■■ dt~'^y AG ■ B' ' 

When the initial values of Wj and to, have like signs, (G - A) coiWs 
is negative and therefore dco^^ldt must be negative, hence in this 
expression the upper or lower sign is to be used according as the 
initial values of toj, tag have like or unli ke signs. 

B' dco, _ /{A'-B)(B-G) 



V' 



•• G^-B'ayi dt "^V AG 

If we put + n for the right-hand side and integrate we have 



G + Bw, f „, 



?f„, Bw, E.e^S''*-! 



G-B.- - ' ■■ a ^^.f,.^.i' 

where E is some undetermined constant. As t increases indefi- 
nitely, 0)2 approaches + G/B as its limit and therefore by (2) a)i and 
(Os approach zero. 

The conclusion is that the instantaneous axis ultimately ap- 
proaches to coincidence with the mean axis of principal moment, 
but never actually coincides with it. It approaches the positive 
or negative end of the mean axis according as the initial value of 
(G — A) WiCOa is positive or negative. 

185. To find what the cones traced out in the body by the 
invariable line and instantaneous axis become when G^ = BT. 

* This case appears to hav§ been considered by nearly every writer on this 
subject. As examples of different methods of treatment the reader may consult 
Legendre, Traite des Fonctions Elliptiques, 1825, Vol. i. page 382, and Poinsot, 
TMorie Nouvelle de la Rotation des corps, 1852, page 104. 



-z. 
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Eliminating w, from the fundamental equations of the last 
Article we have A(A-B) Wj!' =G{B -G) Ws^. 

Taking the principal axes at the fixed point as axes of refer- 
ence, the equations of the invariable line are xjAw-^, = ylBw^ = z/Cws. 
Eliminating toj and oos the locus of the invariable line is one of the 
. , /A-B , /B-G 

two planes \/ ^A~ '^ ^ - ^f ~C~ 

The equations of the instantaneous axes are a)/mj^ = y/co2 = z/c0s. 
Eliminating Wi and (u^ the locus of the instantaneous axis is one of 
the two planes. 

>JA{A-B)x= + ^(B-G)z. 

In these equations since z/x follows the sign of 0)3/ Wi the upper 
or lower sign is to be taken according as the initial values of 
6)1, 6)3 have like or unlike signs. These planes pass through the 
mean axis, and are independent of the initial conditions except so 
far that (? = BT. 

The rolling and sliding cone is the reciprocal of that described 
by the invariable plane Art. 172, and is therefore the straight line 
perpendicular to that plane which is traced out by the invariable 
line. 

Ex. 1. Show that the planes described by the invariable line coincide with the 
central circular sections of the ellipsoid of gyration and are perpendicular to the 
asymptotes of that focal conic of the momental ellipsoid which lies in the plane of 
the greatest and least moments. 

Ex. 2. The planes described by the instantaneous axis are perpendicular to the 
umbUical diameters of the ellipsoid of gyration and are the diametral planes of 
the asymptotes of the focal conic in the momental ellipsoid. 

186. The relations to each other of the several planes fixed 
in the body may be exhibited by the following figure. Let 
A, B, G he the points in which the principal axes of the body 
cut a sphere whose centre is 0, and radius unity. Let BLK', 
BIJ' be the planes traced out by the invariable line and the 
instantaneous axis respectively. Then by the last Article 



, „„, M B-G , „„ /G B-G 
tanCir=^^.^--g, tanC'J=^^.^^-g. 

Hence we find 

tan K'J' = tan LBI = \/ ^^~^]if ~^^ • 

This is the quantity which has been called n in Art. 184. 

Exactly as in Art. 163 the direction of motion of L is perpen- 
dicular to IL and hence the angle ILB is a right angle. Thus 
the spherical triangle ILB has one angle right, and another 
constant and independent of all initial conditions. 

Exactly as in Art, 163, the velocity of L along LB is equal to 
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ft) sin IL which, by Art. 143, is equal to tan IL . TjO. 
the spherical triangle I LB we have n sin BL = tan IL. 
put, as before, /3 = BL, we have 

— ■ i»ismp. 



But from 
If then we 



dt 








If the initial values of m^, a^ have the same sign, the body 
is turning round / from K' to B. Hence, since L is fixed in 
space, BL is increasing and therefore the upper sign must be 
used in this figure. See also Art. 184. 

We may also find an expression for yS in terms of the time. 
Since cos /8 = BaJG we have, by Art 184, 

./3 



1 — cos j3 



, cot'2 = Vi?e 






Ex. 1. When the body moves so that G^=BT, prove that the conjugate body 
(Alt. 174) also moves so that G'^=B'T'. Thence shew that the conjugate line OL' 
describes a great circle BQ' passing through B such that BQ' and BE' make equal 
angles on opposite sides with BJ'. 

Show also that the Spherical triangle IL'B has one angle (viz. IL'B) right and 
another (viz. IBL') constant and equal to tan""i n, where n has the meaning above 
given. 

Ex. 2. Show that the eccentric line describes a great circle passing through B 
and cutting JC in some point D' where tan^ CD' = tan GJ' tan GK'. If E be the 
intersection of the eccentric line with the sphere, show that the arcs BE and BL 
are always equal. 

187. To find the motion of the body in space. 

We have already seen that the motion is such that a plane 
fixed in the body, viz. the plane BK', contains a straight line 
fixed in space, viz. the invariable line OL. Since the body is 
brought from any position into the next by an angular velocity 
(o cos lOL = TJO about OL, and an angular velocity cu sin lOL 
about a perpendicular to OL, viz. OH, it follows that the plane 
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fixed in the body turns round the line fixed in space with a 
uniform angular velocity TjO or QfE. At the same time the 
plane moves so that the line fixed in space appears to describe the 
plane with a variable velocity m sin lOL. If B be the angle BL, 
this has been proved in the last Article to be n sin ^TjO. 

188. The cone described by OH in the body is the reciprocal 
cone of that described by OL, and from it we may deduce re- 
ciprocal theorems. The motion is therefore such that a straight 
line fixed in the body, viz. OH, describes a plane fixed in space, 
viz. the plane perpendicular to OL. The straight line moves 
along this plane with a uniform angular velocity equal to TjG or ' 
GjB, while the angular velocity of the body about this straight 
line is + m sin ^Gr/B. 

189. The motion of the principal axes may be deduced from 
the general results given in Art. 176. But we may also proceed 
thus. Since the body is turning about 01, the point B on the 
sphere is moving perpendicularly to the arc IB. Hence the 
tangent to the path of B makes with LB an angle which is the 
complement of the constant angle IBL. The path traced out 
by the axis of mean moment on a sphere whose centre is at is 
a rhumb line which cuts all the great circles through L at an 
angle whose cotangent is + n. 

190. To find the motion of the instantaneous axis in space. 

This problem is the same as that considered in Art. 168. We 
may however deduce the result at once from Art. 187. The angle 
ILB is always a right angle, it therefore follows that the angular 
velocity of / round L is the same as that of the arc BL round L. 
But the angular velocity of the latter is constant and equal to TIG. 
If then be the angle the plane LOI, containing the instantaneous 
axis and the invariable line, makes with some fixed plane passing 

through the invariable line, we have 'Jt = fy- 

191. To find the equation of the cone described by the 
instantaneous axis in space, we require a relation between f and ^, 
where ^ is the arc iL on the sphere. From the right-angled 
triangle ILB we have w sin yS = tan ^, and by Art. 186, 

cot| = Vle^i"*. 
Eliminating /3, we shall have an expression for f in terms of t. 

Wefind-^ = cotf^-tanf = ^/J.^^^ + -^e^l"^ 
tan 5 2 2 V-^ 

By the last Article sj) = (TfG)t + F, where F is some constant. 
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Let us substitute for t in terms of 0, and let us choose the plane 
from which ^ is measured so that sJE^^^ = 1. 

The equation to the cone traced out in space by the instan- 
taneous axis is 

2wcot?=e"*-l-e""*. 
When ^ = 0, we have tan f = w. Therefore the plane fixed in 
space from which <^ is measured is the plane containing the axes 
of greatest and least moment at the instant when that plane 
contains the invariable line. 

On tracing this cone, we see that it cuts a sphere whose centre 
is at the fixed point in a spiral curve. The branches determined 
by positive and negative values of ^ are perfectly equal. As ^ 
increases positively the radial arc ^ continually decreases, the 
spiral therefore makes an infinite number of turns round the 
point L, the last turn being iufinitely small. 

Ex. In the herpolhode =e™*+e~"^, if the locus of the extremity of the 

T 

polai subtangent of this curve be found and another curve be similarly generated 
from this locus, the curve thus obtained will be similar to the herpolhode. [Math. 
Tripos, 1863.] 

On Correlated and Contrarelated Bodies. 

192. To compare the motions of different bodies acted on by 
initial couples whose planes are parallel. 

Let a, /3, 7 be the angles the principal axes OA, OB, OG of 
a body at the fiaced point make with the invariable line OL. 
Then by Art. 140, Euler's equations may be put into the form 

dcosa ^/l 1\ _ - ,,. 

dt +^(;g~gJ"Qs^cosY = (1), 

with two similar equations. Let X, yti, v be the angles the planes 
LOA, LOB, LOG make with any plane fixed in space, and passing 
through OL. Then 

with similar equations for /i and v. 

If accented letters denote similar quantities for some other 
body, the correspondiug equations will be 

l^H.G.'(l,4)eos^'cos-/ = (3), 

''"""Tt^W A^ W- 

If then the bodies are such that 



^(2-^) = ^'(i-^')'^«- = ^« (^)' 
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the equations (1) to find a, /8, 7 are the same as the equations (3) 
to find a, y8', 7'. Therefore if these two bodies be initially placed 
with their principal axes parallel and be set in motion by impulsive 
couples whose magnitudes are G and 0', and whose planes are 
parallel, then after the lapse of any time t the principal axes of 
the two bodies will still be equally inclined to the common axis of 
the couples. 

The equations (5) may be put into the form 
G_G^^G_G^_G_G^ 

A A' B B' G G' ^ ^■ 

Since by Art. 142 the vis viva is given by 

?'_cos^a cos^/3 cos^7 .^^ 

W^~A'^~B~'^~G~ ^ ^' 

we see that each of the expressions in (6) is equal to TjG — T'/G'. 
It immediately follows by subtracting equations "(2) and (4) 
and dividing by sin^ a that 

dX_d)J__T_r 

dt dt~G G' ^^' 

with similar equations for yu, and v. Thus the two bodies being 
started as before with their principal axes parallel each to each, 
the parallelism of the principal axes may be restored by turning 
the body whose principal axes are A', B', G' about the com- 
mon axis of the impulsive couples through an angle (T/G — T'/G') t 
in the direction in which positive impulsive couples act. 

193. When the couples G and G' are equal the condition (6) 

111111 T-T' 

becomes A~ I''" B~ B'^ G~ G'^ ~W ^^^' 

the bodies are then said to be correlated. If momental ellipsoids 
of the two bodies be taken so that the moment of inertia in each 
bears the same ratio to the square of the reciprocal of the radius 
vector these ellipsoids are clearly confocal. 

When the couples G and G' are equal and opposite; the 
equation (6) becomes 

1 J__l 1 _ 1 1 _ T + T' 

A^ A'~ B^ B' G^G'~ G' ^ ^' 

and the bodies are said to be contrarelated. 

194. To compare the angular velocities of the two bodies at 
any vnstamt. 

Let CO be the angular velocity of one body at any instant, then 
following the usual notation we have 



6)2 = (Uj2 ^ f^2 ^ f^^i 



_ ^j /cos" a cos" /8 cos" y\ 
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If the same letters accented denote similar quantities for the 

ii 1 1 /o /^/„/cos^a cos^/S cos'^yN 

other body ay'^ = G'^ (~^ + -^ + -^ j . 

But remembering the condition (6) these give 

-'-'''- (14) H « ^^^i) +-«^^ S+f ) ^-^^^ (?4)' 

By referring to (7) the quantity in square brackets is easily 
seen to be TjG + T'/G', • 

.-. a,==-«'^ = -^,-^, (11). 

195. Ex. 1. If two bodies be so related that their ellipsoids of gyration are 
confooal, and be initially so placed that the angles (o, ;8, 7) (a', j3', 7') their prin- 
cipal axes make with the invariable line of each are connected by the equations 
cos a _ cos o' cos /S _ cos /3' cos 7 _ cos 7' 
• ~:jl~ljl" ~:jT~';jW ^G~^jG^' 

and if these bodi es be set in motion by two impulsive couples 0, G' respectively 
proportional to J ABC and ^A'B'C, then the above relations wiU always hold be- 
tween the angles (a, jS, 7) (a', j3', 7'). If p and p' be the reciprocals of dXfdt and 
dX'jdt, then Gp - G'p' will be constant throughout the motion, where \, \', <Src., are 
the angles the planes LOA, L'O'A' make at the time t with their positions at the 
time t=0. 

Ex. 2. In order that the angles which the principal axes make with the axis of 
the couple may be the same in each body, it is necessary that the invariable cones 
and therefore also their reciprocals, i.e. Poinsot's rolling and sliding cones, should 
be the same in each body. Thus iu the two bodies the rolling motions of these 
cones are equal, but the sliding motions may be different. Thence deduce equations 
(8) and (11). This mode of proof is partly due to Cayley. 

196. Sylvester's measure of the time. When a body 
turns about a fixed point its motion in space is represented by 
making its momental ellipsoid roll on a fiied plane. This gives 
no representation of the time occupied by the body in passing from 
any position to any other. The preceding Articles will enable us 
to supply this defect. 

To give distinctness to our ideas let us suppose the momental 
ellipsoid to be rolling on a horizontal plane underneath the fixed 
point 0, and that the instantaneous axis 01 is describing a polhode 
about the axis of A. Let us now remove that half of the ellipsoid 
which is bounded by the plane of BG, and which does not touch 
the fixed plane. Let us replace this half by the half of another 
smaller ellipsoid which is confocal with the first. Let a plane 
be drawn parallel to the invariable plane to touch this ellipsoid 
in /' and suppose this plane also to be fixed in space. These two 
semi-ellipsoids may be considered as the momental ellipsoids of 
two correlated bodies. If they were not attached to each other 
and were free to move without interference, each would roll, the 
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one on the fixed plane which touches at /, and the other on that 
which touches at /'. By Arts. 192 and 193 the upper ellipsoid 
(being the smallest) may be brought into parallelism with the 
lower by a rotation Gt(l/A - 1/A') about the invariable line. If 
then the upper plane on which the upper ellipsoid rolls be made 
to turn round the invariable line as a fixed axis with an angular 
velocity G{l/A - 1/^'). the two ellipsoids will always be in a state 
of parallelism, and may be supposed to be rigidly attached to each 
other. 

Suppose then the upper tangent plane to be perfectly rough 
and capable of turning in a horizontal plane about a vertical axis 
which passes through the fixed point, As the nucleus is made 
to roll with the under part of its surface on the fixed plane below, 
the friction between the upper surface and the plane will cause 
the latter* to rotate about its axis. Then the time elapsed will 
be in a constant ratio to this motion of rotation, which may be 
measured off on an absolutely fixed dial face immediately over the 
rotating plane. 

197. The preceding theory, so far as it relates to correlated 
and contrarelated bodies, is taken from a memoir by Prof Sylvester 
in the Philosophical Transactions for 1866. He proceeds to in- 
vestigate in what cases the upper ellipsoid may be reduced to a 
disc. It appears that there are always two such discs and no 
more, except in the case of two of the principal moments being 
equal, when the solution becomes unique. Of these two discs 
one is correlated and the other contrarelated to the given body, 
and they will be respectively perpendicular to the axes of greatest 
and least moments of inertia. 

198. Poinsot's measure of the time. Poinsot has shown 
that the motion of the body may be constructed by a cone fixed 
in the body rolling on a plane which turns uniformly round the 
invariable line. If, as in the preceding theory, we suppose the 
plane rough, and to be turned by the cone as it rolls on the plane, 
the angle turned through by the plane will measure the time 
elapsed. 

The Sphero-Gonic or Spherical Ellipse. 

199. The following properties of a sphero-oonic will be found useful in con- 
nexion with the theorems of Art. 157. They appear to be new. The curve is 

* As the ellipsoid rolls on the lower plane, a certain geometrical condition must 
be satisfied that the nucleus may not quit the upper plane or tend to force it 
upwards. This condition is that the plane containing 01, 01', must contain 
the invariable line, for then and then only the rotation about 01 can be resolved 
into a component about 01' and a component about the invariable line. That this 
condition must be satisfied is clear from the reasoning in the text. But it is also 
clear from the known properties of confocal ellipsoids. 
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represented by the line DED'E'. As before, the eye is supposed to be situated in 
the radius through A, viewing the sphere from a considerable distance. The three 
principal planes of the cone intersect the sphere in the three quadrants AB, BC, GA, 
and any one of the three points A, B, G might be called the centre. The arcs AD 
and AE are represented by a and b. 

The letters are not always the same as those used in the dynamical applications 
of the curve, but have been chosen to agree as far as possible with those usually 
employed in plane conies. In . this way the analogy between the plane and the 
spherical ellipse will be made more apparent. 

G 




1. Equation to the conic. Draw the arc FN perpendicular to AD and let 
PN=y, AN=x. Let NP produced cut the small circle described on DD' as diame- 
ter in i", let NP' be called the eccentric ordinate and be represented by y'. We 
then have 



tan « ^ , tan 6 

- — 2 = constant =7 , 

tan J/ tan a 



cos a = cos y' cos x. 



2. The projection of the normal PG on the focal radius vector SP, i.e. PL, is 
constant and eqnal to half the latus rectum. Also ■_ t.>t = constant. 



If 22 be the latus rectum, then tan 1= 



tan^J 



iin PN 



tana 

3. If QAF be an arc cutting PG at right angles, QA may be called the semi- 
conjugate of AP. Then tan PG . tan PF= tan" 6. 

4. The length PK cut o5 the focal radius vector by the conjugate diameter is 
constant and eqnal to a. This follows from (2) and (3). 

5. If 1 - e°= ■ g , e may be called the eccentricity of the sphero-conic. Then 

tan AG =e^ta.Ti AN. 

6. Also S being a focus SE = HE — a, and tan SA — e tan a 

ta-a{SP-a) = eiaaAN. 

7. Polar equations to the conic 



tan I 
tan SP 



= 1- 



OOB^S 



aoaPSA. 



sin's 
sin'^P 



= l-e^<i0Si^PAD. 



8. If p be the radius of curvature at P, then tan p= 



tan'n 
tan^Z ■ 
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9. Eegarding AP, AQ as conjugate Bemi-diameters, defined as above, 

sinMP + sinMQ = sm'>a + ain2 61 sinH 

• 1^ ■ -n-n, ■ • I h- tan P4D .tan Q4D= --:-s— . 

10. If p be the perpendicular from the centre A on the tangent at P, 

tan^atan^S . „, . „ ,^ 

— 7 — =; = tan" a + tan'' 6 - tan" AP. 

Ti Ai * 2n^ i a, e^ • , T,»T tan^Pff tan^ft 

11. Also tan2PG-tan2Z= — r-^sm^PN. —. — ^r^r — ^ — === . „ ■ 

cos' 6 sin SP . sin HP sin^ a 

io sin^a-sinMP) e^ . . „„ 

CoE. tan2 PG = !^°l^„ {cos^ AP -cos' a cos" 6) . 

COS'' sin-' a ' 

If smAM=:smAM' = —. — , the planes of the arcs BM and BM' are parallel to 

the circular sections of the cone. Some of the properties of these arcs resemble 
those of asymptotes when B is regarded as the centre of the conic. The properties 
which eoniiect -the sphero-conic with the arcs BM and BM' will be found in 
Dr Salmon's Solid Geometry. 

Many other properties of sphero-conics will also be found in Dr Frost's Solid 
Geometry. 

EXAMPLES*. 

1. A right cone the base of which is an ellipse is supported at Gf the centre of 
gravity, and has a motion communicated to it about an axis through G perpendicu- 
lar to the line joining G, and the extremity B of the axis minor of the base, and in 
the plane through B and the axis of the cone. Determine the position of the in- 
variable plane. 

Result. The normal to the invariable plane lies in the plane passing through 
the axis of the cone and the axis of instantaneous rotation, and makes an angle 
whose tangent is h {h'' + ia,^)ll6b {a? + l^). 

2. A spheroid has a particle of mass m fastened at each extremity of the axis of 
revolution, and the centre of gravity is fixed. If the body be set rotating about any 
axis, show that the spheroid will roU on a fixed plane during the motion provided 
mjM=^ (1 - a'jc'), where M is the mass of the spheroid, a and c are the axes of the 
generating ellipse, c being the axis of figure. 

3. A lamina of any form rotating with an angular velocity a about an axis 
through its centre of gravity perpendicular to its plane has an angular velocity 
a(B + C)il(B - G)i impressed upon it about its principal axis of least moment, 
A, B, G being arranged in descending order of magnitude : show that at any time t 
the angular velocities about the principal axes are respectively 

2o /b + G e°<-c-«' , /b + G 2a 



-«* , / b + G 2a 



and that it will ultimately revolve about the axis of mean moment. 

4. A rigid body, not acted on by any forces, is in motion about its centre of 
gravity: prove that if the instantaneous axis be at any moment situated in the 
plane of contact of either of the right circular cylinders described about the central 
ellipsoid, it will be so throughout the motion. 

* These examples are taken from the Examination Papers which have been set 
in the University and in the Colleges. 



128 MOTION UNDER NO FOKCES. [CHAP. IV. 

If a, b, c be the semi-axes of the central ellipsoid, arranged in descending order 
of magnitude, e^, e^, e^ the eccentricities of its principal sections, fijjOa, O3 the 
initial component angular velocities of the body about its principal axes, prove that 
the condition that the instantaneous axis should be situated in the plane above 
described is (ijei={ablc^) (Og/Cg). 

5. A rigid lamina not acted on by any forces has one point fixed about which 
it can turn freely. It is started about a line in the plane of the lamina the moment 
of inertia ab out wh ich is Q. Show that the ratio of the greatest to the least angular 
velocity is ^JA + B : Jb + Q, where A, B are the principal moments of inertia about 
axes in the plane of the lamina. 

6. If the earth were a rigid body acted on by no forces rotating about a diameter 
which is not a principal axis, show t hat the latitudes of places would vary and that 
the values would recur whenever Ja-BJa - cjujdt is a multiple of 2ir,jBC. 
If a man were to lie down when his latitude is a minimum and to rise when it be- 
comes a maximum, show that he would increase the vis viva, and so cause the pole of 
the earth to travel from the axis of greatest moment of inertia towards that of least 
moment of inertia. 

7. If de be the angle between two consecutive positions of the instantaneous 

^,p™..«.....(g;.CI)-.(^)%(^)--(S)-. 

8. If n be the angular velocity of the plane through the invariable line and 
the instantaneous axis about the invariable line and X the component angular 
velocity of the body about the invariable line, prove that 

9. If a body move in any manner, and all the forces pass through the centre of 
gravity, prove that — i^' + 2 ^^ (log uj) - (log Ujs) ^^ Gog "a) = 0. "where Uj, a^, «, 

are the angular velocities about the principal axes at the centre of gravity, and w 
is the resultant angular velocity. 
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MOTION OF A BODY UNDER ANT FORCES. 

200. In this Chapter it is proposed to discuss some cases 
of the motion of a rigid body in three dimensions as examples 
of the processes explained in Chapter i. The reader will find 
it an instructive exercise to attempt their solution by other 
methods; for example, the equations of Lagrange might be 
applied with advantage in some cases. 

In each section of the Chapter the general method of proceed- 
ing will first be explained and a number of examples will then be 
considered. These have been chosen as being apparently the most 
interesting cases of the motion of a body which occur. But of 
course all the results obtained are not equally valuable. Besides 
this, some of the processes are only slight variations of those 
which have been already explained. Accordingly it has not been 
thought necessary in every case to give the whole of the alge- 
braical work. The plan of the solution is sketched more or less 
fully and the results are stated. It is believed that the reader 
will be able to supply the omitted steps for himself. The student, 
will find his interest in the subject greatly increased if, after 
reading the first few articles in each section, he will attack the 
problems which follow in his own way. He may then profitably 
compare his results with the solutions here sketched out. 

Motion of a Top. 

201. A body two of whose principal moments at the centre 
of gravity are equal moves about some fixed point in the axis 
of unequal moment vmder the action of gravity. Determine the 
motion*. 

To give distinctness to our ideas we may consider the body 
to be a top spinning on a perfectly rough horizontal plane. 

* A partial solution of this problem by Lagrange's equations is given in Vol. i., 
Chap. VIII. 

R. D. II. 9 
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Let the axis OZ be vertical. Let the axis of unequal moment 
at the centre of gravity be the axis OG and let this be called 
the axis of the body. Let h be the distance of the centre of 
gravity G of the body from the fixed point and let the mass 
of the body he taken as unity. Let OA be that principal axis 
at which lies in the plane ZOC, OB the principal axis perpen- 
dicular to this plane. 

If we take moments about the axis OG we have by Euler's 
equations (Vol. I. Chap, v.), 
idcog 



G 



dt 



-(A-B)eo,(Ji,, = K 



But in our case A=B, and since the centre of gravity lies 
in the axis OG, we have N=0. Hence Ws is constant and equal 
to its initial value. Let this be called n. 

Let us measure along the axis OG in the direction OG a 
length OP = A/h. Then, by Vol. I. Chap, iii.. Pis the centre* 
of oscillation of the body. This length we shall call I. Let 
be the inclination of the axis OG to the vertical, i|r the angle 
the plane ZOG makes with some plane fixed in space passing 
through OZ. Then by the same reasoning as that used in Euler's 
geometrical equations (Vol. i. Chap. V.) we find that the velocities 
of P resolved 



perpendicular to plane ZOG = — la)i = l sin Od'f'/dt] 
parallel to plane ZOG = Ico^ = IdOjdt j 



.(1). 
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It is clear that the moment of the momentum about OZ 
will be constant throughout the motion. Since the direction- 
cosines of OZ referred to OA, OB, OG are —sin 5, and cos 9, 
this principle gives 

-Aas-^sm.d-\-GncQB6 = E (2), 

where E is some constant depending on the initial conditions, 



* To avoid confusion in the figure, the body, which is represented by a top, 
is drawn smaller than it should be. 
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and whose value may be found from this equation by substituting 
the initial values of a>i , and 6. 

The equation of Vis Viva gives 

A{(o-,^ + m^)+G'n? = F-2ghcQ&e (3), 

where F is some constant, whose value may be found by substi- 
tuting in this equation the initial values of aii, Wa, and 6*. 

202. iHotion of the centre of Oscillation. Let U9 measure along the vertical 
OZ, in the direction opposite to gravity as the positive direction, two lengths 
OU=EllGn, OV=l (F-Cn^)l2gh. These lengths we shall write briefly OU=a, 
and OV=b. Draw through U and V two horizontal planes, and let the vertical 
through P intersect these planes in M and N. Then the equations (2) and (3) give 

by (1), transverse velocity of P=(Cn/ft) tan PUM (4). 

(velocity of P)2=2^P2V (5). 

Thus the resultant velocity of P is that due to the depth of P behw the horizontal 
vlane through V, and the velocity of P resolved perpendicular to the plane ZOP 
is proportional to the tangent of the angle PU makes with a horizontal plane. 

It appears from this last result that when P is below the horizontal plane 
through U, the plane POV turns round the vertical in the same direction as the 
body turns round its axis, i.e. according to the usual rule, T and OP are the 
positive directions of the axes of rotation. When P passes above the horizontal 
plane through U, the plane POV turns round the vertical in the opposite direction. 
If P be below both the horizontal planes through and U these results are still 
true, but if a top is viewed from above, the axis will appear to turn round the 
vertical in the direction opposite to the rotation of the top. In all the cases 
in which P is below the plane UM the lowest point of the rim of the top moves 
round the vertical in the same direction as the axis of the top. 

If we substitute for a^, Wa, E and F in (2) and (3) their values, we easily obtain 

hlsin^e :f + Cncose=Cn~ 

* - ' ■ .(6). 



'iG?y-^^Kf)]=^^<*-'-^)) 



These equations give in a convenient analytical form the whole motion. We 
see from the last equation, what is indeed obvious otherwise, that b-l cos 6 is 
always positive. The horizontal plane through V is therefore above the initial 
position of P and remains above P throughout the whole motion. 

* If we eliminate «j, u^ from equations (1), (2), (3) we have two equations from 
which S and ^ may be found by quadratures. These were first obtained by 
Lagrange in his Mecanique Analytique, and were afterwards given by Poisson in 
his Traits de MScanique. The former passes them over with but slight notice, 
and proceeds to discuss the small oscillations of a body of any form suspended 
under the action of gravity from a fixed point. The latter limits the equations to 
the case in which the body has an initial angular velocity only about its axis, and 
applies them to determine directly the small oscillations of a top (1) when its axis 
is nearly vertical, and (2) when its axis makes a nearly constant angle with the 
vertical. His results are necessarily more limited than those given in this 
treatise. 

9—2 
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Ex. 1. If u be the resultant angular velocity of the body and v the velocity of P 
show that 0)2= Tin +(i!/?)a. 

Ex. 2. Show that the cosine of the inclination of the instantaneous axis to the 
vertical is {E + (A-G)n cos e}IAa. 

203. Rise and Pall of a Top. As the axis of the body 
goes round the vertical its inclination to the vertical is continually 
changing. These changes may be found by eliminating d'<{r/dt 
between the equations (6). We thus obtain 

fj*^^' o /;. 7 m ow fa -I cos ey .^. 

It appears from this equation that can never vanish unless 
a = Z, for in any other case the right-hand side of this equation 
would become infinite. This may be proved otherwise. Since 
a/l is equal to the ratio of the angular momentum about the 
vertical to that about the axis of the body, it is clear that the axLs 
could not become vertical unless the ratio is unity. 

Suppose the body to be set in motion in any way with its 
axis at an inclination i to the vertical. The axis will begin to 
approach or to fall away from the vertical according as the initial 
value of d0/dt or co^ is negative or positive. The axis will then 
oscillate between two limiting angles giveii by the equation 

= 2ghH^ {b - I cos 6) (1 - cos^^) - (Pn" (a - 1 cos df (8). 

This is a cubic equation to determine cos 6. It will be neces- 
sary to examine its roots. When cos 0= — 1 the right-hand side 
is negative ; when cos 6 = cos i, since the initial value of (dd/dty is 
essentially positive, the right-hand side is either zero or positive; 
hence the equation has one real root between cos ^ = — 1 and 
cos 6 = cos i. Again, the right-hand side is negative when cos d=+l 
and positive when cos 6 = (x>. Hence there is another real root 
between cos 6 = cos i, and cos 6 = 1, and a third root greater than 
unity. This last root is inadmissible. 

204. These limits may be conveniently expressed geometrically. The equation 
(7) may evidently be written in the form 






Describe a parabola with its vertex at U, its axis vertically downwards and its 
latua rectum equal to Chi^ligh^. Let thevertical PMN cut this parabola in JB, we 
then have 

2ff J^ J^ 

(U0ldtf-'igMN~ PM^ PR (^•')- 

The point P oscillates between the two positions in which the harmonic mean 
of PM and PR is equal to - 2 . MN. In the figure V is drawn above XJ, and in 
this ease one of the limits of P is above VM, and the other below the parabola. If 
we take XJ as origin and TJO as the axis of x, we have PM=x, UM=y. Let 2pl be 
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the latus rectum of the parabola, and UV=c, then the axis of the body oscillates 
between the two positions in which P lies on the cubic curve 

y^{x + c) = 2plx^ (11). 

When c is positive, i.e. when V is above U, the form of the curve is indicated 
in the figure by the dotted line. The tangents at U out each other at a finite 
angle and the tangent of the angle either makes with the vertical is (2pJ/c)*. When 
c is negative the curve has two branches, one on each side of the vertical, with a 
conjugate point at the origin. It is clear from what precedes that the upper 
branch will lie above, and the lower branch below, the initial position of P, 
and that P must always lie between the two branches. 

205. In the case of a top, the initial motion is generally given 
by a rotation n about the axis. We have initially ajj = 0, 6)2 = 0, 
and therefore by (2) and (3) E=Gn cos i, and F — Gn^ = 2gh cos i. 
This gives a = b = lcosi. Putting C^w'/2gh' = 2pl, as before, the roots 
of equation (8) are cos 9 = cos i, and cos 9 = p — Jl — 2p cos i+p^. 
The value cos 9 =p + Jl — 2p cos i + p^ is always greater than 
unity, for it is clearly decreased by putting unity for cos i, and 
its value is then not less than unity. The axis of the body will 
therefore oscillate between the values of 9 just found. 

Since a =6, the horizontal planes through TJ and V coincide, and c=0. The 
cubic curve which determines the limits of oscillation, becomes the parabola VR 
and the straight line XJM. The axis of the body will then oscillate between the two 
positions in which P lies on the horizontal through U and on the parabola, begin- 
ning at the former. 

Generally the angular velocity n about the axis of figure is 
very great. In this case p is very great, and if we reject the 
squares of Ijp we see thatcos 9 will vary between the limits cosi 
and cos i — sin^ i . /2p. 

If the initial value of i is zero, we see that the two limits of 
cos i are the same. The axis of the body will therefore remain 
vertical. 

Examples. Ex, 1. When the limiting angles between which 8 varies are 
equal to each other, so that 9 is constant throughout the motion and equal to a, 
show that tan^ 0-tan0tana + tan'' a cos a/4p = 0, where 0istheangleP UM. 

Ex. 2. A top is set in motion on a smooth horizontal plane with an initial 
resultant angular velocity about its axis of figure. Show that the path traced out 
by the apex on the horizontal plane lies beweeu two circles, one of which it touches 
and the other it cuts at right angles. [M. Finch, Nouvelles Annales de MathSmati- 
g'tie«,.Tom. IX. 1850.] 

Ex. 3. Show that the vertical pressure of a top on the ground is greater than 

its weight by J ft -, ( sin 9 -r I . Hence by equation (7) of Art, 203 show that R 

, ■^ d cos B \ dtj 

is a quadratic function of cos 9 with constant coefficients, 

206. If we compare the equations (6) of Art. 202 with those 
giving the motion of the conjugate line in Art. 175, Ex. 4. we see 
that they are analogous. It follows that the motion of the aoois of 
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a top can he represented by the motion of the conjugate line of a 
body moving about a fixed point under no forces, with the proper 
initial conditions. It may be shown that the comparison leads to 
real values of the constants of the body moving under no forces. 

See a paper by the author in the Qxiwrterly Journal, 1888. On a theorem of 
Jacobi in dynamics. 

207. Precession and Natation of a top. A body, two of whose principal 
moments at the centre of gravity G are equal, turns about a fixed point in the axu 
of unequal moment under the action of gravity. The axis OG being inclined to the 
vertical at an angle a, and revolving about it with a uniform angular velocity , find 
the condition that the motion may be steady, and the time of a small oscillation. 

The equations (2) and (3) of Art. 201 contain the solution of this problem. But 
if we use the equation of Vis Viva in the form (3) we shall have to take into account 
the squares of small quantities. It will be found more convenient to replace it by 
one of the equations of the second order from which it has been derived. The 
simplest method of obtaining this equation is to use Lagrange's Eule as given in 
Vol. I. Chap. vm. We thus obtain 

Ae"-Aoosee\nef^+Gnsme\li'=ghsine (12), 

where accents denote differentiations with regard to the time. 

This equation might also have been obtained by differentiating both (2) and (3) 
and eliminating d^^jdt^. 

When the motion is steady both and d^l/ldt are constants. Let $=a, d^jdt^fi, 
then the equation (2) only determines the constant E and (12) becomes 

sin a ( -Aaoaai^+Cnix-gh) = (13). 

This indicates two possible states of steady motion, one in which a=0 or ir, and 
the other in which 

_ On ^ Jcht? - JghA cos g « ^v 

2A cos a 
a relation which does not necessarily hold when a=0 or tt. 

In the former of these two motions the axis of the body will osoiUate about 
the vertical and d^jdt will not be small or nearly constant. It will therefore be 
more convenient to discuss the oscillations about this state of steady motion with 
other co-ordinates than 6 and tj/. 

In the latter of these two motions, if the centre of gravity of the body be above 
the horizontal plane through the fixed point 0, h cos a will be positive. In this case 
the angular velocity n of the top round its axis of figure must be sufSciently great 
to make the quantity under the radical positive. We must therefore have n^ not 
less than 4:ghA cos a/C. 

When tt and n are given we can make the body move with either of these 
two values of //, by giving the proper initial angular velocities to the body. By 
equations (1) we see that the conditions of steady motion are Ui= -/4sino, (t»2=0. 
When a top is set in motion by unwinding a string from the axis, the value of n 
is very great while the initial values of uj and uj are zero. The steady motion 
about which the top makes small oscillations will therefore have n small. Hence 
the radical in (14) will have the negative sign. We have therefore very nearly 
li^ghjCn. 

208. To find the small oscillation. Let 6 = a + x, and d\j/jdt=n + dyldt, where x 
and dyjdt are small quantities whose squares are to be neglected. Let a and n be 
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such that they contain the whole of the constant parts of 6 and d^pjdt, so that x and 
dyldt contain only trigonometrical terms. Then when we substitute these values 
in equations (2) and (12), the constant parts must vanish of themselves. The equa- 
tions thus obtained determine E and /*, and shew that their values are the same as 
those determined when the motion is steady. The variable parts of the two equa- 
tions become, after writing for Cn its value obtained from (13), 
A/n. aia ay' - (gh- Afi^ COS a) x=0 
A/ix" + sin a{gh- Afj? cos a) y' + iJ?A sin^ ax = 0. 
To solve these we put a=ii'Bin(;)t-l-/), and2/ = G cos (fi-t-/). Substituting, 
we have 

-Aii^D.a.pG = (gh-Aii?coBa)F \ 

{Anp' - fi^A sin" a)F= -{gh- A/i^ cos o) sin o . Gp) ' 
Multiplying these equations together, we have 

g _ ^ V - 2gfe4 cos gjit" -H g^ft ^ 

and the required time is 2irlp. It is evident that p' is always positive, and there- 
fore both the values of /j, given by (14) correspond to stable motions. This expres- 
sion was given by Dr Ferrers, now Master of Gonville and Caius College, as 
the result of a problem proposed by him for solution in the Mathematical 
Tripos, 1859. 

We notice that in these results the precession of the axis in the steady motion is 
less the greater is the angular velocity of the top and is nearly given by fi.=ghlCn 
when n is very large. On the same supposition we have p^ghjA/i nearly, or which 
is the same thing p = C7m/4. It follows that the nutation or oscillation of the axis 
about the steady motion is very rapid, its period 2jr/p being very short. 

It is to be observed that this investigation does not apply if a be very small, for 
in that case some of the terms rejected are of the same order of magnitude as those 
retained. A different mode of investigation is therefore required, this case will be 
considered in Art. 212. 

Ex. 1. The angular velocity re of a top is communicated to it by unwinding 
rapidly a string from the axis when at an inclination i to the vertical. Prove that 
the inclination of the axis at any time t is given by 

d=i+raini{l-ooapt) and >//=iJt,t-rBinpt, 
where rgh—Aij^. Thence show that the axis describes very nearly a right cone 
round its position in the steady motion, In the same direction as the top rotates. 
Find also the friction and pressure at the apex. 

Ex. 2. A top two of whose principal moments at are equal is set in 
rotation about its axis of figure, viz. 00, with an angular velocity n, the point 
being fixed. If 00 be horizontal, and if the proper initial angular velocity be 
communicated to the top about the vertical through 0, prove that the top will not 
fall down, but that the axis of figure will revolve round the vertical, in steady 
motion, with an angular velocity fi^ghjCn, where h is the distance of the centre of 
gravity of the top from 0, and is the moment of inertia about the axis of figure. 
Show also that if the top be initially placed with 00 nearly horizontal and if a very 
great angular velocity be communicated to it about 00 without any initial angular 
velocity about OA or OB, then 00 will revolve round the vertical, remaining very 
nearly in a horizontal plane, with an angular velocity ft given by the same formula 
as before, and the time of the vertical oscillations of 00 about its mean position 
will be 2irAI0n. 
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Ex. 3. The gyroscope in one form consists of a hemispherical shell with an 
external axis through the vertex upon -which a weight may be moved up and down 
so as to raise or lower the centre of gravity. The weight being in a certain position 
and the gyroscope being supported with the vertex on a pivot, a rapid rotation is 
imparted to it by unwinding a string from the axis, and the motion of the axis 
about the vertical is found to be precessional. Examine whether the weight must 
be moved up or down to reverse the direction of the motion. Is the motion of the 
axis of a top precessional or the reverse ? [Math. Tripos. 

Ex. 4. A gyrostat symmetrical about its axis of rotation is suspended from a 
fixed point by a string whose length is a. The string being fastened to a point on 
the axis of rotation, prove that when the gyrostat is moving steadily with its axis 
of rotation horizontal the circular measure of the angle which the string makes with 
the vertical is given by the equation CW tana=(ft+asina) (jft^ where n is the 
angular velocity of the gyrostat, ft the distance from the point of attachment of the 
string to the centre of gravity of the gyrostat, and MO its moment of inertia about 
its axis of rotation, M being the mass of the gyrostat. [Math Tripos, 1888, Part ii. 

Ex. 5. A symmetrical top is set in motion on a rough horizontal plane with an 
angular velocity n about its axis of figure, the axis itself being inclined at an angle 
a to the vertical. Prove that between the greatest approach to and recess from 
the vertical, the centre of gravity describes an arc ftjS, where (y - cos a) tan /3= sin o, 
and p = CVIigh AM. [Math. Tripos, 1880. 

209. General considerations on the motion of a top. 

We see from the example of the top in Art. 203 how greatly the 
effect of forces acting on a body is modified by an existing rotation 
in the body. If the top were initially at rest with its apex 
fi.xed, gravity would cause it to turn round OB and fall downwards. 
When the top is in rapid rotation about its axis OG the effect of 
gravity is, not to alter sensibly the inclination of the axis to the 
vertical, but to make that axis describe a right cone round the 
vertical. In order the better to understand the cause of this 
difference, it will be useful to consider the motion from a different 
point of view. Assuming, then, Poinsot's construction for the 
motion of a body under no forces we shall endeavour to trace how 
that construction is modified by the action of gravity. 

Let a body be in rotation about an axis 01 nearly coincident 
with the axis of figure, then the invariable line OL is also nearly 
coincident with the axis of figure and would describe a small 
polhode round it, if the top were left to itself We know by Art. 
148, Ex. 1, that the polhode is only slightly altered by an impressed 
couple Q if either the angular velocity of the top is very great or 
the projection of the axis of the couple on the plane LOI is close 
to OL. When either of these conditions is satisfied the invariable 
line OL, the instantaneous axis 01 and the aocis of figure OC 
closely accompany each other in their motion through space. 

Let us next consider how the invariable line is moved in space 
by the action of the impressed couple Q. The existing angular 
momentum of the top is equivalent to some couple G whose axis is 
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the invariable line. The angular momentum generated about the 
axis of the impressed couple in the time dt is Qdt. Compounding 
these couples, we see that the positive extremity of the invariable 
line is always moving towards the positive extremity of the axis of 
the impressed couple. 

Ex. 1. To determine the steady motion of a swiftly rotating top with its apex 
fixed. 

Let the figure represent the upper half of the momental spheroid at 0. Then 
when the motion is steady the straight lines OL, 01, 
OC lie in a vertical plane which revolves round OZ 
with a uniform angular velocity /*. The force of 
gravity is continually generating an angular momen- 
tum about the horizontal diameter OB, so that OL, 
closely accompanied by 00, moves towards OB. 
This again causes OB to revolve round the vertical OZ. 
If these two motions are properly adjusted to each 
other the axis of the top will steadily revolve round 
the vertical in the same direction that the top rotates 
abont its axis of figure. 

The angular displacement of OC? in the time dt 
is /isinodf where a is the angle ZOO, but since the 
body is turning round 01 with an angular velocity u, the same displacement is also 
usinZOO. Equating these we have, as in Art. 181, 

wsin J0C=/i4siuo (1). 

In the time dt, gravity generates an angular momentum equal to gh sin cult 
about the axis OB ; the existing angular momentum being G, the displacement of 
the invariable line OL towards OB is gh sin adtjG. But since OL moves round OZ 
with an angular velocity ^, this is also equal to /i sin ZOL dt. We therefore have 
II.. G sin ZOL=gh^ma (2). 

Now Gf sin ZOL is the angular momentum of the top about a horizontal line in 
the plane ZOO. Let n be the resolved part of a about OC, then since the angular 
momenta about OG and OA are respectively Cn and -Aia sin IOC, we have by a 
simple resolution, 

G sin ZOL = CnBina-Aia sin lOG . cos a (3). 

Substituting from (1) and (3) in (2) we have, after division by sin a, 

ghlii= Gn - Afi, cos a, 
which is the same expression as in Art. 207. 

It will be noticed that in this general explanation we have only shown that a 
steady motion is possible, that this steady motion is also stable is proved by the 
analysis in Art. 208. 

Ex. 2. Let the resistance of the air on the top be represented by a retarding 
couple whose axis is the instantaneous axis. Show that the instantaneous axis will 
approach to or recede from the axis of figure OG according as the moment of inertia 
C is greater or less than A, See Art. 183, Ex. 3. 

Ex. 3. A homogeneous sphere of radius a is loaded at a point of its surface by 
a particle whose mass is 1/yth of its own. If it move steadily on a smooth 
horizontal plane, the diameter through the particle maldng a constant angle a with 
the vertical, and the sphere rotating about it with uniform angular velocity n. 
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prove that «?ap(p + l) must not be less than 5(2p + 7)5coso and show that the 
particle will revolve round the vertical in one or other of two periods whose sum is 
irrapn/Sg. [Math. Tripos. 

210. Ex. The boomerang. As another illustration of how the apparent 
effect of a force is modified by a rapid rotation bf the body we may consider the 
flight of a boomerang. This is a stick cut flat and bent in that plane ; it is usually 
bulged out on one side, flat on the other, with a sharp edge along the convexity. 
The missile is so projected by a jerk of the hand that it has a rapid rotation about 
an axis perpendicular to its plane. Since this is a principal axis the body after 
projection wiU so move that the direction of the axis is sensibly fixed in space, 
Art. 156. Let GG be this axis, GA a perpendicular horizontal axis and let GB be 
perpendicular to both. 

The resistance of the air at the edge is very small, but the flat side of the 
instrument being downwards, the pressure on the lower part tends to support the 
body in its flight. To make a rather vague comparison, the body moves as if 
projected upwards on a fixed inclined plane along the line of greatest slope, the 
pressure of the plane representing the supporting power of the air. The body 
advances upwards until the translational motion is destroyed by gravity. If this 
occurs before the rotation is much modified by the action of the air, the missile 
begins to descend in the same plane towards the point of projection. The explana- 
tion requires (1) that the rotation should be so great that the direction of the axis is 
sensibly fixed in space and in the body ; (2) that the resistance of the air should 
prevent any great motion perpendicular to the plane of the bent stick. 

According to some experiments of Prof. S. P. Langley on the motion of a heavy 
disc placed with its plane horizontal the resistance of the air to vertical descent is 
much increased by a horizontal motion of the disc, so much so that the time of 
falling through a given space may be indefinitely prolonged by lateral motion. This 
perhaps is due to the inertia of the undisturbed air over which the disc passes. 
Paris, Academy of Sciences, translated in Nature, July 23, 1891. 

In mauy specimens also of the boomerang the fore-part is slightly hollowed or 
the curve has a slight lateral twist by means of which the instrument is caused to 
rise or screw itself up in the air by virtue of its rotation. 

Ex. It is stated by Col. Lane Fox in his lecture on Primitive Warfare that the 
plane of rotation instead of continuing perfectly parallel to its original position is 
slightly raised as the projectile advances ; {Journal of the United Service Institute, 
vol. xn., 1868). A diagram is given, which is reproduced by Sir Bichard Burton in 
his book on The Sword (1884), and shows that the boomerang should therefore be 
projected towards a point under the object intended to be hit. Show that this may 
be explained on the principles of Art. 209, if we suppose that the pressure of the air 
is greatest on that part of the under side which is moving in the same direction as 
the centre of gravity. 

In the lecture already referred to. Col. Lane Fox (now Major-Gen. A. Pitt Rivers) 
remarks that the Australians cannot be said to have invented the boomerang. By 
giving a series of diagrams of the intermediate forms between it and the club, he 
shows that the savage may have been led to the adoption of the instrument "purely 
through the laws of accidental variation guided by the natural grain of the material 
in which he worked." 

211. Unsymmetrical tops. We now pass on to the impor- 
tant and general problem of finding the oscillations of a heavy, 
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not necessarily uniaxal body, about a fixed point. We begin with 
the general equations of motion and proceed to apply them to two 
cases ; (1) when the vertical through the fixed point is a principal 
axis at that point and the body has an initial rotation given to it 
about the vertical. (2) When the vertical is not necessarily a 
principal axis and the body has no initial rotation. Finally we 
shall examine what cases of steady motion are possible. 

A body whose principal moments of inertia are not necessarily 
equal has a point fixed in space and moves about under the 
action of gravity. It is required to form the general equations 
of motion. 

Let OA, OB; OG he the principal axes at the fixed point 0, 
and let these be taken as axes of reference. Let h, k, I be the 
co-ordinates of the centre of gravity G, and let the mass of the 
body be taken as unity. Let OF be drawn vertically upwards 
and let p, q, r be the direction-cosines of OF referred to OA, OB, 
OG. Then we have by Euler's equations 

-4 to/ — (B— G) (o^3 = —g{kr — Iq)) 

Ba>,'-(G-A)co,(o, = -g{lp-hr)\ (1), 

OtBg' —(A — B) (»ift)2 = — g(hq —kp)) 

where accents denote differentiations with regard to the time. 

Also p, q, r may be regarded as the co-ordinates of a point 
in OF, distant unity from 0. This point is fixed in space, and 
therefore its velocities as given by Art. 17 are zero. We have 

p' = lOsq — eo^r, ^ = a>jr—msp, r =a3ip — (0iq (2). 

It is obvious that two integrals of these equations are supplied 
by the principles of Angular Momentum and Vis Viva. These give 

Awip + Bw^i -\- Gco^r = E, 

Aw^ + B<oi -I- Gwi = F-2g{ph+qk + rl), 

where E and F are two arbitrary constants. The first of these 
might also have been obtained by multiplying the equations (1) 
by p, q, r respectively, and (2) by Aw^, Bw^, Ccog, and adding all six 
results. The second might have been obtained by multiplying 
the equations (1) by Wi, w^, w^ respectively, adding and simpli- 
fying the right-hand side by (2). 

212. A liody whose prineipal moments of inertia at the centre of gravity Q are 
not necessarily equal, has a point in one of the prineipal axes at G fixed in space 
and can move about under the action of gravity. It is set in rotation about OG 
which is supposed to be vertical. Find the small oscillations. 

Beferring to the general equations of Art. 211, we see that in this case h=0, 
k=0. Since OC remains always nearly vertical, ui and a^ are small quantities, we 
may therefore reject the product UjUj in the last of equations (1). This giyes u, 
constant. Let this constant value be called n. For the same reason r=l nearly 
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and p, q are both small quantities. Substituting we get the following linear 
equations, 

Ba^'-{G-A)nui=-lgpj ^ '' q'=-pn + aj 

If we substitute for Wi, wj in equations (3) their values given by (4) we should 
obtain two linear equations to find p, q which might have been at once deduced from 
the general equations of small OBcUlations given in Art. 15. But we may also solve 
these by assuming 

Ui=^sin(Xt+/)| p=PsiD{U+f)\ 

0)2= Gf cos (\t +/)( ' g = Q cos {\t +/) j ' 

Substituting, we get 

A\F-{B-C)nG=glQ\ , \P=Qn-G\ g. 

B\G-{A-G)nF=glP] ^ '' \Q=Pn-F\ 

Eliminating the ratios J" : (? : P : Q we have 

>?n^A + B - Gf={gl + A\^+{B - G)n^} {gl+BX^ + iA- G)n^}. 
If the values of X thus found should be real, the body will make small oscillations 
about the position in which OG is vertical. If C be the greatest moment, and n" 
sufficiently great to make both gl - (G ~ A) n' and gl-(G-E)v? negative, then aU 
the values of X are real and the body wiU continue to spin with OG vertical. If G 
be beneath 0, I is negative and it wiU be sufficient that OG should be the axis of 
greatest moment. 

In order that the values of X^ may be real, we must have 
{gl(A + B) +n^ (AG+BG-2AB-G^Y>i {(B - G)v? + gV, {(A - G) rv'+gl} AB, 
and in order that the two values of X^ may have the same sign we must have the 
last term of the quadratic positive; .-. {{B-G)n' + gl} {(A - G) n? + gl] is positive, 
and in order that the values of X^ may be both positive, we must have the coefficient 
of X" in the quadratic negative ; .■.gl{A + B)'cn^ (B-G){A-G). 

In the particular case in which A=B, each side of the quadratic becomes a 
perfect square and we have 

4X2±(2^ -G)n\ + (A- G)r?+gl=0; 
2A-G , JCH^-iAgl 

In this case the conditions of stability reduce to 7i>2 J^ljG. By referring to 
equations (5) and (6) it will be seen that when A=B we have F=6 and P=Q. If 
Xj, Xj be the two values of X found above, we have 

p=Pj^ sin {\t +/i) + Pj sin (\^ +fM 
q=P^ cos (Xjt +/i) + Pa cos (X^t +f^i ' 

Following the notation used in Euler's geometrical equations Vol. i. Chap, v., let 
6 be the angle OG makes with the vertical taken as axis of z, then r'''=cos^ $=1- 8\ 
and hence ff'=p'+q^=Pi^ + Pi' + 2P^P^cos {(Xi-X^) t+f^-f^}. 

Let ip be the angle the plane containing OA, OG makes with the plane contain- 
ing OG and the vertical OV, we have jj= -sin 8 cos 0, and g=sinesin0, and hence 

tan rf, = -Pi ""M^it +/i) + -Pa cos (\t +f^) 
Pi sin (\t +/i) + Pj sin (X,t +f^) ' 

Since 6 is very small we have, still following the same notation, ^=nt-|-o-0, 
where a is some constant, depending on the position of the arbitrary plane from 
which \j/ is measured. 
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When the axis of the top is inclined at an angle a to the vertical, the period of 
oscillation about the steady motion is found in Art. 208 to be 2wlp. But this period 
is different from either of the periods found in Art. 212 when the axis is supposed 
to be nearly vertical. We easily see by eliminating /* from the expression for p that 
P=\-\, so that the period of oscillation of when the axis is inclined is the 
same as the period of oscillation of 6' when the axis is vertical. 

The periods of oscillation found by this method do not seem to agree with those 
found by a different process in Vol. i. Art. 268. But the difference is only ap- 
parent. In Vol. I., the axis OG is referred to axes fixed in space, we have 
i=ecos<l/=P^ cos (/ii«+/i) + P2C0S (/Kat+Za) 
ri=e sin ^=P^ sin K«+/i) + -P2 sin fet+Zs). 
In the method of this volume the vertical is referred to axes fixed in the body by the 
direction cosines iJ= -Scosip, g = 9sin^, and 1. Now by Euler's third geometrical 
equation Us = cos Bdfldt + d<pjdt 

hence ^=7i«-^+term3 with P^, see Vol. i. We have therefore 

-p = e cxia (nt - \ji) = cos nt (P^ cos ^t + P^ cos ^«) + sin nt {P^ sin /t^t + P^ sin ii^t) 
=Pieos (n- 11^ t+P^ DOS (n-ij^t 

5= 9 sin (n{-^)=PjSin (n- fi^t+P^sm (n-fi^t. 
Thus, since m-/i= ±\, the expressions found here for p, j follow easily from those 
for I, T) found in Vol. i. 

213. A body whose principal moments at the centre of gravity are not necessarily 
equal is free to turn about a fixed point 0, and is in equilibrium under the action of 
gravity. A small disturbance being given, find the oscillations. 

Eeferring to the general equations in Art. 211 we see that in this case Uj, wj, wg, 
are small, hence in equations (1) we may omit the terms containing the products 
(ii^u2< <*2'^3i '^s'^i- Also since in equilibrium OG is vertical, p, q, r are always 
nearly in the ratio h:k:l; hence if OG=a, we may write ft/a, kja, Ija for p, q, r 
on the right-hand sides of equations (2). The six equations are now all linear. To 

solve these we put w-^=IIam(\t + )i) and p = ft/a + P cos (\i + /i) (3), 

(1)2 , 013, q and r being represented by similar expressions with K and L written for 
H; Q, k and B, I written for P and ft. Substituting these in the equations we get 
six linear equations. Eliminating P, Q, R we have 



(-AX^ + k^ + lA H-hkK-lhL = () 
-hkH+(~B\<' + P+hAK--lkL = . 
-IhH -lkK+ (- C\'' + h^ + kA L = 



.(4). 



Eliminating the ratios of H, K, L we have an equation to find X^. One root is 
X'=0, the others are given by the quadratic 



,, /k'> + P P + h^ V + k'\g^, „Ah' + Bk^+CP 



-G-)a^+^ ABC = " (^)- 



To ascertain if the roots are real we must apply the usual criterion for a quad- 
ratic. This requires that 

{A{B-C)h^+B(G-A)k^-C{A-B)P}'' + iAB{B-C){A-C)hV (6) 

should be positive. Since A, B, G can be chosen to be in descending order, we see 
that the condition is satisfied. See also Art. 58. 



142 MOTION UNDER ANT FOBOES. [CHAP. V. 

If Q is above O, a is positive and the values of !<? are both negative. The equi- 
librium is therefore unstable. If G is below 0, a is negative and the values of X^ 
are both positive. If the roots are equal, the two positive terms in (6) must be 
separately zero, this gives /c = and A{B-C)W=G (A-B)!!^, i.e. the centre of 
gravity lies in the asymptote to the focal hyperbola of the momental ellipsoid. In 
this case we find \^= - agjB. The case in which k = 0, 1=0, B = G has been con- 
sidered in Art. 212. 

If the values of \^ are written 0, \-^, X/ we have 

b)i=H„+Hii't + H^ sin Q,^t+i)^)+H^ sin (\t+ii^), 
with similar expressions for ctij, u,. Equations (2) then give p, q, r. But substitut- 
ing in (1) we find that all the non-periodic terms which contain * are zero. 
Eemembering t'ka,tp^ + q^+'fi=l we have finally 

Wi = fift/a + Hj sin (\t + ii.{)+ H^ sin (X^f + /tj), 

Mj and wj being represented by similar expressions with ft, E and I, L written for 
h, H. The values of K^, L^ and K^, L^ are determined by equations (4) in terms of 
Hj and H^ respectively. We also have 

ft lK,-kL, ,, , lK,-lcL^ 

^ ^ a "^ ^X — " ""^ ^^ "'■ '*'' "•" ~^ — " °°^ ^^* "•" '^'' 

with similar expressions for q and r. There remain five constants, viz. fi, H-^, H^, 
/tj , /42 to be determined by the initial values of uj , Uj , uj , r and q. 
' When the roots are equal the equations depending on p, r, Wg separate from those 
depending on q, a^, Wj, forming two sets; we find 



uj = a - -I- H sin (Xt -1- Ml) 

„J „Aa\'' + gP . „ 

w,=fi--^H rv^-smfXt-Hyii,) 

" o ghl " 

q= H-y oos(Xi-H/*j) 



1^2= £'sin(Xi-|-;ii2) 

I h 

r= — K^r cos (XtH-xfa) 



A solution of this problem conducted in a totally different manner has been 
given by Lagrange in his Mecanique Analytique. His results do not altogether 
agree with those given here. 

If we substitute the values of wj, Wj, Wj, p, 9, r in the equation of angular 
momentum of Art. 211 and neglect the squares of small quantities, we evidently 
obtain {Ah? + Bk^+CP)a=Ea^, AHh+BKk+GLl=0. 

The first of these equations shows that fi vanishes when the initial conditions 
are such that the angular momentum about the vertical is zero. In this case the 
problem reduces to that considered in Art. 134. 

214. A body whose principal moments of inertia are not necessarily equal has a 
point freed in space and moves about under the action of gravity. It is required 
to find what cases of steady motion are possible in which one principal axis OC at 
describes a right cone round the vertical while the angular velocity of the body about 
OC is constant ; and to find the small oscillations. 

Referring to the general equations of Art. 211, we see that it is given that r and 
Ug are constants. In this case the first two equations of (1) and (2) form a set of 
linear equations from which we have to find the four quantities p, q, wj , wj . The 
solution of these equations is therefore of the form 

Ui=Fa+F.^ sin (Xt-^/)l i>=P„-|-Pi sin {Kt+f)\ 

wj = Go + Gfj 00s (Xt +/)] ' g = Co + Ci 00s (X« +f)\ ■ 



ART. 215.] SPHERE ROLLING ON A SURFACE. 143 

But these must also Batisfy the last of the equations (1). Substituting we see 
that there will be a term on the left side of the form 

-i(A-S) F^Gi sin 2 {\t +/). 

But there will be no suoh term on the right side. Hence we must have either 
A=B, Fi=0 or Gi=,0. The motion in the case in which A=B has already been 
considered in Art. 207. Again, substituting in the last of equations (2) and equat- 
ing to zero the coefiScient of sin 2 (\t +/) we find 

Substituting in the first two of equations (1) and equating to zero the coefficients 
of cos (\t+/) and sin (\t+f), we find 

A\Fi~{B~C]nGi=glQi - B\G^- (G - A) nF-^^ - glP^; 

from these equations we have F-^, G^, P^, Q^ all equal to zero and therefore uj, mj, 
p, q are all constant as well as the given constants wg and r. 

In this case the equations (2) give bijp = ujq = ajr, so that the axis of revolu- 
tion must be vertical. Let u be the angular velocity about the vertical. Then 
ai=pu, io^=qw, u^=ru>. Substituting in equations (1) we get 
ft _ ^ _ ft _ £u2 _^ _ Cu2 
P 9 " q 9 ~r g 

Unless, therefore, two of the principal moments are equal, it is necessary for 
steady motion that the axis of rotation should be vertical and the centre of gravity 
(h, k, 1) must lie in the vertical straight line whose equations are (3). 

This straight line may be constructed geometrically in the following manner. 
Measure along the vertical a length OV=gl<J' and draw a plane through V perpen- 
dicular to OV to touch an ellipsoid confocal vrith the ellipsoid of gyration. The 
centre of gravity must lie on the normal at the point of contact. 

To find the small oscillations about the steady motion, i.e. to determine whether 
this motion be stable or not, we must put 

p = cos o -t- Pq sin \t -^ Pj cos Xt, 
with similar ezpiessions for q, r, wj, u^ , 11I3. Substituting we shall get twelve linear 
equations to determine eleven ratios. Eliminating these we have an equation to 
find X. It is sufficient for stability that all the roots of this equation should be real. 

Motion of a Sphere. 

215. General equations of Motion. To determine the motion 
of a sphere on amy 'perfectly rough surface under the action of any 
forces whose resultant passes through the centre of the sphere. 

Let G be the centre of gravity of the body and let the moving 
axes 00, GA, OB be respectively a normal to the surface and 
some two lines at right angles to be afterwards chosen at our 
convenience. Let the motions of these axes be determined by 
the angular velocities 6^, 6^, 6^ about their instantaneous positions 
in the manner explained in Art. 3. Let u, v, w be the velocities 
of resolved parallel to the axes, and Wi, to^, ©s the angular velo- 
cities of the body about these axes ; then w = 0. Let F, F' be the 
resolved parts of the friction of the perfectly rough surface on the 
sphere parallel to the axes, GA, GB, and let R be the normal 
reaction. Let X, Y, Z be the resolved parts of the impressed 
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forces on the centre of gravity. Let h be the radius of gjrration 
of the sphere about a diameter, a its radius, and let its mass be 
unity. We shall suppose that in the standard case the sphere 
rolls on the convex side of the fixed surface and that the positive 
direction of the axis Z is drawn outwards from the surfiace. The 
equations of motion of the sphere are by Arts. 14 and 5, 

It" 

dcos 
~df' 



. Fa 



,(1). 



du -, 
-dt-^^' 



dv 
dt 



+ dsu 



+ ^iffl2 = 

= x + f] 

= Y+F' I 



(2), 



-0^u + d^v = Z + R) 
and since the point of contact of the sphere and surface is at rest, 

we have u — ato^ =0, v + aa>i = (3). 

Eliminating F, F', m^, co^ from these equations, we get 



du 
di 
dv 
di 



-e,v= 



a^ + M 



X + 



k^ 



+ 03U = 



a^ + k' 



Y + 



a^ + !<? 
a?+k^ 



diaa>2 



Omco, 



(4). 



216. The meaning of these equations may be found as follows. 

They are the two equations of motion of the centre of gravity of 

the sphere, which we should have obtained if the given surface 

had been smooth and the centre of gravity had been acted on 

](? k^ 

by accelerating forces — — v-^ ^id^z ^^id — — ji dido's along the axes 

GA, GB, and by the same impressed forces as before reduced in 

the ratio— ^ — j-^. The motion therefore of the centre of gravity 

in these two cases with the same initial conditions will be the 
same. More convenient expressions for these two additional forces 
may be found thus. The centre of gravity moves along a surface 
formed by producing all the normals to the given surface a constant 
length equal to the radius of the sphere. Let us take the axes 
GA, GB to be tangents to the lines of curvature of this surface 
and let p^, p^ be the radii of curvature of the normal sections 
through these tangents respectively. Then 



6. = -"-, 
Pi 



e. 



pi 



.(5). 
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If G be the position of the centre of gravity at the time t, the 
quantity d^dt is the angle between the projections of two successive 
positions of GA on the tangent plane at G- Let j^j, -y^ be the 
angles the radii of the curvature of the lines of curvature at G 
make with the normal. The centre of the sphere may be brought 
from G to any neighbouring position G' by moving it first from G 
to H along one line of curvature and then from H to G' along the 
other. As the sphere moves from G to H, the angle turned round 
by GA is the product of the arc GH into the resolved curvature 
of GH in the tangent plane. By Meunier's theorem, the curvature 

is , multiplying this by sin ')(^ to resolve it into the tangent 

plane we find that the part of 6^ due to the motion along GH is 

u 

— tan Xi- Treating the arc HG' in the same way, we have 

Pi 

^3 = -tan;!^i + — tan;]^2 (6). 

Pi Pa 

This result follows also fi-om that given in Art. 21, Ex. 2. 

We have also an expression for «g given by equations (1). 

Substituting for <o^ , m.^ fi'om the geometrical equations (3) we get 






Many of the results in this section are deduced from equations 
(4) and (7) and in all these cases an apparently independent 
solution may be obtained by forming over again the equations 
(1), (2), (3), &c. (from which (4) and (7) have been derived), with 
such simplifications as suit the problem under consideration. An 
example of this process is given in Art. 221. 

217. The solution of the equations may be conducted as fol- 
lows. Let (x, y, z) be the co-ordinates of the centre of the sphere. 
Then u, v may be found from the equation to the surface in terms 
of dxjdt, dyjdt, dz/dt by resolving parallel to the axes of reference. 
If we eliminate u, v, O^, 6^, d^ by means of (4), (5), and (6), we 
shall get three equations containing x, y, z, Wg, and their differential 
coefficients with respect to t. These, together with the equation 
to the surface, will be sufficient to determine the motion at any 
time. One integral can always be found by the principle of Vis 
Viva. Since the sphere is turning about the point of contact as 
an instantaneously fixed point we have 

{a" + k') (wi" + wi) + Jew = 2(/), 
where <}) is the force function of the impressed forces. This is 

the same as '^^ '^ '"^ ^ af+¥'^^^ ^ '^ aF+h^'^ ^^'*' 

and the right-hand side of this equation is twice the force function 
of the altered impressed forces. 

R. D. n. 10 
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218. It will sometimes be more convenient to take the axis GA to be a tangent 
to the path. Then i;=0 and therefore ui=0. If U be the resultant velocity of 
the centre of the sphere we have a =17. Also if i! be the radius of torsion of a 
geodesic touching the path at G and p the radius of curvature of the normal 
section at G through a tangent to the path, we have $i= VjR and 6^= Ujp. In these 
expressions, as elsewhere, R is estimated positive when the torsion round GA is 
from the positive direction of GB to the positive direction of GG. If x ^^ *^6 
angle the radius of curvature of the path makes with the normal, we have as before 
fl3=tanx'7/p. The equations (4) become 

dU_ a? fc" £ 1 

U2 a2 ^ k^ U I 

— tan y——i — rh J' + -^ — n, — '">'•! 1 

The expression for a^ given by equations (1) now takes the form 

''T:=-n ■ Z"^'; 

It may be shown by geometrical considerations that this form is identical with 
that given in (7). 

219. To find the pressure on the surface we use the last of equations (2). This 
may be written in either of the forms 

?l = t^t=_Z-R (9). 

P Pi Pa 

The sphere will leave the surface when R changes sign. This will generally 

occur when the velocity of the centre of the sphere is that due to one half of the 

projection of the radius of curvature of the normal section on the direction of the 

resultant force. 

220. Ex. 1. Show that the angular velocity of the sphere about a normal to 
the surface, viz. uj, is constant when the direction of motion of the centre of 
gravity is a tangent to a line of curvature, and only then. 

Ex. 2. A sphere is projected without initial angular velocity about the radius 

normal to the surface, so that its centre begins to move along a line of curvature. 

Show that it will continue to describe that line of curvature if the force transverse 

to the line of curvature and tangential to the surface is equal to seven-fifths of the 

centrifugal force of the whole mass collected into the centre, resolved in the tangent 

plane to the surface. 

Ex. 3. If the sphere be not acted on by any forces, show that 

/ 2\ 7 d f 2\ 2 

JT^I tan^x+s )=«o"stant, a(03=- Z7tanx, ^log ( tan^xH-^ 1= --ptanx- 

Show also that the path wiU not be a geodesic unless the path is a plane curve. 

221. Motion on a rough plane. If the given surface on 
which the sphere rolls he a plane, we have p^ and p^ both infinite, 
hence 9^, 6^ are both zero. If therefore a homogeneous sphere roll 
on a perfectly rough plane under the action of any forces whatever 
the resultant of which passes through the centre of the sphere, the 
motion of the centre of gravity, with the same initial conditions, is the 
same as if the plane were smooth, and all the forces were reduced to 
five-sevenths of their former value. And it is also clear that the 
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plane is the only surface which possesses this property for all initial 
conditions. 

We may easily obtain the first part of this theorem from first principles. 
Taking the directions of the axes of x and y to be fixed in space and parallel to the 
rough plane we have (Arts. 14 and 236) 

k^a^'=F'a ) u' = X+F\ u-au^=0\ 

k^io^'^-Fa] v'=Y+F'\ 7i + aui = 0j ' 

Ehmmatmg F, F', .„ a,, ^e find ^ = ^.^^. ^f =^^TP ^' 

which is the analytical statement of the theorem. The six equations of motion 
from which this result is derived are obviously only simplified forms of equations 
(1), (2), (3) of Art. 215. See Vol. i. Art. 269. 

222. Ex. 1. If the plane is imperfectly rough, prove that the sphere can roU only if 
two-sevenths of the resultant impressed force parallel to the plane is less than the 
greatest friction which can be called into play. Prove also that the direction of the 
friction is opposite to that of the resultant impressed force parallel to the plane. 

Ex. 2. If the rough plane on which the sphere rolls rotate about a normal 
through any point with a uniform angular velocity 0, prove that the motion 
in space of the centre of gravity is the same as if the plane were smooth and the 
sphere acted on by the impressed forces reduced to five-sevenths of their former 
values, together with an accelerating force acting perpendicular to the tangent 
to the f)ath and equal to fi2J7, where U is the velocity of the centre of gravity. 
If the positive direction of rotation of ii is the same as that of the hands of a 
watch, this additional force acts on the right-hand side of the tangent when 
an observer at the centre of gravity looks in the direction of motion. 

223. Motion on a rough spherical surface. If the given 
surface on which the sphere rolls is another sphere of radius h — a, 
we have pi = p2 = &• Hence wg is constant ; let this constant value 
be called n, and let U be the velocity of the centre of gravity. 
Since every normal section is a principal section, let us take GA a 
tangent to the path. Hence the Tnotion of the centre of gravity is 
the same as if the whole mass, collected at that point, were acted on 

by an accelerating farce equal to ^ ,^ , in a direction perpendi- 
cular to the path, a/nd all the impressed forces were reduced in the 
ratio a^/(a^ + k^). According to the usual convention as to the re- 
lative positions of the axes GA, GB, GO it is clear that if the 
positive direction of GA be in the direction of motion, the angular 
velocity n should be estimated positive when the part of the sphere 
in front is moving to the right of GA and the additional force when 
positive will also act toward the right-hand side of the tangent. 
Since this additional force acts perpendicularly to the path, it will 
not appear in the equation of Vis Viva. Hence the velocity of 
the centre of gravity in any position is the same as if it had 
arrived there simply under the action of the reduced forces. Let 
be the centre of the fixed sphere, the angle OG makes with 

10—2 
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the vertical OZ, and i/r the angle the plane ZOQ makes with any 
fixed plane passing through OZ. Then by Vis Viva we have 

where F is some constant to be determined from the initial con- 
ditions. This also follows from equation (8), 
Also taking moments about OZ, we have 

an equation which will be found to be a transformation of the 
second of equations (4). Integrating this equation we have 

,,^.0^^E-^^^-^cos0 (Ill), 

where E is some constant. These two equations will suffice to 
determine dO/dt and d^jdt under any given initial conditions. 
The pressure on either sphere is given by 

- = qcosg , ,, -6^. (IV), 

where m is the mass of the sphere. The spheres separate when 
R vanishes and changes sign. 

If the sphere have no initial angular velocity about the normal 
to the surface it is clear that re = and the additional impressed 
force is zero. If therefore a homogenemis sphere roll on a perfectly 
rough fixed spherical surface, and if the sphere either start from 
rest, or have its initial angular velocity about the common normal 
equal to zero, the motion of the centre of the sphere is the same as 
if the fixed spherical surface were smooth and the forces on the 
rolling sphere were reduced to five-sevenths of their forTner value. 

It will be noticed that the equations (i) and (ill) which de- 
termiae the motion when gravity is the acting force are the same 
as those marked (6) in Art. 202 which give the motion of a top. 
The results obtained in Art. 203 therefore also apply to the 
motion of the sphere. If the sphere does not roll off it will roll 
round the fixed sphere oscillating between an upper and lower 
horizontal circle. In order that the sphere may not roll off it is 
necessary that the value of cos 6 found by equating the pressure R 
to zero should not lie between the limiting circles of motion. 
These results are given in greater detail in the examples im- 
mediately following. 

Ex. 1. A homogeneous sphere rolls under the action of gravity in any 
manner on a perfectly rough fixed sphere whose centre is 0. Prove that through- 
out the motion (1) the velocity of the centre G of the moving sphere is that due to 
five-sevenths of its depth below a fixed horizontal plane ; (2) the moving sphere will 
leave the fixed sphere when the altitude of its centre above is ten-seventeenths of 
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the altitude of the fixed plane above the same point ; (3) the transverse velocity of 
G is proportional to the tangent of the angle G!7 makes with the horizon, where U 
is a fixed point on a vertical through 0. 

Ex. 2. As in the corresponding problem for a top, Art. 205, let the initial 
motion of the sphere be simply a rotation n about the common normal. If i be 
the inclination of this normal to the vertical prove that the angular radii of the 
circles between which the point of contact oscillates are i and that value of 6 
between i and ir which is given by the quadratic cos^ 9-1 + 2^ (cos i - cos 9) =0 and 
ibg {a?+k^) p = ]iMK The spheres separate when cos B = ooai2a^l{Sa^ + k'), and it 
is supposed that the initial angular velocity n is so great that this value of does 
not lie between the angular radii of the limiting circles. 

224. Sphere rolling on a moveable sphere. If the guid- 
ing sphere, hitherto fixed, is either constrained to rotate with a 
uniform angular velocity about a fixed diameter or is free to move 
about its centre as a fixed point the theorems given above are but 
slightly altered. The chief change is that the quantity n must be 
replaced by another constant which we shall represent by n'. 

As the proofs are so nearly the same as when the guiding 
sphere is fixed, minute details are unnecessary. It is sufficient to 
enunciate the results in the following examples, the demonstrations 
of which are left to the reader. 

If the guiding sphere is constrained to turn about an axis OZ 
with angular velocity fl the equations (1) and (2) of Art. 215 are 
still true, but the geometrical equations (3) become 

u — acoi = 0, v -h a&ji = cO sin 9, 

where c is the radius of the sphere whose diameter OZ is fixed, 
is the inclination of the common normal OQ ot the two spheres 
to OZ and the axis GA lies in the plane ZOO. 

If the guiding sphere is fi-ee to move about its centre 0, its 
equations of motion are the same as (1) except that we write 
fl], flj, fig for <Bi, (»2, Oil] c for a; and MK" for mk\ The geo- 
metrical equations (3) become 

u — aa)^ = cD,2, v + cKBi = — cI2i. 

Ex. 1. A sphere, radius, a, rolls on a guiding sphere, radius c, which is con- 
strained to turn about a fixed diameter, taken as the axis of reference, with a 
constant angular velocity Q. If d, \ji are the angular co-ordinates of the common 
normal OG, prove (1) that aio^ + cQaos 8 = an' where n' is a constant. The value of 
n' is therefore known from the initial conditions. 

If U be the velocity in space of the centre G of the rolling sphere prove 

(2) that the velocity of the centre G is the same as if the whole mass, collected 

at that point, were acted on by the impressed forces, reduced in the ratio 

7j2 an'U 
a^j(a^+V), together with an accelerating force equal to —^ — ^ —=—. where 6 = a + e, 

acting in a direction perpendicular to the path and tending to the right-hand side 
of the tangent. 

Prove (3) that the pressure E on the rolling sphere is given hy-'R = Z+ Wlb. 
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It follows from these results that the equations (i.) (ni.) and (iv.) of Art. 223 
hold also when the guiding sphere rotates uniformly about a vertical diameter and 
gravity is the only force acting. 

Ex. 2. A sphere of radius a and mass m rolls on a guiding sphere of radius c and 
mass M which is free to turn about its centre as a fised point. Let 0^, Og, Q^ be 
the angular velocities of the guiding sphere about axes meeting at parallel to 
those about which oi^, la^, Wj are the angular velocities of the rolling sphere, Art. 
215. Prove (1) that aw^ + cQ3=an' where n' is a constant. The value of n' is 
therefore known from the initial conditions and is zero when both spheres start 
from rest. 

Prove (2) that the motion of G is the same as if the mass of the sphere, collected 
at that point, were acted on by the impressed forces, reduced in the ratio e/(l + e) 

where ^= es + m "^ > togetlier 'witli a transverse accelerating force equal to — ^ 

in a direction perpendicular to the tangent and tending to the right-hand side, 

where TJ is the velocity of G and b = a + c. 

Ex. 3. A perfectly rough sphere of radius c is made to rotate about a vertical 

diameter which is fixed, with a constant angular velocity n. A uniform sphere of 

radius a is placed on it at a point distant ca from the highest point : investigate the 

motion and determine in any position the angular velocity of the sphere. Show 

that the sphere wiU leave the rotating sphere when the point of contact is at an 

10 4 cht^ sin^ a 

angular distance B from the vertex, where cos e=:n;Cosa + ;rT^ -; ; — . FNotice 

17 119 (a + c)g 

the initial impact.] [Math. Tripos, 1889. 

225. Motion on a rough cylinder. If the surface on which the sphere rolls is 
u, cylinder the lines of curvature are the generators and the transverse sections. 
Let the axis GA Ije directed parallel to the generators, then p^ is infinite and p^-a 
is the radius of curvature of the transverse section. We have 6^= -v/p^, 6^=0, 
and since Xi=^< ^3=0. The equations (4) and (7) therefore become 
du _ a" k^ V N 

dv _ a' 
di~aF+¥ 
d (aus) _ uv 
dt p2 

From these equations the motion may be found. 

The second of these gives the motion transverse to the generators of the cylinder, 
and if Y be the same for all positions of the sphere on the same generator, this 
equation may be solved independently of the other two. The transverse motion of 
the centre of tlie sphere is tlierefore tlie same, under the same initial circumstances, 
as that of a smooth sphere constrained to slide, in a plane perpendicular to the 
generators, on the transverse section of the cylinder and acted on by the same impressed 
forces but reduced in the ratio a^Ka^+W). 

Having found v we may proceed thus ; let ip be the angle the normal plane to 
the cylinder through a generator and through the centre of the sphere makes with 
some fixed plane passing through a generator, then v=p^\dt. If d<j>ldt is not 
zero, the first and third equations then become 

du y a^ p„„ d (aw,) 

d(p a^'+c^ ^ a^ + k^v dip 



y- 
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If Z is the same tor all positions of the sphere on the same generator these 
equations can be solved without difficulty. For v and p^ being known in terms of 0, 
we have in this case two linear equations to find u and awj. If X is zero, and 
ft2=|a^wefind aiOs=Asmy^<t) + jB), u=A^^aos{^^(t>+B), 
where A and B are two arbitrary constants to be determined by the initial values of 
u and 0)3. 

If X is not the same for all positions of the sphere on the same generator, let | 
be the space traversed by the sphere measured along a generator. Then 

Substituting this value of u, we have two equations to find | and aug in terms 
of 4>. One integral of these is equation (8) of Art. 217 which was obtamed by the 
principle of Vis Viva. 

226. Ex. 1. A sphere rolls under the action of gravity on a perfectly rough 
cylindrical surface with its axis inclined at an angle a to the horizon. The section 
of the cylinder is such that when the sphere rolls on it, the centre describes a 
cycloid with its cusps on the same horizontal line. If the sphere start from rest 
with its centre at a cusp, find the motion. 

Let the position of the sphere be defined by f , the space described along a gene- 
rator, and s, the arc of the cycloid measured from the vertex. If 46 is the radius of 

curvature of the cycloid at its vertex, we have s = 46 cos . / ^ "p^" , 

V 286 
Since v=dsldt and p^^ + s^=ieb^ we find that vjp^ is constant. This gives with- 
out difficulty _ _ sin o /S5hg j^ 1 /Sg cos a 1 

"'~ a~ V cos a I """^f \/ 25 *) ' 
/lObg . 1 /5n cos a ^ 
V cos a 7 V 26 
Ex. 2. If a rough inelastic sphere of radius c be dropped on to the lowest 
generating Une on the interior of a circular cylinder radius a, which is revolving 
freely (with angular velocity O) about its axis which is fixed at an angle a to the 
horizon, prove that the plane through the axis of the cylinder and the centre of the 
sphere will move Uke a simple circular pendulum of length I where 

l.{2m+ 5M) 60s a = (a - c) (2m -f 7il/), 
31 and m being the masses of the cylinder and sphere respectively. 

[May Exam. 1877. 

227. The relation, r/p3= constant, holds whenever (1) the forces acting at the 
centre of the sphere, and the form of the section of the cylinder, are so related that 
the tangential component bears a constant ratio to p^pjds, and (2) the sphere starts 
from rest at a point where pj is zero. In such a ease, the normal plane to the section 
through the centre of the sphere has a constant angular velocity in space and the 
resolved motion of the sphere perpendicular to the generators is independent of that 
along the generators. 

Ex. A sphere rolls on a perfectly rough right circular cylinder whose radius is 
c under the action of no forces, show that the path traced out by the point of con- 
tact becomes the curve x = ABm {2yl'Jc)i when the cylinder is developed on a plane. 

This result shows that the sphere cannot be made to travel continually in one 
direction along the length of the cylinder except when the point of contact describes 
a generator. 

228. motion on a rough cone. If the surface on lohicli the sphere rolls is a 
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cone, the lines of curvature are the generators and their orthogonal trajectories. 
Let the axis GA be directed parallel to the generator, then p^ is infinite and p^ - a 
is the radius of curvature of a normal section perpendicular to the generators. 
Also $1= -vjp^, 6^=0. Let the position of the sphere be defined by the distance r 
of its centre from the vertex of the cone on which the centre always lies and by 
an angle 4> such that d<p is the angle between two consecutive positions of the 
distance r, d(j> being taken as positive when the centre moves in the positive di- 
rection of GB. If the cone were developed oh a plane it is clear that r and ip would 
be the ordinary polar co-ordinates of a point 0. We have 

dd) d/r dd> 

^^=dt' ''=df ''='Tf 
The equations (4) and (7) become therefore 

dfi '^\dtj 'a'+k^ a^+k" p^'^'^dt 

r dt\ dtj a'+k^ 
d (owg) _r dtp dr 
dt P2 dt dt 

If the impressed forces have no component perpendicular to the normal plane 
through a generator, Y=0, and we have rHipldt=h, where h is some constant de- 
pending on the initial values of r and v. 

If also the component X of the forces along a generator is a function of r only, 
another integral can be found by the principle of Vis Viva, viz. 

/dry . /d4Y ft2 „ , 20? f ^^ ^, 

where h' is another constant depending on the initial values of u, v and r. 

If, further, the cone be a right cone, P2=r tan a where a is the semi-angle, and 
we have h cot o , _ „ 

3 r 

where h" is a third constant depending on the initial values of Wj and »•. The equa- 
tions of the motion of the centre of the sphere resemble those of a particle in central 
forces. Hence r and ip will be found as functims of the time if we regard them as 
the co-ordinates of a free particle moving in a plane uider the action of a central 

force represented by -^ — rij \X- k^a^ -p( , where ug has the value just found. 

229. Ex. A sphere rolls on a perfectly rough cone such that the equation to 
the cone on which the centre G always lies isr=p^(0). If the centre is acted on 
by a force tending to the vertex, find the law of force that any given path may be 
described. If the equation to the path be l/r=/ (0), prove that the force X is 

X=i?., ^+-^ VP [f + 4, j . where ., is given by ^^ = - - i^ ^ . 

230. Motion on a surface of revolution. Let the given rough surface be any 

aurSaee of revolution placed with its axis of figure vertical and vertex upwards, and 

let gravity he the only impressed force. In this case the meridians and parallels are 

the lines of curvature. Let the axis of figure be the axis of Z. Let 9 be the angle 

the axis GG makes with the axis of Z, ij/ the angle the plane containing Z and GC 

makes with any fixed vertical plane. 

d<l/ dd rfii 

Then ff,= -sinfl-£, *3=,7, 8^=0058-^. 

^ at at " dt 
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Hence the equations (4) become 

du „dJi a? . „ Jc^ . „d4/ 

Tt-""'^ m''=^+¥'"'^^-^FTk^'"''>'"'^dt w- 

dv , „ d^ 7c2 de 

rt + ''°'^-dt''=¥Tk^'"'^dt <")' 

and equation (8) becomes 

''' + ''' + J^2<''''^'=^ + ^l'-^,ipsmed0 (iii), 

whei-e E is some constant, and p is the radius of .curvature of the meridian. Also 
we have by (7) dwj _ _tw /I sin e\ 

dF ~ ~ "^ Vp " ~»^ j ''^'' 

where /■ is the distance of the centre of the sphere from the axis of >i. The 
geometrical equations (5) become 

de dxj/ 

''^PTt' "'="11 W- 

To solve these, we put (ii) into the form 

dv „ dxl/ k^ 

,.,,,,, do p cos fl k^ 

which by (v) becomes ^ + ^ -^^ v = ^^^ aw^ ; 

differentiating this, we have by (iv), 

d^v pcose dv „ 

Now p and r may be found from the equation to the meridian curve as functions 
of 6. Hence P is a known function of 0. Solving this llinear equation we have v 
found as a function of B. Then by (iv) we have 

d(i)g _ i> ( ■, p sin ff\ 

~d~0~~a\ V )' 

and thence having found uj we have u by equation (iii). Knowing u and v ; and 
^ may be found by equations (v). 

231. Oscillations on the summit of a rough fixed surface. A heavy sphere 
rotating about a vertical axis is placed in equilibrium on the highest point of a surface 
of any form and being slightly disturbed makes small oscillations, find the viotion. 

Let be the highest point of the surface on which the centre of gravity Cf 
always lies. Let the tangents to the lines of curvature at be taken as the axes of 
X and y, and let (x, y, z) be the co-ordinates of Gf. We shall assume that is not 
a singular point on the surface. In order to simplify the general equations of 
motion (4) of Art. 215 we shall take as the axes GA and GB the tangents to the 
lines of curvature at G. But since Gf always remains very near 0, the tangents to 
the lines of curvature at G will be nearly parallel to those at 0. So that to the 
first order of small quantities we have 

1 d^ _ 1 diC _dx _dy 

^.^""p^Jt' "^'h'dt' "~dt' "'di' 
and Sj will be a small quantity of at least the first order. Also since the sphere 
is supposed not to deviate far from the highest point of the surface, we have ug 
constant, let this constant be called n. 

The equation to the surface on which G moves, in the neighbourhood of 



.(iv). 
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the highest point, is 2=-i (-+-). The direction cosines of the normal at 

\Pi Pa/ 
X, y, z are s/ft, jz/p^, 1. Hence the resolved parts parallel to the axes of the normal 
pressure R on the sphere are ite/ft, Eyjp^ and R. The equations of motion (4) 
therefore become d^ _ a!' r> ^ _ ^^ ^ ™\ 

dt^~a'+lc^ Pi d'+k^dt p^ 

(Py _ a' j^y 1^ dx^(m 

d^''W+'k^ fy'^aF+¥dih 

d^z „ 

But 2 is a small quantity of the second order, hence the last equation gives 
R=g. To solve these equations, we put x=Faos(\t+f), j/ = Gsin(\t+/). 

These give (^x^ + ^^-^i ji.= ^^^ - G 

The equation to find X is therefore 

{"^a^+k'pjy'^a^+k^pj (a' + k^f p^^ 



Je* a^\-i 



This is a quadratic equation to determine \^. In order that the motion may 
be oscUlatory it is necessary and sufficient that the roots should be both positive. 
If pi , Pa are both negative, so that the sphere is placed like a baU inside a cup, the 
roots of the quadratic are positive for all values of n. If Pi , Pa have opposite signs 
the roots cannot be both positive. If pj, p^ are both positive the two conditions of 

„2 _L 1-2 

stability wiU be found to reduce to m'> — p — g {ijpi + ijpif. 

If Pi is infinite, it is necessary that p^ should be negative, and in that case 

the two values of \^ are - -w^j-^ — and zero, which are both independent of n. 

If Pi=P2, we have F=G. In this case if 8 is the inclination of the normal to the 
vertical, we have 8^={x^+y^)lp'' and, as in Art. 212, we find 

where X^, \ are the roots of the quadratic 

a^+k' p a? + k^p 

232. This problem may also be solved by Lagrange's method although the 
geometrical equations contain differential coefficients with regard to the time. To 
effect this we have recourse to the method of indeterminate multipliers as explained 
in Vol. I. Chap. vm. Let the axes of reference Ox, Oy, Oz be the same as before. 
Let GC be that diameter which is vertical when the sphere is in equilibrium on the 
summit. Let GA, GB be two other diameters forming with GG a system of rect- 
angular axes fixed in the sphere. Let the position of these with reference to the 
axes fixed in space be defined by the angular co-ordinates 6, (p, \f/ ia Euler's manner. 
The vis viva of the sphere wiU then be ' 

2T=x'<' +y'' + z'^ + It' {<!>' + \j/' cos 6f + F (fl'2 + sin^ ef'). 
If we put sine cos ^= J, sin 9 sin ^=i), <t> + \j/=x, and reject aU small quantities 
above the second order, we find that the Lagrangian function is 

\Pi Pd 
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It is easy to see, by reference to the figure for Euler's geometrical equations 
given in Vol. i. Chap, v., that J and ij are the cosines of the angles the diameter 
GG makes with the axes Ox, Oy. See also Vol. ii., Art. 15. 

If Wj., uji, w, are the angular velocities of the sphere about parallels to the axes 
fixed in space, the geometrical equations are 



-a^wj,-u,^j = 0, y'+ a(w^-oi,-j = 0. 



These are found by making the resolved velocities of the point of contact in the 
directions of the axes of * and y equal to zero. See the expressions in Vol. i. 
Art. 238 for tlie velocity of any point. The angular velocities u^., wj,, u^ may be 
expressed in terms of 6, 0, xj/ by formulae analogous to those of Euler. See Vol. i. 
Art. 257. Thus u^= - 9' sin ^ + 0' sin S cos \p\ 

<jiy= 6' cos \j/ + <p' ain 6 sva. tji\. . 

Uj,= (j>' aos. 6 + iji' ) 

Substituting and expressing the result in terms of the new co-ordinates J, i;, x, the 
geometrical equations become 

a p2 o pi 

Lagrange's equations of motion modified by the indeterminate multipliers X and ft, 
are represented by the typical form 

d dL dL dLi dL^ 
di dq' dq ~ dq' dq' ' 
where q stands for any one of the five co-ordinates x, y, |, ?), x- The steady motion 
is given by x, y, J, rj all zero and x'=™- Taking q=x and q=y anA giving the 
several co-ordinates their values in the steady motion, we find that \ and /jt, are both 
zero in the steady motion. 

To find the oscillations, we write for q in turn x, y, X' i ^^^ Vt and retain the 
first powers of the small quantities. Remembering that \ and /i are small quanti- 
ties (Art. 51), we find 

Pi a 92 O' 

Jfi (I" + X''?') -A=0, k^ (v" - X'f) + A'=0. 

These and the two geometrical equations Lj and L^ are all linear, and may be 
solved in the usual manner. If we put x'=™ and eliminate first \ and /* and then 
I and 7) we get two equations to find x and y, which are the same as those marked 
(iv) in the solution of Art. 231. 

233. Ex. A perfectly rough sphere is placed on a perfectly rough fixed sphere 
near the highest point. The upper sphere has an angular velocity n about the 
diameter through the point of contact ; prove that its equilibrium will be stable 
if w'^SSg [a + b)la^, where 6 is the radius of the fixed sphere, and a is the radius 
of the moving sphere. 

234. Oscillations about steady motion. A perfectly rough surface of revolu- 
tion is placed with its axis vertical. Determine the circumstances of motion that a 
heavy sphere may roll on it so that its centre describes a horizontal circle. And this 
state of steady motion being distwbed, find the small oscillations. 

In this case we must recur to the equations of Art. 230. We shall adopt the 
notation of that article, except that to shorten the expressions we shall put for k^ 
its value |a°. 
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To find the steady motion. We must put u, v, a.^, 8, dijijdt all constant. Let 
a, n and n be the constant values of $, d\j/jdt and Wj. Then we have u=0, v = b)i., 
where b is the constant value of r. The equation (1) becomes 
- b cos aii?=^g sin o - f an sin a/t. 

The other dynamical equations are satisfied without giving any relation between 
the constants. If the motion be steady, we have therefore 

n = - — + -~ii.cota (IJ. 

2a;u 2 a 

thus for the same value of n we have two values of /», which correspond to different 

initial values of v. 

Elementary determination of the steady motion. 

As the steady motion of a sphere on a rough solid of revolution is often 
required, it wiU be useful to give a separate investigation of this result. The 
centre of gravity G describes with uniform 
velocity v a horizontal circle whose radius 
GN is the perpendicular on the axis of the 
solid. The friction perpendicular to the 
meridian plane is therefore zero and we 

have 

- /tt^ft = iJ sin o + F cos al 

(f=iJcoso-^sino) ■ 
We also have v=/ib, where GN=b. Since 
the point of contact of the sphere and solid 
is at rest, we have the geometrical equations 
(1)2=0, v + aiiii=0. 

Let the axes of reference for the rotations be the normal GO to the solid and 
GA, OB respectively in and perpendicular to the meridian plane through G. These 
axes move round G with angular velocities 9i= -|U sin a, 8^=0, 8^=iji,cosa. The 
equation of moments about OB is obviously 

k^ (uj' - SiWj + e^ui) = - Fa. 

See Art. 215. Substituting for ffj, 8^, lo^ and F we obtain at once the required 
result. 

We have the geometrical relation aai= - v, so that mj and n have opposite 
signs if 6/a and a are positive. Hence the axis of rotation, which necessarily passes 
through the point of contact of the sphere with the rough surface, makes an angle 
with the vertical less than that made by the normal at the point of contact. 

If the sphere roll on a surface of revolution so that the axis GC is turned 
from the axis of symmetry, the angle a must be positive. By inspecting the 
expression for n and making dnld/i—O it will be seen that the least value of the 
angular velocity n of the sphere is given by n'=S5 cot a . bgja^. In this case the 
precessional motion of the sphere is given by /i3=f tan a . gjb. If the sphere roU 
on the inner and upper side of such a surface as an anchor ring held with its axis 
vertical the angle a is negative, and there is no inferior limit to the value of n. 

To find the small oscillation. 

Put 8=a. + x, d<j/ldt=ii,+dyldt where a and /i are supposed to contain all the 
constants parts of 6 and d^jdt, so that m- and dyjdt only contain trigonometrical 
terms. Let c - a be the radius of curvature of the surface of revolution at the point 
of contact of the sphere in steady motion, so that p differs from c only by small 
quantities, and may be put equal toe in the small terms. Also we have r=6 + c cos o.x. 
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Now by equations (iv) and (v) of Art. 230 we have 

dws _ de d^ p sin g - r _dx csina-b 
dt ~ dt dt a ~ ~dt'^ a ' 

c sin o - 6 ,„, 

.-. <a3=jt -^ x+n (2), 



when n is the whole of the constant part of oi^. 
Again, from equation (ii), we have 

di,\ pdS df ]fi de 

'dt)-adi°°'^dI + ^^^"-^di 



adty 



fi dx b (Pu c cos au, dx 2 da; „ 

- c cos a ^ ^ ^ — + ~n — = : 

a dt a dfi a dt 7 dt ' 

b dy 



(3). 



integrating we have (In- ?^^£££i5A „ _ 

\,7 a I adt 

the constant being put zero because a; and y only contain trigonometrical terms. 
Thirdly, from equation (i), we have 



+ 7 



Id/ de\ rfdxby „ 2 . d\b 5g . „ 
a dt Y dt] a \dt J 7 " dt 7 a 

c d^x b + CDOSax, . ,/ „ „ dy\ 

-adfi a (<^osa-smax)i^^.^ + 2f.^j 

,. , , /■ dy\ f csino-6 \ 5o,. 

(sma + cosoa:) ( /i+ ^j ( m+/i x\ =-^(sma + coso.i;). 



This expression must be expanded and expressed in the form 

d^r 

d^+^^-^ w- 

In this case, since x contains only trigonometrical expressions, we must have B = 0. 
Putting x=0 in the above expression, we find the same value for n as in steady 
motion. After expanding the preceding equation we find 

A.=iJ?{ -008^0+ - sin^o J+^t^ — -. — ( 2cos2a + =sin2o I 
\ 7 /csmaV 7 / 

25jf2sina IQg . lOo 

+i9^^6r-y6''°"°^"+yc'=°'" (^)- 

In order that the steady motion may be stable, it is sufficient and necessary that 
this value of A should be positive. And the time of oscillation is then iirjsJA. 

It is to be observed that this investigation does not apply if o and therefore 6 be 
small, for some terms which have been rejected have b in their denominators, and 
may become important. 

Ex. A heavy sphere rolls round the inside of a rough horizontal circular wire, 
the normal to the sphere at the point of contact being inclined at a constant angle 
a to the vertical ; prove that the angular velocity /t of the point of contact of the 
sphere is given by ii^= Ij-g tan a/(ft - a sin a), h being the radius of the ring, and a that 
of the sphere. [Math. Tripos, 1881. 

In this problem the rough surface on which the sphere moves is an anchor ring 
in which the radius of the generating circle is zero. Supposing the sphere to roll, 
but not to spin about the normal at the point of contact, the result follows by 
writing m = in equation (1). 

235. Motion on an Imperfectly rough surface. The 

general equations of the motion of a sphere on an imperfectly 
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rough surface may be obtained on principles similar to those 
adopted in Vol. i. Chap. vi. to determine the motion of rough 
elastic bodies impinging on each other. The difference in the 
theory will be made clear by the following example, in which a 
method of proceeding is explained which is generally applicable, 
whenever the integrations can be effected. 

236. A homogeneous sphere moves on an imperfectly rough 
inclined plane with any initial conditions, find the direction of the 
motion amd the velocity of its centre at any time. 

Let be the centre of gravity of the sphere. Let the axes of 
reference GA, OB, OG have their directions fixed in space, the 
first being directed down the inclined plane, and the last normal to 
the plane. Let u, v, w be the velocities of G resolved parallel to 
these axes, and Wj, co^, (o^ the angular velocities of the body about 
these axes. Let F, F' be the resolved parts of the frictions of the 
plane on the sphere parallel to the axes GA, GB, but taken 
negatively in those directions. Let k be the radius of gyration of 
the sphere about the diameter, a its radius, and let the mass be 
unity. Let a be the inclination of the plane to the horizon. 

Whether the sphere rolls or slides the equations of motion are 
k^w^ = -Fa\ ,,. u' = -F + gBiTia\ 
k'to'= Fa] ^^^' v' = -F' ] ^^^■ 

Eliminating F and F' from these equations and integrating we 

have 

k^ k^ 
u + ~^ ao)^ = Uo+gsmat v — - aw^ = Fo (3), 

where TJi, and V^ are two constants determined by the initial 
values of M, v, Mi, cd^. 

The meaning of these equations may be found as follows. Let 
P be the point of contact of the sphere and plane, let Q be a point 
within the sphere on the normal at P so that PQ = (a= + A;^)/a. 
Then Q is the centre of oscillation of the sphere when suspended 
from P It is clear that the left-hand sides of the equations (3) 
express the components of the velocity of Q parallel to the axes. 
The equations assert that the frictional impulses at P cannot affect 
the motion of Q, and this also readily follows from Vol. i. Chap, iii., 
because Q is in the axis of spontaneous rotation for a blow at P. 

237. The friction at the point of contact P always acts oppo- 
site to the direction of slidiug and tends to reduce this point to 
rest. When sliding ceases the friction (see Vol. i. Chap, iv.) also 
ceases to be limiting friction and becomes only of sufScient magni- 
tude to keep the point of contact at rest. If sliding ever does 
cease, we then have 

u— a(o^= 0, V -l-aa)i =0 (4). 
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The equations (3) and (4) suffice to determine these final values 
of u, V, fOi and w^. Thus the direction of the motion and the 
velocity of the centre of gravity after sliding has ceased have been 
found in terms of the time. It appears that both these elements 
are independent of the friction. 

If the equations (4) hold initially the sphere will begin to move 
without sliding provided the friction found from the equations (1), 
(2) and (4) is less than the limiting friction. To determine this 
point we must find the magnitude of the friction necessary to 
prevent sliding. If the sphere does not slide we may differentiate 
the equations (4) ; then substituting from (1) and (2) we find ^'=0 
and F=gsiD.a. k^/(a^ + k^). But, since the pressure on the plane is 

g cos a, this requires that the coefficient of friction fi > tan a -. — j- . 

Supposing this inequality to hold the friction called into play will 
be always less than, or not greater than, the limiting friction, and 
therefore equations (3) and (4) give the whole motion. 

This method of finding the inferior limit to the value of fi is 
the same as that used in Vol. I. Chap. IV. in the corresponding 
problem where the sphere rolls down the inclined plane along the 
line of greatest slope. 

238. If the equations (4) do not hold initially or if the in- 
equality just mentioned is not satisfied, let S be the velocity of 
sliding and let 6 be the angle the direction of sliding makes with 
GA. To fix the signs we shall take S to be positive while may 
have any value fi:om —ir to ir. Then 

8 cos 6 = u — aee^, Ssiad = v + am^ (5). 

The friction is equal to fig cos a and acts in the direction oppo- 
site to sliding, hence 

F^fig cos a cos 6, F' = fig cos a sin 6. 

The equations (1), (2) and (5) therefore give 

d(Sco30) /, ^a^\ a, ■ ] 

= — il + t;^] fig COS a cos d + gsma 



dt 



d(8 sinO) /- a^ . ^ 



.(G). 



Expanding we find 

dS /, . a'\ 



dt 



= - 1 + 



, - 1 fi,g cos a -1- ^ sin a cos 6 



.(7). 



ad0 ■ ■ a 

Is -jz = — g sm a sm ff 

If 6 is not constant, we may eliminate t and integrate with 
regard to 0, this gives 8 fimd = 2Al tan ^1 (8), 



160 MOTION UNDER ANY FORCES. [CHAP. V. 

where m = (1 + a^l¥) fi cot a, and A is the constant of integration. 
If So and 00 are the initial values of S and 6 determined by equa- 

tions (5), we have 2^ = /Sfo sin ^o ( cot -^j (9). 

Substituting the value of 8 given by (8) in the second of equa- 
tions (7) and integi-ating we find 

(tan^) (tan-J (tan^) (tan^j ^^.^^^ 

n-1 n+1 n-1 "^ n+1 A '"^ '' 

the constant of integration being determined from the condition 
that (9 = 00 when t = 0. The equations (8), (9) and (10) give S and 
6 in terms of t. The equations (3) and (5) then give u, v, ©i and a^ 
in terms of t. 

The second of equations (7) shows that d6/dt has an opposite sign 
to 6, hence beginning at any initial value except + tt continually 
approaches zero. It follows that, unless a is zero, will be constant 
only when ^o = or + tt, i.e. the direction of sliding on the plane is 
not fixed in space but continually approaches the line of greatest 
slope. On a horizontal plane a = 0, and the direction of sliding is 
fixed. 

If ji > 1, i.e. /i. > tan a . ky(a^ + k% we see from (8) that sliding 
will cease when vanishes. This, by (10) will occur when 
^0 /cos^o _^ sin^jg, 
gsvaa\ n — 1 n+1 

The subsequent motion has already been found. 

If n < 1 we see by (8) that S increases as decreases, so that 
sliding will never cease. It also follows from (10) that vanishes 
only at the end of an infinite time. 

If So = 0, sliding will never begin i{ n>l, but will immediately 
begin and never cease if w < 1. 

239. Billiard Balls. The theory of the motion of a sphere 
on an imperfectly rough horizontal plane is so much simpler than 
when the plane is inclined or than when the sphere rolls on any other 
surface, that it seems unnecessary to consider this case in detail. 
At the same time the game of billiards supplies many problems 
which it would be unsatisfactory to pass over in silence. The fol- 
lowing examples have been arranged so as both to indicate the 
mode of proof to be adopted and to supply some results which may 
be submitted to experiment. 

The result given in Ex. 1, was first obtained by J. A. Euler, the son of the cele- 
brated Euler, and published in the Mgm. de I'Acad, de Berlin, 1758. Most, possibly 
all, of the other results may be found in the Jeu de Billard par G. Coriolis, pub- 
lished at Paris in 1835. 

Ex. 1. A billiard-ball is set in motion on an imperfectly rough horizontal 



t-- 
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plane, show that the direction and magnitude of the friction are constant through- 
out the motion. The path of the centre of gravity is therefore an arc of a parabola 
while sliding continues, and finally a straight line. The parabola is described with 
the given initial motion of the centre of gravity under an acceleration equal to iig 
tending in a direction opposite to the initial direction of sliding. 

Ex. 2. If So be the initial velocity of sliding prove that the parabolic path lasts 
for a time ^ SJ/ij. From some experiments of Coriolis it appears that ij.=\ nearly. 
If the initial velocity of sliding be one foot per second, the parabolic path lasts 
therefore less than a twentieth part of a second. 

Ex. 3. If P be the point of contact in any position and Q the centre of oscilla- 
tion with regard to P, prove that the velocity of Q is always the same in direction 
and magnitude. Thence show that the final rectilinear path of the centre of gravity 
is parallel to the initial direction of the motion of Q and the final velocity of the 
centre of gravity is five-sevenths of the initial velocity of Q. If PF' be the initial 
direction of motion and V the initial velocity of the centre of gravity and * the time 
given by Ex. 2, prove that the final rectilinear path of the centre of gravity inter- 
sects PP' in a point P' so that PP' = iVt. 

Ex. 4. A billiard-ball, at rest on an imperfectly rough horizontal table, is struck 
by a cue in a horizontal direction at any point whose altitude above the table is h, 
and the cue is withdrawn as soon as it has delivered its blow. Supposing the cue 
to be sufficiently rough to prevent sliding, show that the centre of the ball will 
move in the direction of the blow and that its velocity will become uniform and 

equal to - - P after a time — = where B is the ratio of the blow to the mass 

7 o 7a /ig 

of the sphere and a is the radius. 

In order that there should be no sliding the distance of the cue from the centre 
of the ball must be less than a sin e where tan e is the coefficient of friction between 
the cue and ball. 

Ex. 5. A billiard-ball, initially at rest and touching the table at a point P, is 
struck by a cue making an angle p with the horizon. Show that the final recti- 
linear motion of the centre of gravity is parallel to the straight line PS joining P 
to the point S where the direction of the blow meets the table, and the final velocity 
of the centre of gravity is ^ P sin j3 . PSja in the direction of the projection of the 
blow on the horizon. It should be noticed that these results are independent of 
the &iction. 

Ex. 6. Measure ST= J a cot j3 along the projection of the blow on the horizon- 
tal table, then TS measures the horizontal component of the blow referred to a 
unit of mass, on the same scale that PS measures the final velocity of the centre of 
gravity. Prove that, during the impact and the whole of the subsequent motion, 
the friction acts along PT and that the whole friction called into play is measured 
by PT on the scale just mentioned. Thence show that unless iiK^PT/a the 
parabolic arc of the path is suppressed. Show also that PT is the direction in 
which the lowest point of the ball would begin to move if the horizontal plane were 
smooth and the ball were acted on by the same blow as before. 

Motion of a Solid Body on a plane. 

240. Historical Summary. The motion of a heavy body of any form on a 
horizontal plane seems to have been studied first by Poisson. The body is supposed 
to be either bounded by a continuous surface which touches the plane in a single 
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point or to be terminated by an apex as in a top, while the plane is regarded as per- 
fectly smooth. FoisBon uses Euler's equations to find the rotations about the 
principal axes, and refers these axes to others fixed in space by means of the 
formulae usually called Euler's geometrical equations. He finds one integral by the 
principle of vis viva and another by that of angular momentum about the vertical 
straight line through the centre of gravity. These equations are then applied to 
find how the motion of a vertical top is disturbed by a slow movement of the smooth 
plane on which it rests. See the Traite de Mecanique. 

In three papers in the fifth and eighth volumes of Crelle's Journal (1830 and 
1832) M. Gonrnot repeated Poisson's equations, and expressed the corresponding 
geometrical conditions when the body rests on more than one point or rolls on an 
edge such as the base of a cylinder. He also considers the two cases in which the 
plane is (1) perfectly rough, and (2) imperfectly rough. He proceeds on the same 
general plan as Poisson, having two sets of rectangular axes, one fixed in the body 
and the other in space connected together by the formulte usually given for 
transformation of co-ordinates. As may be supposed, the equations obtained are 
extremely complicated. M. Ciournot also forms the corresponding equations for 
impulsive forces. Those however which include the effects of friction do not agree 
with the equations given in this treatise. 

In the thirteenth and seventeenth volumes of Liouville's Journal (1848 and 
1852) there are two papers by M. Puiseux on this subject. In the first of these 
he repeats Poisson's equations and applies them to the case of a solid of revo- 
lution on a smooth plane. He shows that the inclination of the axis of the solid 
to the vertical remains very nearly constant provided a sufficiently great initial 
angular velocity is communicated to the body about that axis. An inferior limit 
to this angular velocity is found only in the case in which the axis is vertical. 
In the second memoir he applies Poisson's equations to determine the conditions of 
stability of a solid of any form placed on a smooth plane with a principal axis at 
its centre of gravity vertical, the body rotating about that axis. He also determines 
the smaU oscillations of a body resting on a smooth plane about a position of 
equilibrium. 

In the fourth volume of the Quarterly Journal of Mathematics, 1861, Mr G. M. 
Slesser forms the equations of motion of a body on a perfectly rough horizontal 
plane and applies them to the problem considered at the end of Art. 2S1, He uses 
moving axes, and' his analysis is almost exactly the same as that which the author 
independently adopted. 

241. Oscillatio&8 al>out steady motion. A solid of revolution rolls on a per- 
fectly rough horizontal plane under the action of gravity. To find the steady motion 
and the small oscillations. 

Let G be the centre of gravity of the body, GG the axis of figure, P the point of 
contact. Let GA be that principal axis which lies in the plane PGC and GB the 
axis at right angles to GA, GO. Let GM be a perpendicular from G on the hori- 
zontal plane, and PN a perpendicular from P on GO. Let R be the normal reaction 
at P ; F, F' the resolved parts of the frictions respectively in and perpendicular to 
the plane FGG. Let the mass of the body be unity. 

Let e be the angle GC makes with the vertical, f the angle MP makes with any 
fixed straight line in the horizontal plane. Then e and ^ are two of the angles used 
in Euler's geometrical equations to refer the moving axes GA, GB, GG to an axis 
fixed in space, viz. the vertical (Vol. i. Chap. v.). The third Enlerian angle is here 
zero. The moving axes GA, GB, GC are therefore the same as those described in 
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Art.13. Since GfC is fixed in the body we have 9i = 0)1, ^2 = "2- Since 0=0 the third 
of Enler's geometrical equations gives S^^oos Bd\j/jdt. Remembering that the 




angular momenta about the axes are hi—Aai, 'h^—Au^, h^^Cag as in Art. 12, the 
equations of moments of Art. 10 become 



, dull , d\l/ „ „ 

( -^ -^Uj ^ cos 9 + C7W3W2 = 
. dtiJa 



dt 



d\j/ 

C^=F'.PN... 
at 



■F' . GN (1). 

-F.GM~R.MP (2). 

(3). 



.(4). 






.(5). 



The first two of Euler's geometrical equations give the relations between B-^ , $2 
and the angles 6, yp. Since ffi=Wi, B^^ta^ and 0=0, these become 
de 

-;- = U» 

dt ^ 

The Enlerian geometrical equations which refer the body to the axes fixed in 
space are not required. We may also notice that the equations (4) and (5) are suf- 
ficiently obvious from the geometry of the figure to render any reference to Euler's 
equations unnecessary. 

Let u and v be the velocities of the centre of gravity respectively along and per- 
pendicular to MP, both being parallel to the horizontal plane. The accelerations 
of the centre of gravity along these moving axes will be 

du 
di' 






.(6), 



^ + uf=F' 
dt dt 



.(7). 



And if^ be the altitude of G above the horizontal plane, i.e.z = OM, we have 

(8). 

11—2 
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Also since the point P is at rest, we have 

M-ffMu2=0 (9), 

v + PNa3-GNwi=0 (10), 

z=-GNcose+PNBm0 (11). 

These are the general equations of motion of a solid of revolution moving on a 
perfectly rough horizontal plane. If the plane is not perfectly rough the first eight 
equations wUl still hold, but the remaining three must be modified in the maimer 
explained in the next proposition. 

When the form of the solid of revolution is given these equations may admit 
of considerable simplification, and may generally be formed in any special case 
without much difficulty. Thus if the solid is a plane hoop or disc of radius a, we 
have GN=0, GJir=z=asinff, MP = a cos 6, and the radius of curvature p=0. 

242. To find the steady motion. 

When the motion is steady, the surface of revolution rolls on the plane so that 
its axis makes a constant angle with the vertical. In this state of motion, let 
e=a, dfjdt=i),, (1)3=71, GM=p, MP=q, GW={, NP=r], and let p be the radius of 
curvature of the rolling body at P. The relations between these quantities may 
be found by substitution in the above equations. 

Suppose it were required to find the conditions that the surface may roll 
with a given angular velocity n, its axis of figure making a given angle o with the 
vertical. Here n and a are given, and p, q, f, ij, p may be found from the equations 
to the surface. We have to find p,, tui, a^, u,v and the radius of the circle described 
by G in space. Eliminating F and R, we have F'=0, and 

p? sin a (A 00s a ~p^) -np.{C sin a +p'n) - gq=0 (12), 

u>i=-pBma, ci)2=0, 
u=0, v= -nrj-^psina. 

Let r be the radius of the circle described by G as the surface rolls on the plane. 
Since Gf describes its circle with angular velocity p., we have rp.=v, and hence 

r= - - — |sma. 

Eliminating n we may also find r from the equation 

p''{Aii sin a cos a + C| sin^ a + r (C sin a +^1;) } =gq-n. 

For every value of n and a there are two values of p, which however correspond 
to different initial conditions. In order that a steady motion may be possible, it 
is necessary that the roots of the quadratic (12) should be real. This gives 
{G sin a+pri)hv'+igqsin a (A cos a - p^)=a, positive quantity. 

The instantaneous axis passes through P and intersects the axis of figure in 
some point B, not drawn. Let EH be a perpendicular on the horizontal plane, 
then as the body rolls in steady motion, the vertical EH is fixed and G revolves 
round it with an angular velocity p. To find E, we notice that the velocity of N is 
p.EN.auxa, but since BP is the instantaneous axis it is also a. EN. sin NEP. 
Equating these, we see that B is determined by the equation /i* sin a = n tan NEP. 

Elementary determination of the steady motion. 

In many problems only the steady motion is required, and then the process just 
described becomes very simple. Since aU the quantities, except ^, are constant, we 
omit all the differential coefficients in the general equations of motion of Art. 10. 
Since G describes its circle uniformly under the influence of all the forces 
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transferred to that point, u=0 and ^' = 0. Thus to find the steady motion we have 
merely to substitute in Art. 10 the values fti = .4ci)i, 7ij=0, h^ = Gn, u.^=0, 9^ = 10^, 
$^=0, 6^= fi. cos a. In this way we find, writing g for B, a for 8, 

-Cm>i + AuiiJ.aosa= -F.GM-g.MP (2). 

/tsino= -wi (5). -vii,=F (6). 

Joining these to the geometrical equation (10) the results given above for the steady 
motion follow at once. 

Why some taps i-ise. 

If the body is set in motion by unwinding a string, as in a top, the initial values 
of Ui , (Do , u, V are small. If therefore the oscillations of the body are to be small, 
the steady motion, by (5), must be such that /i is small. Beferring to (12) we see 
that this condition can be satisfied by making n large. We then have 

nfi{G Bin. a +pri)=: -gq. 
Since a large value of u.^ or n renders (10) impossible, we infer that a steady motion 
canjwt be established in this manner unless n . FN is small or GN is large. 

If the body is a top with its apex rounded off FN is small, but nevertheless the 
angular velocity n communicated by unwinding the string may still be too great to 
satisfy the equation (10) . If the plane is perfectly rough an impulsive friction is 
called into play at F sufiiciently great to reduce that point to rest. If the plane is 
imperfectly rough the point F shdes on the plane and there is therefore a com- 
ponent of friction acting perpendicularly to the plane GFM in the direction 
opposite to that marked F' in the figure. This produces a new couple acting on 
the body in the plane GFF' besides those which act in the steady motion. Since 
in a top G is on the other side of N to that represented in the figure, the positive 
direction of the axis of the couple is to the left of GO. Comparing this couple 
with the couple Q in Art. 209, we see that its general effect is to make the 
invariable line at G, accompanied by GC, approach nearer to the vertical drawn 
through G. If the initial value of n is only a httle greater than that required by 
(10) the top sUghtly rises to adjust itself to the equation. But if n is much too great 
the top rises until the axis is sensibly vertical. 

243. To find the small oscillation. 

We put B = a + x, d\j/jdt=:n+dyldt, 11)3=71 + 2. Then we have by geometry, 

z = GM=p + gix, FM=q + {p-p)x, 

GN=^+pxsina, FN =rj+px cob a, 

and substituting in (5), (9), (10), (6), (7) respectively, we find 
Uj = - /t sin o - ^ cos ax - sin ay', u =px', 

v= - n sin a^-nri- {/J, cos a| + fip sin^ a + np cos o) x - sin a|j/' - riz, 
F=px"+/ji.''Biaa^ + niiri-i-2Binap^y'+rfny' + p,{fiaoaa^ + IJ.psin^a + npcoBa)x + r!fiZ, 
F'= -(p. cos af - 2>A' + P'P sin^ a + np cos a) x' - sin af i/" -rin', 
where accents, except in the case of F', denote differentiations with regard to t. 
Substituting these in equation (3) and integrating, we have 

{C+rf)z = {p/i -p,^cosa-p.p sin^ a - np cos a) ija; - ij sin a^y' (A) , 

the constant being omitted because n, a and p, are supposed to contain all the 
constant parts of Ug, 0, and dij/jdl. 

Again substituting in (1) and integrating, we have 
{ Ch - 2Ap, cos o + ^ (pp. -p,C0Ba^-p, sin^ ap - np cob a)}x- {A + ^^) sin ay' = ^tjZ . . .{B). 
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Also substituting in (2), we have 

{A +p' + q^) x" + x{Aii^ (sin^ a - cos'' a) + Cn/i oosa + {p-p)g<^ 
+ If? sin of g + m/ii;} + /i*^ cos a^p + nupp cos o + /t* sin'' app ) 
+y'{-2AiJiBmaDosa + Gn&ma + 2^pi),sina + npri\ }- = 0...(C). 

+ 2 { (7/i sin a + /tp:;} 

+ { - 4 sin a cos aij? + Cnjx sin a + gq + sin o/i^| + n/tpi;} 
The last term of this equation must vanish since x, y', z contain only periodic 
terms. It is the equation thus formed which determines the steady motion and 
gives us the value of /i. 

To solve these equations we may put 

a;=L sin (\f+/), y'=MBia{\t+f), z=N{\t+f). 

If we substitute these in (A), (B), (C) we shall get three equations to eliminate 
the ratios L:M:N. Before substitution it will be found convenient to simplify 
the equations, firstly by multiplying (A) by f , (B) by i) and subtracting the latter 
result from the former, secondly by multiplying (A) by /ip/ij and adding the result 
to (C). We then obtain the following determinant, 



=0. 



244. Examples. Ex. 1. To find the least angular velocity which will make a 
hoop roU in a straight line. 

In this case r is infinite and therefore /< must be zero. It follows from the 
equation of steady motion that q=0, or the hoop must be upright. We have 
p=a, 5 = 0, J=0, 7i=a, n=0, and G=:2A. The determinant becomes 

{A + a?) V> = 2m2 {2A + a')-ag, 

so that the least angular velocity which will make X a real quantity is given by 

2{C+a!')7v'=ag. 

Let the hoop be an arc, we have G=a^, and if V be the least velocity of the 
centre of gravity, this equation gives V>iag. Let the hoop be a disc, then 
€=^0^, and we have V^>lag. 

Though these results have been deduced from the determinantal equation, it is 
nevertheless intended that the student should repeat the process given at length in 
Arts. 242, 243 with the simplifications which result when the rolling solid becomes a 
hoop. An easy independent solution may also be obtained by using the second set 
of equations given in Art. 15. 

Ex. 2. A circular disc is placed with its rim resting on a perfectly rough 
horizontal table and is spun with an angular velocity about the diameter through 
the point of contact. Prove that in steady motion the centre is at rest at an 
altitude ftW/g above the horizontal plane, where h is the radius of gyration about 
a diameter ; and, if a be the inclination of the plane to the horizon, the point of 
contact has made a complete circuit in the time 27rsina/n. If the disc be slightly 



-{A+p^+q^)\^ + {p-p)g 
+ li?(p^-A cos 2o - qr) 
+ n/iC cos a 


Afi sin o cos o 


C/i (ri sin a—p) 


Cn - 2Aii. cos a 


A sin a 


ci 


{p-^cosa-p sin'i a) /i 
- pn cos a 


|sina 


-(C+n") 
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disturbed from this state of steady motion, show that the time of a small oscillation 

\ga 31i' cos' a + a" sin' o) 

Ex. 3. An infinitely thin circular disc moves on a perfectly rough horizontal 
plane in such a manner as to preserve a constant inclination a to the horizon. 
Find the condition that the motion maybe steady and the time of a small oscillation. 

Let the radius of the disc be a, and the radius of gyration about a diameter k. 
Let uj be the angular velocity about the axis, /t the angular velocity of the centre 
of gravity about the centre of the circle described by it, r the radius of this circle, 
then in steady motion 

(2/s'+a') (i)s=A;Vcosa- — cot o, (2k'^ + a^)r= - /t'a cos a + ^ cot o. 
If T be the time of a small oscillation 



(?)V 



+ a^)=li.^{k^{l-{-2cos^a)+a'sm^a}-nnCOsa.(&k^+a') + 2n^{2k^ + a'')-gasma. 



Ex. 4. A homogeneous right circular cylinder, whose altitude is twice the radius 
of the base, rolls on a rough horizontal plane with its axis inclined at an- angle 45° 
to the vertical. If n be the angular velocity about its axis, prove that in steady 
motion the vertical plane through its axis turns round a fixed vertical line with an 
angular velocity n=n . 30^2/31. Show that the instantaneous axis divides the axis 
of the top in the ratio 31 : 29. Prove also that the period 27r/X of the smaU oscil- 
lations about the steady motion is given by K^+ w-7 = 7TiTr>"' where h is the 
radius of the base. 

The motion of a cylinder rolling on its edge may be deduced from that of the solid 
of revolution by putting the radius of curvature p=0. The general results for the 
cylinder are rather long, but when a=45, |= -7j, ?;=ft we have p = h^2 and 2 = 0; 
putting also C= J/i', A — -^-^h? the results are considerably simplified. 

Ex. 5. A heavy body is attached to the plane face of a hemisphere so as to form 
a solid of revolution, the radius of the hemisphere being a and the distance of the 
centre of gravity of the whole body from the centre of the hemisphere being h. The 
body is placed with its spherical surface resting on a horizontal plane, and is set 
in motion in any manner. Show that one integral of the equations of motion is 

J sin'fl ^+C«3(cosfl-l--)=constant whether the plane be smooth, imperfectly 

rough, or perfectly rough. 

It is clear that the first two terms on the left-hand side of this equation is the 
angular momentum about the vertical through G. Let this be called I. Since we 
may take moments about any axis through (r as if G were fixed in space, we have 
dIjdt=F'.PM. But PM= -PN.kja, hence eliminating F' by equation (3) and in- 
tegrating, we get the required result. 

This integral is given by Prof. Jellett in his Theory of friction, chap. vm. 1872 : 
though he obtains it by a very different process. He also assumes that the rotation 
about the axis of figure is so rapid that the friction acts perpendicularly to the 
vertical plane containing the axis of figure. He proceeds to apply the integral to 
show that when a top is placed on an imperfectly rough horizontal plane " the axis 
will soon become vertical, assuming that the other motions are slow compared with 
the rotation round the axis." 

Ex. 6. A surface of revolution rolls on another perfectly rough surface of 
revolution with its axis vertical. The centre of gravity of the rolling surface lies 
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in its axis. Find the cases of steady motion in wHch it is possible for the axes of 
both the surfaces to lie in a vertical plane throughout the motion. 

Let e be the inclination of the axes of the two surfaces, P the point of 
contact, GM a perpendicular on the tangent plane at P, PN a perpendicular 
on the axis GC of the rolling body; F the friction, B the reaction at P; ra the 
angular velocity of the rolling body about its axis GG, /t the angular rate at which 
G describes its circular path in space, r the radius of this circle. Then in steady 
motion Mij,Bin0(Gn-Aiji.cose)=-F.GM-B.MP, 

R= - Mr/t' sin tt + JIf ^ cos o, 

F= - Mr/1? cos a - Mg sin o, 

n.PN+iJi,siae.GN= -r/i, 
where M is the mass of the body. These results were set by the author in an ex- 
amination paper in the University of London, 1860. 

245. General equations of motion. A surface of any form rolls on u fixed 
horizontal plane under the action of gravity. To form the equations of mx>tion. 

Let GA, GB, GG, the principal axes at the centre of gravity, be the axes of 




reference and let the mass be unity. Let <(i (J, 17, f) = be the equation to the 

bounding surface, (f , ij, f) the co-ordinates of the point P of contact. Let (p, q, r) 

be the direction-cosines of the outward direction of the normal to the surface at 

IdA Idd) ldd> 
the point I, ,,f, then p j -^qj -==r ] j-^ . 

Firstly, let the plane be perfectly rough. Let X, Y, Z be the resolved parts 
along the axes of the normal reaction and the two frictions at the point |, tj, j-, and 
let the mass of the body be unity. By Euler's equations we have 

Bo,^'-{G-A)w,u,^=tX-^z\- (1), 

Ga.,'-{A-B)uj^a^=i¥-nX) 
where accents denote differentiations with regard to the time. 

Also the equations of motion of the centre of gravity are by Art. 5, 

u' -VUIi+W0!2=gp + X\ 

v' - wu>i 

W' - MWj 

Also since the line (y, g, r) remains always vertical (Art. 18), 

q'=ra^-pa\ 

)-'=i)U2-gujJ 

Since the point (|, ij, f) which, for the moment, is fixed relatively to the moving 
axes is also, for the moment, fixed in space, we have by Art. 17, 



.+wij>^=gp + X\ 

i+uw^=gq + Yi. (2). 



(3). 
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2 = 0-1 
i=0j 



r=«-f(Oi + J«3 = 0}- (4), 

where U, V, W are the resolved parts of the velocity of the point of contact P in 
the positive directions of the axes. 

246. Secondly, let the plane he perfectly smooth. The equations (1), (2), (3), 
apply equally to this case, but equations (4) are not true. Since the resultant of 
X, Y, Z is& reaction B, normal to the fixed plane, we have 

X=-pR, ¥=-qR, Z=-rR (5). 

The negative sign is prefixed to iJ because (p, q, r) are the direction- cosines of 
the outward direction of the normal, and it is clear that when these are taken posi- 
tively, the components of R are all negative. If at any moment R vanishes and 
changes sign the body wiU leave the plane. 

Since the velocity of G parallel to the fixed plane is constant in direction and 
magnitude, it will usually be more convenient to replace the equations (2) by the 
following single equation. Let GM be the perpendicular on the fixed plane and let 
MG=z, then z"= -g + B .- (6). 

It is necessary that the velocity of the point of contact resolved normal to the 
plane should be zero, this condition may be written in either of the equivalent 
forms Up + Vq+Wr=0 \ 

z' + ()7«)3-fU2)p-l-(faii-?U3)g + (Ju2-i)i.;i)r = 0J 

247. Thirdly, let the body slide on an imperfectly rough plane. The equa- 
tions (1), (2), (3) and (7) hold as before. If /i be the coefficient of friction the 
resultant of the forces X, Y, Z must make an angle tan~' /j, with the normal at the 

point of contact, hence x^+T' + Z^ ~ llV ^^^' 

Also since the resultant of (X, Y, Z), the normal at P and the direction of slid- 
ing must lie in one plane, we have the determinantal equation 

X{aW-rV) + Y(rU-pW) + Z(pV-qU) = (9). 

Since the friction must act opposite to the direction of sliding, we must have 
XU+ yK+^ IV negative. When this vanishes and changes sign, the point of con- 
tact ceases to slide. 

If the body start from rest we must use the method explained in Vol. i. Chap. iv. 
to determine whether the point of contact will begin to slide or not. The rule may 
be briefly stated as follows. Assume X, Y, Z to be the forces necessary to prevent 
sliding. Then since u,v,w, ui^, lOj.Wj are all initially zero, we have by differentiat- 
ing (4) and eliminating the differential coefficients of u, v, w, oii,U2, Ug three linear 
equations to find X, Y, Z, in terms of the known initial values of {p, q, r) and 
(it Vi t)- The point of contact will slide or not according as these values make the 
left-hand side of equation (8) less or greater than the right-hand side. 

In this way when the point of contact is fixed for the moment the equations 
(1), (2), aTid (4) are sufficient to find the initial values of X, Y, Z, i.e. the components 
of the reaction at the point of contact. This is also the rule given in Vol. i. Chap. iv. 
under the heading Initial Motions to find the initial value of a reaction, viz. we 
differentiate the geometrical equations, and substitute from the dynamical equa- 
tions. This seems the simplest method of proceeding, but we may also adopt 
either of the following methods. 

The equations to find X, Y, Z may be obtained by treating the forces as if they 
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were indefinitely small impulses. In the time dt, we may regard the body as acted 
on by an impulse gdt at Gf and a blow whose components are Xdt, Ydt, Zdt at P. 
It is shown in the chapter on Momentum in Vol. i. that we may consider these in 
Bucceasion. The eSect of the first is to communicate to P a velocity gdt in a 
direction normal to the fixed plane and outwards. If P does not slide, the effect of 
the blow at P must be to destroy this velocity. 

In the chapter on Momentum in Vol. x. certain formulse have been deduced from 
the ordinary equations of impact by which we can find the resolved initial velocities 
of the point of application of any impulse. A geometrical representation of these 
forrjulse is also given by the help of an ellipsoid, S = constant, where E is the vis 
viva generated by the impulse. To avoid the repetition of this -investigation we 
may use these formulae to find X, Y, Z. We accordingly write Ui=pg, Vi=qg, 
Wi=rg and ti^, V2,w^ each equal to zero on the left-hand sides and (to suit the 
notation of this article) change p, q, r on the right-hand sides into f, i;, f. 
Geometrically the point of contact will not slide if the diametral line of the fixed 
plane with regard to the ellipsoid called E makes a less angle with the normal than 
tan~i /i. 

In any of these cases when p, q, r have been found, the inclinations of the prin- 
cipal axes to the vertical are known. Their motion round the vertical may then be 
deduced by the rule given in Art. 19. When u, v, w and the motions of the axes 
have been found, the velocity of the centre of gravity resolved along any straight 
line fixed in space may be found by resolution. 

248. Some integrals of these equations are supplied by the principles of angular 
momentum and vis viva. If the plane is perfectly smooth we have 

Au^p + Bu^q + Cu^r = a, 
Aai" + Bui + Gui^+ (dzldtf=p- 2gz, 
where a and /3 are two constants. If the plane is perfectly rough we have 
Au{' + Bui + Ga^^+u^ + v^+w'==p-2gz. 

249. Examples. Ex. 1. A body rests with a plane face on an imperfectly 
rough horizontal plane whose coefficient of friction is /x. The centre of gravity of 
the body is vertically over the centre of gravity of the face, and the form of the 
face is such that the radius of gyration of the face about any straight line in its 
plane through its centre of gravity is y. The body is now projected along the 
plane so that the initial velocity of its centre of gravity is v„ and the initial rota- 
tion about a vertical axis through its centre of gravity is %. If u„ be very small, prove 
that the centre of gravity moves in a straight line and that its velocity at the end 
of any time f is «„ - ngt. If a be the angular velocity at the same time, prove that 

^^°^a~^~ir' ^^^'^^ ^ '^ *^® radius of gyration of the body about a vertical 
through the centre of gravity. [Poisson, TraiU de Micanique.'] 

Ex. 2. A body of any form rests with a plane face in contact with a smooth 
fixed plane so that the perpendicular from the centre of gravity G on the plane falls 
within the face. If the body is then struck by a blow which passes through G, or 
begins to move from rest under the action of any finite forces whose resultant 
passes through G, prove that it wiU not turn over, but will begin to sUde along the 
plane, even if the line of action of the force cuts the plane outside the base. 
[Cournot.l 

Ex. 3. A heavy ellipsoid is placed on an inclined plane, touching it at a point 
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P whose co-ordinates referred to the principal diameters are (f, i}, f). Deduce from 
Arts. 246 and 247 the initial values of the reaction at P when the plane is (1) 
perfectly rough, and (2) perfectly smooth. Thence deduce the initial direction of 
motion of the centre of gravity. 

250. Oscillations on a rough horizontal plane. Whatever the shape of a 
body may be we may suppose it to be set in rotation about the normal at the point 
of contact with an angular velocity n. If the body continue to rotate about that 
normal as a permanent axis, the normal must be a principal axis at the point of 
contact, and yet it must pass through the centre of gravity. This cannot be 
unless the normal is a principal axis at the centre of gravity. If however "?i=0, 
this condition is not necessary. There are therefore two cases to be considered. 

Case 1. A body of any form is placed in equilibrium resting with the point C on 
a rough liorizontal plane, with a principal axis at the centre of gravity vertical, .and 
is then set in rotation with an angular velocity n about GC. A small disturbance 
being given to the body, it is required to find the motion. 

Case 2. A body of any form is placed in equilibrium on a rough horizontal plane 
with the centre of gravity over the point of contact. A small disturbance being given 
to tJte body, it is required to find the motion, 

251. Case 1. Supposing the body not to depart far from its initial position, 
all the quantities p, q, u,v, w,Ui, tij are small and r= 1 nearly. Hence, by (2), when 
we neglect the squares of small quantities, we see that X, Y are also small, and 
that Z= -g nearly. It follows by (1) that ug is constant and /. =n. Also | and t] 
are small and f=ft nearly, where h was the altitude of the centre of gravity above 
the horizontal plane before the motion was disturbed. The equation to the surface 
may, by Taylor's theorem, be written in the form 



f='-KI-¥-?). 



where (a, b, c) are some constants depending on the curvatures of the principal 
sections of the body at the point G. 

The squares of all small quantities being neglected, the equations of Art. 245 
become AiHi -(B-C) nw^= -grj- hY\ 

Bo>2'-{G-A)nai = hX+g^ j ' 

u' -nv=gp + X, v' + nu=gq + Y, 

p'=nq-io^, q' = t>i^-np, 

u-nri + ha2=0, D-ZiWi+nf =0, 
i V i ri 

' a b be 

Eliminating X, Y, u, v, w^, a^ from these equations, we get, as in Art. 15, 
{A+li-')q" + {A+B + 2h'-qnp'-{{B-C)n^ + hg + h^n'}q=-(g + hn^)ri+hn^' 
-(B + h')p" + {A + B + 2h^-C)nq' + {(A-G)n^+hg + hV}p = {g + lm^)i + hnv'. 
It will be found convenient to express |, ri in terms of p, q. The right-hand 
sides of each of the equations will then take the form 
Lp + Mq + Lip' + M^q'. 
To solve the equations, we must then assume p, q to be of the form 

p=!P„cos\t+Pi sin \t, q = Qo008M+Qi sin \t. 
If the tangents to the lines of curvature of the moving body at C are parallel to 
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the principal axes at the centre of gravity, these equations admit of considerable 
simplification. In that case the equation to the surface may be written in the form 

where a and c are the radii of curvature of the lines of curvature. The right-hand 
sides of the equations then become respectively 

-{g + hn?)cq + hnap' and {g + hn^)ap + hncq'. 
To satisfy the equations, it will be sufficient to put 

p=Foos(\t+f), q = asm(\t+f). 
This simplification is possible because we can see beforehand, that if we substi- 
tute these values, the first equation will contain only sin (\t +f) and the second only 
cos {\t+f). These trigonometrical terms may then be divided out of the equations 
leaving two relations between the constants F, G and \. Eliminating the ratio FjG, 
we get the following quadratic to determine V 

[{A + h^)\'^+{B-G + h{h-c)]n''+g[h-c)J(B + K')\^+{A-G+h{h-a)}n^+g{h-a)] 
=W{A + B + 2h^-C-ha}{A+B + 2]i'-G-hc}. 
If Xi, Xj are the roots of this equation, the motion is represented by the 
equations P=Fi oos (^it+fi)+F^ cos (^2t-^/2)) 

2 = (?i sin (\t -1-/1) -I- G2 sin (\t -1-/2)) ' 
where G^jF^, GJF^ are known functions of \i, \ respectively, and F^, -F'21/11/2 ""^^ 
constants to be determined by the initial values of ^, q, dpjdt, dqjdt. 

In order that the motion may be stable, it is necessary that the roots of this 
quadratic should be real and positive. The conditions may be easily expressed. 

252. Examples. Ex. 1. A solid of revolution is placed with its axis vertical 
on a perfectly rough horizontal plane and is set in rotation about its axis with an 
angular velocity n. If c be the radius of curvature at the vertex, h the altitude of 
the centre of gravity, k the radius of gyration about the axis, k' that about an axis 
through the vertex perpendicu lar to th e axis of figure, show that the position of the 

body will be stable if »>2 ^'y^""^ • 

Ex. 2. An ellipsoid is placed with one of its vertices in contact with a smooth 
horizontal plane. What angular velocity of rotation must it have about the vertical 
axis in order that the equilibrium may be stable ? 

Besult. Let u, b, c be the semi-axes, c the vertical axis, then the angular 

velocity must be greater than » /— • — § — H • [Puiseux.} 

Ex. 3. A solid of any form is placed in equilibrium with the point C on a 
smooth horizontal plane, a principal axis GO at the centre of gravity being vertical, 
and an angular velocity n is then communicated to it about GC. A small disturb- 
ance being given, show that the harmonic periods may be deduced from the quad- 
ratio {AX" + E) (B\2 + F) = {A+B-G)n^^ + g' {p' - p)" sin^ S cos^ 5, 

where E={B- C)n^+ g {(h- p)am' S + (h- p')cos' d], 

F=(A- C)n> + g {(h- p)cos'' d + (h- p') sin" S). 

Also h is the altitude of the centre of gravity, p, p' are the principal radii of 
curvature at the vertex, and 5 is the angle the principal axis GA makes with the 
plane of the section whose radius of curvatm-e is p. [Puiseux.'] 

Ex. i. A heavy rigid body with a plane base rests in equilibrium on the summit 
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of a rough fixed sphere, the principal axis GO at the centre of gravity G being 
vertical. It is then set in rotation about the axis GC with an angular velocity n, it 
is required to determine the periods of the oscillations about this steady motion. 

In the general case the result is rather long, but it is simplified when A — B. Let 
(p. <!• -c) be the co-ordinates of the point of contact referred to axes GA, GB, GO 
fixed in the body. Let a be the radius of the sphere and let the mass of the body 
be unity. We then have p = P sin p{, q = Q cos pt, where p is determined by 

{(A + c^)p'^-(g + eri?)a}(p^-ifi) + gcp^=±np{{G-A-c'^ + ca){p^-n-)+gc). 
One factor is obviously p^n. 

K (f , 7;) be the co-ordinates of the point of contact referred to axes fixed in space, 
we have |=Psiu(p-Hi) f, ■ii=Q,aos(p+n) t. 

Ex. 5. A solid cube is in neutral equilibrium on the summit of a rough fixed 
sphere of radius c. It is then set in rotation about a vertical axis through its 
centre of gravity with an angular velocity n. Prove that this state of steady motion 
will not be stable unless m^ > (55 + liJlO) gjic. 

In this case the cubic obtained in the last question reduces to 
f? + np^-^^p-i {n^ + gjc) n=0. 
The roots are real if the condition given is satisfied. 

253. Case 2. Eetuming now to the general problem enunciated in Art. 250, 
we proceed to discuss the oscillations about eguilibrium of a heavy body resting on a 
rough horizontal plane with the centre of gravity over the point of contact. 

Supposing the disturbance to be small, all the quantities oij, Uj, 103, u, v, w are 
small. Hence, when we neglect the squares of small quantities, the equations 
(1) and (2) of Art. 245 become respectively, 

^<=i,Z-f7, Bu2'=!:X-kZ, Gu,,' = ^Y-r,X (i), 

u'=gp + X, v'=gq + Y, w'=gr + Z.... (11). 

Let fo> lo' fo ^^ ^^^ co-ordinates of the point of contact in the position of equili- 
brium, and let f=lo-t-fi, ■n = Vi) + Vi< f=fo + fi- Then in the small terms of 
equation (4) we may write f,,, i/j, f, for f, ij, f. Hence, differentiating these and 
eliminating X, Y, Z, u, v, w by help of equations (1) and (ii), we get 

(.4-(-V+fo')'«'i'-4o'?o<-fofo«8'=-S'(')'--f9) (iii). 

and two similar equations. 

Let p^, ?(,, r,, be the values of p, q, r in the position of equilibrium. Then 
lo/Po=W?o=i'o/''o=/'> where p is the radius vector from G to the point of contact. 
Now In the small terms of equations (3) we may write pp„ , pq„ , pr„ for lo , % , fo ■ Hence 
equations (iii) become by substitution from the second and third of equations (3) 

^t^ = V(0'"-iM"-9{W-iq) (iv), 

and two similar equations. At the time t \eip=pi^ + x, q~qo + y, and r=»-o + z. 

Then since {P(,+xf+{qc,+yy' + {ro+z)'='i; we have p^ + q„y + r^ = 0. The 
form of the surface being known we can find x, y, z in terms of |„ ijj, f„ and thus 
express ijr - fg, Jp - |r, |g - lai in the f orm -g(rir-iq) = hx-\-My. 
The equations (iv) now become 

4wl' = ■(;„/)^"-frf)^/" + La;-^ilfl/ (v), 

and two similar equations. 

Differentiating equations (3), and substituting for dujdt, du^jdt, da^ldt, from 
(v) , and for z a,nA z" from p^x + q0 + r^=O, vie get equations of the form 
Fx" + Gy" = Hx + Ky 1 
F^x" + Giij" = 7/1.1: H- /iTjJ/l ■ 
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To solve these we put x=Pcos (Xf+/), y = Qeos{\t+f), substituting, and 
eliminating the ratios PjQ, we have the following quadratic to determine \^ 

I F^X'+Hi, G^\^ + K^ I 

Thus, by virtue of the relation existing between x, y, ,i, each of these may be 
represented by an expression of the form 

Pi cos (\t +/i) + Pa ooB (\t +f^. 

Substituting these values in equations (v) we see that ui, a^, i»s can each be 
represented by an expression 

«i + ^1 cos (Xi* +/i) + -Ej cos (V +/2). 
where Ej, E^ are known functions of Pj, P2...and \, \, but U^, Q^, 1)3 are smaU 
arbitrary quantities. By substituting in equations (3) and equating the coefficients 
of cos (Xjt -t-Zi) and cos (\t+f^, we may find the values of E-^ and E^ without diffi- 
culty. And we also see that we must have QilPa=ajqo=QJr^, so that, of the three 
Oi, O2, O3, only one is really arbitrary. We have therefore but five arbitrary 
constants, viz. Pi, Pj, /i, /a, and fij. These are determined by the initial values 
of Uj , (i>a , (1I3 , X and y. 

To find the motion of the principal axes round the vertical, let tp be the angle 
the plane containing GO and the vertical makes with the plane of AC. Then, by 
drawing a figure for the standard case in which j>, q, r are aU positive, it will be 
seen that, if /i be the rate at which GC goes round the vertical, 

IJiJl-r^= Wi cos + 0)2 sin = ( jJoUi + SoWa)/ Vl - '"o^- 
Substituting for Ui, Wa, this takes the form 

/i = n-j + 2^1 cos (Xi« +/i) +N2COB {\t +f^ , 
where n^, Nj^, N^ are all known constants. 

In order that the equilibrium may be stable it is necessary that both the roots 
of the quadratic (vi) should be real and positive. These conditions may easily 
he expressed. 

These conditions being supposed satisfied, the expressions for x, y, z will only 
contain periodical terms, and thus the inclinations of the principal axes to the 
vertical will not be sensibly altered. But the expressions for wi , oi^, W3 may each 
contain a non-periodical term, and if so the rate at which the principal axes will 
go round the vertical will also contain non-periodical terms. The body therefore 
may gradually turn with a slow motion round the normal at the point of contact. 
The expressions for u, v, w will contain only periodic terms, so that the body wiU 
have no motion of translation In space. 

Motion of a Rod. 

254. When the body whose motion is to be determined is a rod, it is often 
more convenient to recur to the original equations of motion supplied by 
D'Alembert's principle. The equations of Lagrange may also be used with 
advantage. These methods will be illustrated by the following problem. 

A uniform heavy rod, suspended from a fixed point by a string, makes small 
oscillations about the vertical. Determine the motion. 

Let be taken as origin, and let the axis of z be measured vertically downwards; 
let 2a be the length of the rod, 6 the length of the string. Let {I, m, n) [p, q, r) 
be the direction-cosines of the string and rod. Then I, m, p, q are small quantities 
whose squares are to be neglected, and we may put n and r each equal to unity. 
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Let u be the distance of any element du ot the rod from that extremity A of the 
rod to which the string is attached. Let {x, y, a) be the eo-ordinatea of the element 
t?tt, then we have (c = bl + up, y = hm+uq, z = h+u (1). 

Let M be the mass of the rod, MT the tension of the string. The equations of 
motion of the centre of gravity will be 

U"+ap"=-Tl Tm" + aq"--Tm 0=g-T (2), 

where accents denote differential coefficients with regard to t. 

By D'Alembert's principle the ectuation of moments round x will be 
Xduiyz" -zy") = lidu{yZ -zY) = Sdu{yg). 

By equations (1) this reduces to 



/: 



du {-{b + u) {hm" + uq") } = 2ag (6m + aq). 

Integrating, we get 

- 6ab {bm" + aq") - ebahn" - SaY' = 6ag {bvi + aq) , 
which, by equations (2), reduces to 

3bm" + iaq"=-3gq (3). 

Therefore by (2) and (3) the four equations of motion are 

bl" + ap"=:-gl, 3bl" + iap"=-Sgp (4), 

and two similar equations for m, q. These equations do not contain m or q, and 
on the other hand the equations to find m and q do not contain I or p. This shows 
that the oscillations in the plane xz are not affected by those in the perpendicular 
plane yz. 

To solve these equations, put l=Fw[i(\t + a), p = G sin {\t + a), 
we get b\^F+a\m=gF, bX'F + § aX^G = gG ; 

db\* -{ia + 3b)gX? + Sg^=0, 
and the values of X may be found from this equation. 

255. Li order to make a comparison of different methods, let us deduce the 

motion from Lagrange's equations. In this case we must determine the semi vis viva 

T true to the squares of the small quantities, p, q, I, m, we cannot therefore put r= 1, 

71=1. 8moep'' + q^+r^=l, P+m,^+n'=l, we have 

r=l-i{p^+q^), n=l-i{P+m?), 

we must therefore replace the third of equations (1) by 

z = bn+ur=b + u-ib{P+m!')-iu{p^ + q^). 

We have ■Zmx"^=2m {Vl'^+2bl'p'u+p'hi^) = M{bH'^ + 2bl'p'a + iay^). 

The value of 2my'^ may be found in a similar manner. The value of Sm«'^ is of 

the fourth order and may be neglected. Hence the vis viva is 

2T=bm"'+m'^ + 2ab{l'p' + m,'q') + ia^{p"> + q% 

Also we have U= -igb{P + m^)-^ga{p^+q^) + constiint. 

„^ ,. ddT dT dU. 

The equation t, 3T/ - jT = tt oeoomes bl" + ap" = -gl; 

similarly we get bl" + ^ap" = ~gp. 

These are the same equations which we deduced from D'Alembert's principle, 
and the solution may be continued as before. 
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EXAMPLES *- 

1. A uuiform rod, moveable about one extremity, moves in such a manner as 
to make always nearly the same angle a with the vertical ; show that the time of a 

small oscillation is 27r . / — .- — . a being the length of the rod. 

V 3ff l + 3cos''o 

2. If a rough plane inclined at an angle a to the horizon be made to revolve 
with uniform angular velocity n about a normal Oz and a sphere be placed at rest 
upon it, show that the path in space of the centre will be a prolate, a common, or a 
curtate cycloid, according as the point at which the sphere is initially placed is with- 
out, upon, or within the circle whose equation is x^+y^=(35g sin 0/211") x, the axis 
Oy being horizontal. 

When the sphere is placed at rest on the moving plane, it should be noticed 
that a velocity is suddenly given to it by the impulsive frictions. 

3. A circular disc capable of motion about a vertical axis through its centre 
perpendicular to its plane is set in motion with angular velocity O. A rough 
uniform sphere is gently placed on any point of the disc, not the centre, prove that 
the sphere will describe a circle on the disc, and that the disc will revolve with 

angular velocity — ^— -^ 0, where Mk^ is the moment of inertia of the disc 

about its centre, m is the mass of the sphere and r the radius of the circle traced 
out. 

4. A sphere is pressed between two perfectly rough parallel boards which are 
made to revolve with the uniform angular velocities fl and Ci' about fixed axes per- 
pendicular to their planes. Prove that the centre of the sphere describes a circle 
about an axis which is in the same plane as the axes of revolution of the boards and 
whose distances from these axes are inversely proportional to the angular velocities 
about them. 

Show that when the boards revolve about the same axis, their points of contact 
will trace on the sphere small circles, the tangents of whose angular radii will be 

- . „— yj,, a being the radius of the sphere and c that of the circle described by its 

" """ [Math. Tripos, 1861. 

centre. 

5. A perfectly rough circular cylinder is fixed with its axis horizontal. A 
sphere being placed on it in a position of unstable equilibrium is so projected 
that the centre begins to move with a velocity V parallel to the axis of the cylinder. 
It is then slightly disturbed in a direction perpendicular to the axis. If d be 
the angle the radius through the point of contact makes with the vertical, prove 
that the velocity of the centre parallel to the axis at any time t is Vcoa^^O 
and that the sphere will leave the cylinder when cos fl = |?. 

6. A uniform sphere is placed in contact with the exterior surface of a perfectly 
rough cone. Its centre is acted on by a force the direction of which always meets 
the axis of the cone at right angles and the intensity of which varies inversely as 
the cube of the distance from that axis. Prove that if the sphere be properly 
started the path described by its centre wiU meet every generating line of the cone 
on which it lies in the same angle. See the Sohitions of Cambridge Problems for 
1860, page 92. 

7. Every particle of a sphere of radius a, which is placed on a perfectly rough 

♦ These Examples are taken from the Examination Papers which have been 
set in the University and in the Colleges. 
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sphere of radius c, is attracted to a centre of force on the surface of the fixed sphere 
with a force varying inversely as the square of the distance ; if it be placed at the 
extremity of the diameter through the centre of force and be set rotating about that 
diameter and then slightly displaced, determine its motion ; and show that when it 
leaves the fixed sphere the distance of its centre from the centre of force is a root 
of the equation 20.i-> - 13 (2c + a) a;^ + 7a (2c + a)^ = 0. [Math. Tripos, 1867. 

8. A perfectly rough plane revolves uniformly about a vertical axis in its own 
plane with an angular velocity n, a sphere being placed in contact with the plane 
rolls on it under the action of gravity, find the motion. 

Take the axis of revolution as axis of z, and let the axis of x be fixed in the 
plane. Let a be the radius, m the mass of the sphere ; F, F' the frictions resolved 
parallel to the axes of x and z, and R the normal reaction. The motions of the axes 
(Art. 5) are given by 6^=0, 6^=0, 0g=n. The equations of motion (Arts. 5, 10) are 
u=dxjdt — an, v = xn, ■w = dzjdt, 

dujdt-vn=Fjm, dvjdt + un=Rlm, dwjdt= -g + F'lm, 

dajdt-nai)= -F'a/k^, duyldt + n(o^=0, duJdt=Fajk^. 

Since the point of contact has the same motion as the plane the geometrical 
equations are u + aa^=0, w-aa^=0. Solving these equations we find that the 
sphere will not fall down. If the sphere start from relative rest at a point in the 
axis of X, we have nH= -g tan^ i { 1 - cos (nt cos i) } , where sin i = i^f . The sphere 
will therefore never descend more than 5g In- below its original position. 

9. A perfectly rough vertical plane revolves with a uniform angular velocity yn 
about an axis perpendicular to itself, and also with a uniform angular velocity 
about a vertical axis in its own plane which meets the former axis. A heavy uni- 
form sphere of radius c is placed in contact with the plane ; prove that the position 
of its centre at any time t, wiU be determined by the equations 

7|" - 5fi2| - 2nz' =0, 7z"' + 2fi22' + 2/i (|" + ii^) = 0, 

z denoting the distance of the centre from the horizontal plane through the hori- 
zontal axis of revolution, and f that from the plane through the two axes. 

Prove also that 7u=7cil + 2fib, 7v + 2iji,a=0, if a and b be the initial values of | 
and z, u and v those of d^/dt and dz/dt. 

10. A hoop jIGBF revolves about ilJS its diameter as a fixed vertical axis. GP 
is a horizontal diameter of the same circle, which is without mass and which is 
rigidly connected to the circle ; DC is a smaller concentric hoop which can turn 
freely about GF as diameter. If (i, d', u, u', be the greatest and least angular 
velocities about AB, GF respectively, prove that . 0' = w^ - u'K 

11. OA, OB, OC are the principal axes of a rigid body which is in motion 
about a, fixed point 0. The axis 00 has a constant inclination a to a line OZ 
fixed in space, and revolves with uniform angular velocity round it, and the 
axis OA always lies in the plane ZOG. Prove that the constraining couple has its 
axis coincident with OB, and that its moment is -{A- C) ii' sin a cos a. 

12. A ring of wire, of radius c, rests on the top of a smooth fixed sphere of 
radius a, and is set rotating about the vertical diameter of the sphere with an 
angular velocity n. If the ring is slightly displaced, prove that the motion is 
unstable if nV is less than 2g {2a' - o"^ V (»'' - <''')• [Math. Tripos, 1885. 

Since the ring is rigidly connected with the centre of the fixed sphere it may be 
regarded as a top having that point for vertex. The condition of stability for a 
top has been shown in Art. 212 to be C^n^^^Agl. Substituting the values of A 
and C for a ring the result follows at once. 

E. D. II. 12 



178 MOTION UNDER ANT FORCES. [CHAP. V. 

13. A uniform right circular cone of mass M' is capable of turning freely about 
its vertex which is fixed above a rough horizontal table on which is a sphere of mass 
M and radius a. The cone rolls on the sphere whose centre is describing with 
velocity V a circle of radius 6 whose centre is vertically below the vertex of the 
cone ; prove that in the steady motion of the cone and the sphere, the angular 
velocity Q of the cone about its axis is 

Inah sin /3 cos /3 - F (a sin o cos ;8 cos 7 + 6 eos a sin 7 - 6 sin* /3)]/[6 (6 + a cos ;8) sin 7], 
and that the condition that such steady motion may be possible is 

FV eos a + aVb\^<ghh\ 
where 7 is the semi-vertical angle of the cone, a, the inclination of its axis to the 
vertical, /3= a - 7, and k^ , Ic^ are the radii of gyration of the cone about its axis and 
a perpendicular to its axis through the vertex and h is the distance of the centre of 
gravity of the cone from its vertex, and n the spin of the sphere about the vertical. 

[Math. Tripos, 1889. 

14. A rough sphere of radius a and radius of gyration K capable of moving 
about its centre is initially at rest ; another sphere of l/« the mass and of radius 6 
and radius of gyration k is placed gently on it, having initially an angular velocity w 
about the common normal which makes an acute angle a with the vertical drawn 
upwards. Prove that the second sphere will not roU off provided 

"^ > ^ri"'+l\yi { (3;^ + 1)^ - V COS* a } sec o, where /i = w'jiiK^ + b^/kK 

[Math. Tripos, 1888. 



CHAPTER VI. 

NATURE OF THE MOTION GIVEN BY LINEAR EQUATIONS 
AND THE CONDITIONS OF STABILITY. 

Linear Differential EquaMons. 

256. It has been shown in Chap. iii. that the problem of 
determiuing the small oscillations of a system about a state of 
steady motion is really the same as that of solving a corresponding 
system of linear differential equations. In that chapter the forces 
were assumed to have a potential, so that the differential equations 
had a certain symmetry which simplified the solution. We now 
propose to remove this restriction. Taking the differential equa- 
tions in their most general form, but still with constant coefficients, 
we shall briefly discuss any peculiarities of their solution which 
appear to have dynamical applications. 

The chief object of this chapter is to determine the conditions 
that the undisturbed motion should be stable. This resolves 
itself into two questions (1) under what circumstances do positive 
powers of the time enter into the expressions for the co-ordinates, 
and what is the highest power which presents itself? (2) when 
the roots of the fundamental equation cannot be found, what 
conditions must be satisfied by the coefficients of that equation 
that stability may be a.ssured ? In order to make our remarks on 
these two questions intelligible it will be necessary to sum up a 
few propositions which belong rather to the theory of differential 
equations than to that of dynamics. The discussion of the first 
question begins therefore at Art. 268 though alluded to before 
that article. The second question will occupy the next section. 

257. Following the same notation as in Art. Ill, let 0, <^, &c. 
be the co-ordinates of the system. Let the system be moving in 
any known manner determined by 6 ='f(t), <f) = F(t), &c. We 
now suppose the system to be slightly disturbed from this state of 
motion. To discover the subsequent motion we put d=f(t) + x, 
(j> = F(t) + y, &c. These quantities x, y, &c. are in the first in- 
stance very small because the disturbance is small. The quantities 

12—2 
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X, y, &c. are said to be small when it is possible to choose some 
quantity numerically greater than all of them which is such that 
its square can be neglected. This quantity may be called the 
standard of reference for small quantities. 

258. To determine whether x, y, &c. remain small, we substi- 
tute these new values of 6, 0, &c. in the equations of motion. 
Assuming, for the moment, that x, y, &c. remain small we may 
neglect their squares, and thus the resulting equations will be 
linear. The coefficients of x, dx/dt, d^'x/dt", y, dy/dt &c. in these 
equations may be either constants or functions of the time. Fol- 
lowing the definitions in Art. Ill, the undisturbed motion in the 
former case is said to be steady. 

259. We propose to consider first the case in which the system 
depends on two independent co-ordinates or (as it is sometimes 
called) has two degrees of freedom. This is a case which occurs 
very frequently, and as the results are comparatively simple it 
seems worthy of a separate discussion. We shall then proceed to 
the general case in which the system has any number of co- 
ordinates. 

260. Two deg^rees of fi-eedom. The equations of motion 
of a dynamical system performing its natural oscillations with two 
degrees of freedom may be written 



r,d^x „dx , ~ Ti/d^y r,,dy ^, 
E^ + F^ + Gx + E'-^ + F'-f+G'y-- 



dt^ dt dp 

To solve these equations we put 



dt 







'^i^4H 



these suppositions evidently satisfying the first equation whatever 
V may be. Substituting in the second, and using the symbol S to 

represent t- for the sake of brevity we find 

AB' + BS + C A'S'^ + B'B+G' V=0. 

M^ + FS + G E'6^ + F8 + G' 
This is an equation to find V in terms of t. Since S enters 
into the determinant in the fourth power, the value of V when 
found will contain four arbitrary constants. Thence we find 
both X and y by means of the formulae given above. It will be 
observed that these require no operation to be performed except 
differentiation. Thus, no matter how complicated V may be, the 
values of x and y readily follow. 

261. Let A(S) represent the determinant which is the operator 
on V. Then making A(S) = 0, we have a biquadratic to find S. 
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If the roots of this biquadratic are m^, m^, rris, m^, we know by the 
rules for solving differential equations that 

where ii, L^, Z,, Lt, are the four arbitrary constants. 

If all the roots of the biquadratic are real and unequal, this is 
the proper expression to use for V. But it takes a variety of 
different forms when the biquadratic contains imaginary or equal 
roots. These however are described in the theory of differential 
equations, and will be summed up in Art. 264. 

262. Many degrees of freedom. The equations which 
occur in D)mamics are in general all of the second order, but as 
this restriction is not necessary in what follows, we shall suppose 
the equations to contain differential coefficients of any order. 

Let there be n dependent variables represented by x, y, z, &c. 
and one independent variable represented by t. If the symbol S 
represent differentiation with regard to t, the n equations to find 
X, y, &c. may be written : 

/n (S) «: +/. (S) y +/,3 (8) ^ + . . . = 0] 

Mi)«=+M^)y+M^)^ + ... = o\ (1). 

• - =oJ 

To solve these, we use the analogy which exists between the 
rules for combining symbols of differentiation and those of common 
algebra. Omitting for the moment any one equation, say the first, 
and proceeding to solve the remaining n — \ equations by the rules 
of common algebra, we find the ratios 

v'^ = rm2'=rm^ = &«-=^- (2). 



i,{hy i,{hy i,(sy 

where each of the equalities has been put equal to V. Here we 
have used the letter / to stand for the minors of the determinant 



A(S) = 



/n(S),/.(8),/x3(8),. 



.(3). 



The suffix of the letter I indicates the number of the column 
in which the constituent of the omitted equation lies whose minor 
is required. 

Substituting these values of x, y, z, &c. in the equation pre- 
viously omitted, we obtain 

A(8)F=0 (4). 

This is an equation to determine a single quantity F as a 
function of ^. We may call V the type of the solution. Supposing 
this equation to be solved by the usual rules, the values of x, y, z, 
&c, are found by equations (2). Thus we have 

x = h{^)V, y = I,(8)V,&c (5). 
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These operators, I^ (8), I^ (S), &c., are all integral and rational 
functions ofB; so that when V is once known, all the other opera- 
tions necessary for the complete solution of the equations are 
reduced to the one operation of continued differentiation. 

263. This arrangement of the solution of the differential 
equations (1) has the advantage of expressing the results by means 
of integral and rational functions of the symbol S. In practice, 
this will be found to introduce a great simplification into the 
solution. The type V can always be immediately written down by 
the usual rules for solving equation (4). It is sometimes very 
complicated, and in such cases it is very convenient to be able 
to deduce the forms of w^ y, z, &c. without having to perform 
any inverse operation. 

264. Different types of the solution. If the roots of the determinantal 
equation A(5) = he mi, mj, &c. the type V is known to be 

F=iie™'* + I,a«'^'+ (6), 

where L^, L^, &a. are arbitrary constants. When a pair of imaginary roots of the 
form rJ=pJ-l occurs we replace the two corresponding imaginary exponentials 

by the terms t=e>'f (Lcoapt + Msiapt) (7). 

If equal roots occur, the value of V thus given has no longer the full number of 
constants. Supposing that we have a roots each equal to m, the type of the solution 
which depends on these roots is 

F=(i„ + i,J + ...+L„_if"-l)e'»' (8) 

where the i's are a arbitrary constants. This may be put into the form 



F=fi„+iiA+...+i illy 



e™« (9). 

If we have a. equal pairs of imaginary roots of the form r^p ^ -1 we replace 
the a pairs of terms by 

e^*{L„oospt + M„sinpt) + J- e'''^(Li cos pt + Ml sm pi) + &0 (10). 

Here, if we please, we may replace the differentiation with regard to r by a differen- 
tiation with regard to p. 

The peculiarity of the case of equal roots is the presence of terms containing 
some power of t as a factor. The occurrence of a equal roots in general indicates 
the presence of terms containing all the integral powers of t up to t""^. 

265. In order to deduce the corresponding values of x, y, &b. from these types, 
we shall have, in the absence of equal roots, to operate with some integral and 
rational function of S such as I (S) on an exponential real or imsiginary. 

I. We have the theorem I \s) e"'= I (m) c™*, 
so that when the roots of the equation A (S)=0 are all real and unequal we have 
immediately x = L^I^ (nij) e"'* + L^I^ {m^) e"^* + &o., 

y=L,I, K) e'»i<+ L^fj K) ««^*+ &c., 
z = &o. 
U. If X be any function of {, we have the theorem I {S) e^^X=e^I [d + r) X, 
so that when a pair of imaginary roots occurs, and we have to operate on the 
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product of a real exponential and a sine or cosine, we can immediately remove the 
real exponential, and reduce the operator to that of continued differentiation of the 
sine or cosine. 

in. We have the theorem f {S^) sin mt =/{-m') sin mt. 

Hence if we have to operate with P (5), we arrange the operator in the form 
(j> (5^) + S\j/ (8^) . We then have F (S) sin mt=4>{- ■ni') sin m« + ^ (- m^) m cos mt. 

266. When the determinantal equation A{5) = has equal roots we have to 
operate on expressions which contain some powers of t. But since the operators 
djdt and djdm or djdr are independent we may use the theorem 

I(5)ile»«=il{7(m)6'»«}. 
dm dm 

Thus when the equation A (5)=0 has a roots each equal to m we may write the 
solution given by equations (5) and (9) of Arts. 262, 264 in the form 

,j=L, [I, (m) e'^n + L,± [I, (m) «»*] + . . . + i„ _ ^ ^i [I, [m) «»»«], 
z=&o. 

267. Ex. 1. If there be two roots of the determinantal equation A (5) = each 
equal to m, show -by an actual comparison of the several terms that we have the 
same solutions for x, y, &a. whether we use as operators the minors of the first or 
the minors of any other row of the determinant A (5). 

Ex. 2. The values of x, y, &c. are obtained from V by operating with certain 
functions of d, viz. Zj (S), Ig (5), &c. If instead of these operators we use /tZj (S), 
/tt/2(5), &c. where /i is some function of 3 such as ix=f{S), show that the effect is 
merely to alter the arbitrary constants L^, ij, &c. Thence show that the solutions 
are the same, whether there be equal roots or not, whatever set of first minors of 
A (S) are used as operators. 

268. An Indeterminate Case. If the roots of the deter- 
minantal equation A (S) = are mi, ma, &c. we have shown that the 
values of x, y, &c. are given by 

a; = SZ/i(m)e™«, y = l,LI^(m)e'^\ &c. 

But we see at once that there is a case of failure. If one of the 
roots of the equation A (8) = makes all the minors, Ii (m), I^ (m), 
&c. equal to zero, the solution becomes incomplete, for then one of 
the constants called L disappears from the solution. If all the 
minors of only one row vanished, we could find the values of 
a;, y, z, &c. by choosing as our operators the minors of some other 
row. But this cannot be done if all the minors of all the rows are 



269. We shall now prove that this indeterminate case cannot occur unless the 
determinantal equation A(S) =0 has equal roots. To show this, we differentiate 
equation (3) of Art. 262. We find 

^^-r ^i + j ''h' + Sco +1 '^ + &o 
^F-^"^+ I'' dS +*''' + ''2i dS +*"• 
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where the letter I stands for the minor of that constituent of the determinant A (5) 
which is indicated by the sufBx. We notice that the right-hand side of this equa- 
tion vanishes when all the first minors are zero. Thus the equation A (5) =0 must 
have at least two equal roots. In the same way, if the second minors are all zero 
also, any first minor has two equal roots, and therefore the original equation has 
three equal roots, and so on. 

270. We may notice two obvious results. (1) If all the first minors of a 
determinant have a root a times, the determinant has the root a + 1 times at least. 
(2) If a determinant have r equal roots, and all its first, second, &a. minors vanish 
for these roots, then each of the first minors has the equal root r - 1 times, each of 
the second minors r- 2 times, and so on. 

271. Let US consider, as an example, Lagrange's determinant 
to find the periods of the small oscillations of a system about a 
position of equilibrium, Art. 57. Suppose this determinant has 
two equal roots, then by Art. 266, we might expect that each 
co-ordinate of the system would contain a term of the form 
(J. + B() e™''- Thus the amplitude of the oscillation will contain 
powers of the time. 

By Art. 61 we know that every first minor of Lagrange's 
determinant also contains this root, so that the solution given by 
Art. 266 fails. Accordingly we shall find in Art. 273 that the. 
solution does not contain any powers of the time, but that the 
independent constants arrange themselves in another manner 
which may be conveniently represented by using a double type of 
solution. See also Art. 281. 

272. We may now consider the following general problem : — 
Let the determinant A (8) have a roots each equal to m. Let /3 of 

these roots make every first minor of A (8) equal to zero. Let y of 
these last make every second minor equal to zero, and so on. It is 
required to state the general form of the solution and to explain how 
the a constants in that solution are to hefownd. 

Solution with a single type. First, let us consider the a 
roots which are equal to m. It has been proved in Art. 266, that 
the part of the solution which depends on these may be written in 
the form 

x = L, [/,(m)e'»'] + A ^ [/,(m)e™*] + . . . + Z,.i |j^ [ J,(m) e-*], 

with similar expressions for y, z, &c. 

If these first minors are finite, these formulae contain powers 
of t from IP to <«~i, and thus supply the a constants which belong 
to the a equal roots. If the first minors have ^ roots equal to m, 
ii (m), li (m), &c., and their differential coefficients up to the 
(fi - l)th are all zero. In this case the powers of t extend only 
to i""~^~^ and thus these formulse do not supply the full number 
of constants. 
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When all the first minors have the root a times and all the 
second minors have the root /3 times, we know by Art. 270 that 
a — j8 — 1 cannot be negative. 

273. Solution with a double type. To find the proper 
forms for x, y, &c. when the first minors are all zero, we return to 
the analogy between operations and quantities alluded to in Art. 
262. We now reject any two of the equations (1), say the first 
two. Solving the remaining w — 2 equations we can express all 
the co-ordinates z, u &c. in terms of w and y, thus obtaining a 
series of equations of the form 

z=^{B)x + y}r{B) y, 

where the functional symbols are really second minors of the 
determinant A (8). We now substitute these expressions for z, 
u, &c. in the two omitted equations. These two equations will be 
satisfied provided x and y have any values which make I (8)x = Q 
and I{S)y = 0, where / (8) is any first minor of A (S). 

We notice also that these two equations are satisfied by the 
separate parts of these values of z, u, &c. which arise from x and 
from y. We may therefore arrange the solution so as to find 
these two parts separately, and then finally add the results. The 
following arrangement will be found convenient in practice. 

When the first minors are all zero, reject some one of the given 
differential equations (1), say the first. We have now n — \ equa- 
tions to determine the n co-ordinates. Putting y = in these 
equations we find x, z, &c. in terms of a single type f, where f 
satisfies the equation I^ (S) ^ = 0. Here I^ represents the minor of 
the second constituent of the first line of the determinant A (8). 
We write the solution thus found in the form 

x = J^{h)^, y = 0, z = Jr^(S)l&c. 

where the operators are the second minors of the constituents in 
the first two lines of A (8). Next, putting x = instead of y 
in the equations after the first, we obtain another solution, by 
which X, z, &c. are expressed in terms of another single type i?. 
Here r/ satisfies the equation 7i (8) 77 = 0, where I^ is the minor of 
the first constituent of the first line of A (8). We write the solu- 
tion thus found in the form 

X = 0, y = Jn(S)v, Z = Ji3{S)7),&iC. 

Adding these two solutions together, we have the following values 
of X, y, z, &c. 

x = Ja{S)^, y = Jy,(8)r}, z = J^(B)^ + Ji3(B)v,&o. 

These evidently satisfy all the equations except the one rejected. 
But this equation also is satisfied because by hypothesis we take 
those parts only of these solutions which make all the first minors 
equal to zero. 
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The types f, i? are the same exponentials but with different 
constants, the operators also are different. Suppose for example 
the determinant A (S) had two roots only equal to m and that 
these make every first minor of A (S) equal to zero. The terms of 
X, y, z &c. which depend on the roots other than m are found each 
from its own exponential by the rule given in Art. 262 for a single 
type. The terms of x, y, z &c. which depend on the root m are 
found by putting ^^L^d^, ri = L^'^ where Xj and ^ are two 
different arbitrary constants. The portions of the solution due to 
these are respectively 

x = L^ J,i (m)e™*, y = 0, z = L^J^ (m) eT*, &c. 

x = 0, y = L^J,.,{m)e'^\ ^ = Z^ J,3 (m)e"", &c. 

where </oj is a second minor which may be deduced from A (S) by 
rejecting the ath and 6th columns and the two first rows, giving 
the second minor thus left its proper sign. The suffix 2 occurs in 
every J in the first line and the suffix 1 in every / in the second. 
The complete solution due to the root m is the sum of these two 
partial solutions. We notice that the two arbitrary constants 
Lj, ia so enter into the values of x, y, z &c. that the exponential 
e™' is accompanied by two arbitrary constants instead of one and 
these are not separated by the presence of powers of t. 

274. If the minors which the types | and tj are to satisfy 
contain the root B = m, 13 times, we have therefore 

The coiTesponding values of x, y, &c. are found by substitution, 
and may be written in the form 

X = (?„[J,(m) e""] + (?, ^ [/,(m) e'"*] + . . . +0,-^ ^ \J,, (m)e""]. 

with similar expressions for y, &c. 

The peculiarity of the solutions which are derived from the 
double type ^, ?; is that the corresponding terms in the expressions 
for X and y have independent constants. 

If the second minors which form the operators are all finite, 
these formulae contain powers of t up to t^~^ and supply 2^8 con- 
stants. But if these second minors contain 7 roots equal to m, 
the powers of t extend only to t^~^~^, and thus the full number of 
constants has not been found. 

275. Solution witb a triple type. Thirdly, we have to find the solution when 
the second minors are zero as well as the first minors. In this case the solution 
just found becomes again insufficient. To determine the proper forms of x, y, z, &c. 
we now reject any three of the differential equations (1) of Art. 262, and proceed 
as before. We thus have » - 3 equations to find the n co-ordinate. We see at 
once that we can express all the co-ordinates in terms of any three we please, say 
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X, y, z. We thus have three times as many arbitrary constants as there are roots 
equal to vi. 

In the same way as before we can express the solution in terms of a triple type 
f, 1), f. Putting y and z equal to zero, we find the remaining co-ordinates, viz. 
X, u, &o. in terms of a single type |. Putting x and z equal to zero (instead of y 
and z) in these n-3 equations we obtain a second solution depending on another 
single type 17. Lastly, putting x and y equal to zero we obtain a third solution 
depending on f. Adding together these three solutions we find that all the co- 
ordinates may be expressed by means of operators which are really third minors of 
the determinant A (5). The subjects of operation are the three independent 
functions f, ij, f. These are such that if I (d) be any of the second minors of the 
constituents of the three omitted equations Z (5) J=0, 1(5) 7;= 0, I(S)f=0. If 
these contain the root S=m, y times, each of the three f, 7;, f will be expressed by 
a series of the form {Kq + K^t +...+K _jy )e , 

but with independent constants. 

276. The namber of constants. Each of the sets of values of x, y, &a. given 
in Arts. (272), (273), and (275) is, of course, a solution. The complete solution is 
really the sum of these partial solutions, provided it has the proper number of 
constants. We appear, however, to have too many constants. We must therefore 
examine these, and determine what terms are absolutely zero and what terms are 
repeated in the several partial solutions. 

We begin with the solution derived from the type V, Art. (272), by the help of 
the first minors. Since the first minors have /3 roots each equal to m, the first j3 
terms of each of the expressions for x, y, &o. are easily seen to be zero. Consider 
the solution derived from any term L^. , where k lies between /3 - 1 and 2(3. In the 
case of the variables x and y they are expressions of the form 

All these are evidently included amongst the terms derived from |, rj by the help 
of the second minors. The corresponding terms in z, u, &o, must be related to the 
terms in x, y by the formula given in Art. (273), and are therefore also included in 
the series derived from |, t;. Lastly, consider the solution derived from the terms 
from L to L ,. They include powers of t from t to t"" ~^- These a-2jS 
terms are not included in the terms derived from f and rj, and they supply o - 2;3 
arbitrary constants. 

Secondly, we turn our attention to the solution derived from the double type 
f, 1; by the help of the second minors (Arts. 273 and 274). Bach of these second 
minors has 7 roots each equal to m ; hence, by the same reasoning as before, the 
first 7 terms of the series for x and y are zero, and the highest power of t is ^ - 1 - 7 
instead of /3 - 1. In consequence of this, the terms of the series derived from the 
single type V, and not included in those derived from the double type f, rj, now 
extend their powers of t from t^~y to t""^"^. There are therefore a-2;8 + 7 such 
terms instead of a - 2/3. 

The same reasoning applies to all the other partial solutions derived from the 
triple and higher types. We therefore conclude that the partial solution derived 
from a single type hy operating with the first minors of the first row of the fundamental 
determinant supplies a -2/3 -I- 7 terms not included in the solutions which follow . 
These supply as many arbitraiy constants. The partial solution derived from « 
double type by operating with tlie second minors of the two first rows of the funda- 
mental determinant supplies p - 2y+ S terms not included in the solutions which follow. 
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These supply twice as many constants. The partial solution derived from a triple 
type by operating with the third minors of the three first rows supplies y - 2d + e terms 
and thrice as many constants, and so on. 

Thus suppose (for example) the fourth minors are not all zero ; the number of 
constants supplied by each of the several partial solutions is indicated by the terms of 
the series (a - 2/3 + 7) + 2 (/3 - 27 + 3) + 3 (7 - 2«) + 48. 

If none of the terms of this series are negative, we have obtained a series of 
partial solutions containing the proper number of constants. This point we now 
proceed to discuss. 

277. If a determinant contain the root just a times, if the first minors of the 
two first constituents of the two first rows contain the root just j3 times, if the second 
minor of these four constituents contain the root just 7 times, then 0-2^+7 is 
positive. 

To prove this, let A be the determinant, Ij, I^, J^, J^ the four first minors, A^ 
the second minor. Then we know that AAj =11/2-/2171. The left-hand side 
contains the root just a + 7 times, the light-hand side contains the root at least 2/3 
times. Hence o + 7 - 2;8 is positive. 

In the same way we may show, on similar suppositions, that ;8 - 27+ 5 is positive, 
and so on. 

278. Example. Solve the differential equations 

(S-l)3(S + l)a;-(«-l){S-2)y + («-l)z = 0' 
3(S-l)8a;-(8-l){«-3)j/ + 2(5-l)2=0 .. 
(S - ipa!+ (« - 1) 2/ + (S - 1) «=0 

The fundamental determinant (Art. 262) is A (5)= - (5-1)^. This determinant 
(Art. 271) has six equal roots (a = 6), every first minor has the root three times 
(/S = 3), and every second minor has the root once (7=1). The part of the solution 
depending on a single type (Art. 276) will supply 0-2^ + 7 (i.e. one) constants. 
These accompany the highest powers of t which occur in the type, one constant for 
each power (Art. 272). The part of the solution depending on a double type will 
supply 2 (^ - 27) (i.e. two) constants. These accompany the highest powers of t 
which occur in this type, two constants to each power. The part of the solution 
depending on a triple type will supply 37 (i.e. three) constants which again accom- 
pany the highest powers of t, three constants to each power. To obtain the full 
number of constants it is necessary in this example to retain only the one highest 
power of t which occurs in each type. 

The single type is |=(&o. +At^)e' by Art. 264. Taking the minors of the first 
row of A («) we have by Art. 262 x = - (S-1)S|, ?/= - (S-l)'{, 2 = S(«-l)3f. 

To find the part of the solution which depends on a double type we reject the 
first equation (Art. 273). Putting x=0 we find 2/ = (S-l){, « = -(S-l) J where 
(5-l)3f=0. Putting y = we find x={5-l)r,, z=-(S-l)'ii where (8-1)3^=0. 
The double type is therefore ^=(&o.+Bt^)e', ■)i = (&o. + Gt'')e'. The values of the 
co-ordinates are x=(S-l)ri, j/ = (S-l)f, 2=- (S-l)f- (8-1)2^. 

To find the part of the solution which depends on a triple type we reject the two 
first equations (Art. 275). The three partial solutions are then first, x=0,y-0, 
z=De'; secondly, x=0, y=Ee', « = 0, thirdly, x=Fe', y = 0, z = 0. The sum of 
these is the solution derived from a triple type. 

Adding up the solutions which are derived from all the different types and sim- 
, plifying the constants we have 

x=={F+Ct + At^)e<, y = {E + Bt + At'^)e', z={D-Bt- A{t^+2t)} e\ 
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279. Conversely, suppose it is given that we have such a solution as that described 
in Art. 276, let us enquire what minors must be zero. 

Let it be given that the solution contains terms depending on a triple type con- 
taining (7-I) powers of t accompanied by independent constants in some three 
co-ordinates. Putting any two of these co-ordinates equal to zero the differential 
equations are satisfied by a solution depending on a single type. Thus we have 
n equations containing n - 2 co-ordinates all' satisfied by values of the co-ordinates 
which contain powers of t up to the (7 - l)th. This shows that all the second 
minors which can be formed from these equations must be zero and each of these 
minors must contain the root 7 times. 

From this we infer by Art. 270 that every first minor must contain the root 7 -h 1 
times. But let us suppose that the given solution contains also terms derived from 
a doable type which have powers of t extending up to the (j3 - 7 - l)th with inde- 
pendent constants in some two of the co-ordinates. Beasoning in the same way as 
before, we see that every first minor must have the root (;8 - 7 - 1) times. These 
must be in addition to the 7 -I- 1 roots already counted, because we may regard the 
given solutions derived from the double and triple types as solutions which depend 
on unequal roots and then make these roots become equal in the limit. It follows 
therefore that every first minor has the root p times. 

We now infer by Art. 270 that the determinant (4) of Art. 261 must have the 
root /S - 1 times. But if the given solution also contains terms derived from a 
single type with powers of t extending to the (a - ;8 - l)th, we deduce by the pre- 
ceding reasoning that the determinant (4) must have the root a times. 

280. We may notice as a corollary of this theory that the solution cannot contain 
terms in which the high powers of t depend on a larger type than the low powers 
of t. For example, if the term rs™' occur accompanied by h independent con- 
stants, this term must be part of a solution derived from a kth type. It follows 
that all the lower powers of t which multiply the same exponential will be part of 
the same type and must be accompanied by at least k independent constants. 

281. Condition that all powers of t are absent. In some 
dynamical problems it is well known that, though the fundamental 
determinard has a equal roots, yet there are no terms in the solution 
with powers of t. We may now determine the conditions that this 
may occur. 

We see by Art. 272 that, unless every first minor has the root 
a — 1 times at least, a solution can be deduced from the first minors 
which has some power of t greater than zero in the coefficient. 
Again, unless every second minor has the root a — 2 times at least, 
a solution can be deduced from the second minors with some power 
of t in the coefficient. On the whole, we infer that when a equal 
roots occur in the determinant, and the terms in the solution with t 
as a factor are to be absent, it is necessary as well as sufficient that 
all the first, second, &c. minors up to the (a. — l)th should be zero. 

282. Dynamical Meaning of the Types. We shall now 
consider how the three different types of solution given in Art. 264 
indicate different kinds of motion. Let us begin with a real root. 
In this case every co-ordinate has a term of the form Me'^K If m 
be positive this term will become greater as time goes on, and the 
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system will therefore depart widely from its undisturbed state, 
and our equations will represent only the manner in which the 
system begins its travels. If m be negative this term will gradually 
dwindle away and the motion will finally depend on the other 
terms in the solution. 

Similar remarks apply whenever we have a real exponential 
whether multiplied by a trigonometrical ftmction or not. We may 
therefore state as a general principle, subject to some reservations 
in the case of equal roots which will be presently mentioned, that 
the necessary and sufficient conditions of stability are that the real 
roots and the real parts of the imaginary roots should be all 
negative or zero. A simple rule to determine whether this is the 
case or not will be given in another section of this chapter. 

283. Effect of equal roots on stability. When there are 
equal roots in the determinantal equation we have seen that the 
solution in general has terms which contain powers of ^ as a factor. 
The important question for us to determine is the effect of these 
terms on the stability of the system. If m be positive the presence 
of a term lfi*e™' will of course make the system unstable. But if m 
be negative, this term can never be numerically greater than 

M ( — I . If m be very small the initial increase of the term may 

make the values of x, y, &c. become large, and the motion cannot 
be regarded as a small oscillation. But if the system be not so 

disturbed that If ( — 1 is large, the term will ultimately disappear 

and the motion may be regarded as stable. If m be wholly 
imaginary and equal to nt/ —1, this term will take the form 
t^ sin nt and will of course cause the system to be unstable. 

Thus equal roots do not disturb the stability if their real parts 
are negative, but do render the system unstable if their real parts 
are zero or positive. 

284. It is clear from this that the whole character of the 
motion depends on the nature of the roots of the determinantal 
equation A(S) = 0. If we can solve this equation and find the 
roots, we of course know immediately the nature of the motion. 
But if this cannot be done we must have recourse to the theory 
of equations to determine whether the roots are real or imaginary, 
and whether any roots are equal or not. The theorems of Fourier 
and Sturm will be of use in the equations of the higher orders, but 
in many dynamical problems we have only to deal with two co- 
ordinates, and we have therefore to examine the roots of the 
biquadratic in Art. 260. 

Rules by which the analysis of a biquadratic is made to depend 
on the solution of a cubic are given in most treatises on the 
theory of equations ; but as this form is not convenient in prac- 
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tice, a short analysis will be given here for reference. The criteria 
of the nature of the roots of the biquadratic are very conveniently 
summed up in Art. 68 of the Theory of Equations by Burnside and 
Panton, 1886. 

285. Analysis of a biquadratic. Let the biquadratic be 
ax* + 46a;' + 6ca;^ + Mx + e = 0, 

so that the invariants are Z= ae - Iftd + Zc^, and J=aee + ibcd - ad? - eh^ - c^. This 
last may also be ■written as a determinant. It will generally be found convenient 
to clear the equation of the second term. Let the equation so transformed be 
a£^ - 2aH^ +aG^-aF=0, 

where a^H=S{b^-ac) and a^G = i{2b^-3ahc + a^d). By using the invariants or by 
actual transformation it is easy to see that 

I=ia^H - a^F and J"= ^\am^ - ^a'^G^ - ^alH. 

Let A be the discriminant, i.e. A=P-27J^, then it is proved in all books on 
the theory of equations that if A is negative and not zero, the biquadratic has two 
real and two imaginary roots. If A is positive and not zero the roots are either all 
real or all imaginary. 

Usually we can distinguish between these two cases by ascertaining if the bi- 
quadratic has or has not a real root. Thus if a and e have opposite signs, one root 
is real and therefore aU the roots are real. In any case we can use the following 
criterion. Having cleared the given biquadratic of the second term we may write 
the resulting equation in the form {^- H)^+ G^=K. 

If S„ be the arithmetic mean of the nth powers of the roots, we have by 
Newton's theorem on the sums of powers, Si=0, S2=if, 4S3= -3Ga,nAK=Si- S^. 
If all the roots are real we have Sj positive and by a known theorem in " in- 
equalities " S4 is greater than S^'. Hence H and K are both positive. If all the 
roots are imaginary, let them ber±^,y-land -r^qj -1. Then 

If ff is positive or zero we see that K is negative. The criterion may therefore be 
stated thus. If H and K are both positive the four roots are real. If either is 
negative or zero the four roots are imaginary. 

If the discriminant A is zero but I and J not zero, it is known that the biquad- 
ratic has two roots equal. If two of the roots are real and equal and the other two 
imaginary we see (by putting 3=0) that if H is positive or zero, K must be negative. 
The criterion therefore is, If H and K are both positive all the roots are real, if H or 
K is negative or zero, two roots are real and two are imaginary. If G is zero, there 
are then two pairs of equal roots. In this case K is zero and these roots are all 
real if H is positive, all imaginary if H is negative. 

Lastly let the discriminant A be zero and also both I and J zero. The biquad- 
ratic has three roots equal and therefore aU the roots are equal. If H is also zero 
the four roots are all equal and real. 

Ex. If the discriminant of a biquadratic be positive, clear the equation of the 
term containing the third power in the usual manner, and then arbitrarily erase the 
term containing the first power. If both the roots of the quadratic thus formed be 
real and the sum of the roots be positive, then all the four roots of the biquadratic 
are real. If either contingency fail the four roots are imaginary. 
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Conditions of Stahility. 

286. It has been shown that the determination of the oscilla- 
tion of a system can be reduced to the sohition of a certain 
determinantal equation, which has been represented in Art. 262, 
by A =/(S) = 0. In many cases it is impracticable to solve this 
equation and therefore the motion cannot be properly found. If 
however we only wish to ascertain whether the position of equili- 
brium or the steady motion about which the system is in oscillation 
is stable or unstable we may proceed without solving the equation. 

It is clear from Art. 282 that the conditions of stability are 
that the real roots and the real parts of the imaginary roots should 
all be negative. It is now proposed to investigate a method to 
decide whether the roots are of this character or not. 

287. Taking first the case of a biquadratic ; let the equation 
to be considered be 

f{z) = az' + bz' +cz^ + dz + e = 0, 
where we have written z for S. Let us form that symmetrical 
function of the roots which is the product of the sums of the roots 
taken two and two. If this be called X/a', we find* 
X = bcd-ad^-eh^ = i 2a b c 

b d 
c d 2e 

It will be convenient to consider first the case in which Z^is 
finite. Suppose we know the roots to be imaginary, say 0L±pJ~l, 
and^±q J^l. Then 

X/a' = 4a^ {(a -l- ^y + ip + qf] {(« + /3)= + {p- qf}. 

* The value of X may be found in several ways more or less elementary. If 
we substitute z=Ed=Z in the given biquadratic and equate to zero the even and 
odd powers of Z, we have 

aZ* + (6nE2 + 3hE + c)Z'^ + aE* + bE^ + cK^ + dE + e^O\ 
{iaE + b) Z^+(iaE^ + SbE^ + 2cE + d)Z = 0\ ' 

Bejecting the root Z=Q and eliminating Z we have 

64o3jB«+ + bcd-acP-eb'=0, 

where only the first and last terms of the equation are retained, the others not 
being required for our present purpose. Since z=E±Z it is clear that each value 
of E is the arithmetic mean of two values of z. We have an equation of the sixth 
degree to find E because there are six ways of combining the four roots of the 
biquadratic two and two. The product of the roots of the equation in E may be 
deduced in the usual manner from the first and last terms, and thence the value 
of X is seen to be that given in the text. 

If we eliminated E we should obtain an equation in Z whose roots are the 
arithmetic means of the differences of the roots of the given equation taken two 
and two. If we put 4Z^=f, we obtain by an easy process the equation whose roots 
are the squares of the difierences of the roots of the given equation/(2=0). 
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Thus, a/3 always takes the sign of Xja, and a + ;8 always takes the 
sign of - hja. The signs of both a. and /3 can therefore be deter- 
mined ; and if a, b, X have the same sign, the real parts of the 
roots are all negative. 

Suppose, next, that two of the roots are real and two imagi- 
nary. Writing q' J -I for q, so that the roots are a±pj — l and 
y8 + q', we find 

Z/a» = 4a/3 {[(ol + /Sf +p' - q'^f + 4p^q'% 

Just as before, -x^ takes the sign of X/a, and a + /S takes the sign 
of — b/a. Also, /3^ — q'^ takes the sign of the last term e/a of the 
biquadratic. This determines whether yS is numerically greater or 
less than q'. If, then, a, b, e, and X have the same sign, the real 
roots and the real parts of the imaginary roots are all negative. 

Lastly, suppose the roots to be all real. Then, if all the 
coefficients are positive, we know, by Descartes' rule, that the 
roots must be all negative, and the coefficients cannot be all posi- 
tive unless all the roots are negative. In this case, since X is the 
product of the sums of the roots taken two and two, it is clear that 
X/a will be positive. 

Whatever the nature of the roots may be, yet if the real roots 
and the real parts of the imaginary roots are negative, the biquad- 
ratic must be the product of quadratic factors all whose terms are 
positive. It is therefore necessary for stability that every coeffi- 
cient of the biquadratic should have the same sign. It is also 
clear that no coefiicient of the equation can be zero unless either 
some real root is zero or two of the imaginary roots are equal and 
opposite. 

Summing up the several results which have just been proved, 
we conclude that if X and e are finite, the necessary and sufficient 
conditions that the real roots and the real parts of the imaginary 
roots should be negative are that every coefficient of the biquadratic 
and also X should have the same sign. 

288. The case in which X = does not present any difficulty. 
It follows from the definition of X, that if X vanishes two of the 
roots must be equal with opposite signs, and conversely if two 
roots are equal with opposite signs X must vanish. Writing 
— z for z in the biquadratic and subtracting the result thus 
obtained from the original equation we find bz^ + dz = 0. The 
equal and opposite roots are therefore given hy z= ± J — djb. If 
b and ci! have opposite signs these roots are real, one being positive 
and one negative. If b and d have the same sign, they are a pair 
of imaginary roots with the real parts zero. 

The sum of the other two roots is equal to —bja and their 
product is bejad. We therefore conclude that if X = 0, the real 
roots and the real parts of the imaginary roots will be negative 

R. D. II. 13 
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or zero, if every coefficient of the biquadratic is finite and has the 
same sign. 

289. If either a or e vanishes, the biquadratic reduces to a 
cubic, see note to Art. 105. Putting e zero, we have 

X/a^d = hc— ad. 

If the coefficients have all the same sign it is easy to see that 
it is necessary for stability that be — ad should be positive or zero. 

If a and e be not zero and one of the two b, d vanish, the other 
must vanish also, for otherwise X could not have the same sign as 
a. In this case X vanishes, and the biquadratic reduces to the 
quadratic az^+ce^ + e — 0. 

As this equation admits of an easy solution, no difficulty can 
arise in practice from this case. It is necessary for stability tha,t 
the roots of the quadratic should be real and negative. The con- 
ditions for this are, firstly the coefficients a, c, e, must all have the 
same sign, secondly that c^ > 4ae. 

290. Equation of the nth degree. When the degree of 
the equation is higher than a biquadratic the conditions of stability 
become more numerous. A very simple rule will now be proved 
by which these conditions can be calculated as quickly as they can 
be written down. Besides this we propose to give an extension of 
this rule by which we may determine how many roots there are, 
real or imaginary, which have their real parts positive. If there 
be no such roots the conditions of stability are supposed to be 
satisfied. The number of roots with their real parts equal to zero 
is also found. 

291. To discover this rule we have recourse to a theorem of Cauchy. Let 
z=x + y ^ -1 be any root, and let us regard x and y as co-ordinates of a point 
referred to rectangular axes. Substitute for z and let 

/(^)=P+q73T. 
Let any point whose co-ordinates are such that P and Q both vanish be called a 
radical point. Describe any contour, and let a point move round this contour in the 
positive direction, and notice how often P/Q passes through the value zero and 
changes its sign. Suppose it changes a times from -t- to - and /S times from - to 
+ . Then Cauchy asserts that the number of radical points within the contour is 
J (o - ^). It is however necessary that no radical point should lie on the contour. 

Let us choose as our contour the infinite semicircle which bounds space on the 
positive side of the axis of y. Let us first travel from y=-aD to y=+ao along 

the circumference. If f{z)=p^^+pjZ'^-i+„,+p^ m 

we have, changing to polar co-ordinates, 

/ (2) =l'o''" (cos ne + smn9s/^) + ... 

Hence P =p^i^ cos nd +pjt^-^ oos(n-l)e+...\ 

Q=Por^Binnd+pjr''-iBm{n-l)e+...\ (^)- 

In the limit since r is infinite PIQ— cot n0. 



3VET. 293.] EQUATION OF THE JiTH DEGREE. 195 

P/Q vanishes when 9= ±- =■, ±--, ±-=^ (A). 

n 2 « 2 ji 2 ^ ' 

P/e is infinite when 9=0, ±--^, ±- ^ (B). 

n 2 n 2 

The values of 9 in series (B), it will be noticed, separate those in series (A). 

When e is small and very little greater than zero, P/Q is positive and therefore 
changes sign from + to - at every one of the values of 9 in series (A). If there- 
fore n be even there wiU be n changes of sign. 

If n be odd there will be n - 1 changes of sign excluding 9 = ± J tt, in this case 
P/Q is positive when 9 is a little less than Jt and negative when 'S is a little greater 
than Jtt, but this result will not be wanted in the sequel. 

Let us now travel along the axis of y, still in the positive direction round the 
contour, viz. from y=+(xi to y=-ao. Substituting z=x+yj^^ in (1) and 
remembering that a;=0 along the axis of y, we have, when n is even, 

-P=i'n-i'»-22/'+l'»-42/'-- + (-l)*''i'o3'" 1 (3). 

• ^= i'oi/"-i'8J /''~^+- ,,, 

■■ Q Pi2/"->-i's2/""'+... ^ '• 

Let e be the excess of the number of changes of sign from - to + over that 
from + to - in this expression as we travel from y= +ai to2/=-'», then by 
Cauchy's theorem the whole number of radical points on the positive side of the 
axis of ^ is J(» + e). This of course expresses the number of roots which have 
their real parts positive. 

292. To count these changes of sign we use Sturm's theorem. Taking 

/i(2/)=Fo2/''-J'22/"~'+- 



'+■■■ \ (5) 



we perform the process of finding the greatest common measure of /^ (y) and /j {y), 
changing the sign of each remainder as it is obtained. Let the series of modified 
remainders thus obtained be /j {y), /, (y), &o. Then, as in Sturm's theorem, we 
may show that when any one of these functions vanishes the two on each side have 
opposite signs. It also follows that no two successive functions can vanish unless 
/i {y) and/2 {y) have a common factor. This exception will be considered presently. 

Taking then the functions /j (i/), /j {y), &c., using them, as in Sturm's theorem, 
we see that no change of sign can be lost or gained except at one end of the series. 
Now the last is a constant and caimot change sign, hence changes of sign can be 
gained or lost only by the vanishing of the function /i (y) at the beginning of the 
series. 

Consider now the beginning of the series of fimctions /j (y), f^ (y), Ac, and 
using them in Sturm's manner let y proceed from + oo to - 00 . We see that a 
change of sign is lost when the first two change from unlike to like signs, i.e. when 
the ratio of /j (y) to /j {y) changes from - to + . In the same way a change of 
sign is gained when the ratio changes from + to . Hence e is equal to the 
number of variations or changes of sign lost in the series as we travel from y='+ 00 
to y= - 00 . 

293. When y=±a> we need only consider the coefScients of the highest 
powers in the series of functions /, (y), f^ (y), &e. Let these coefficients when y is 
positive be called pg, Pi, q^, q^, &c. 

13—2 
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When y is negative the signs, since n is even, will be indicated by 

Pq, -Vi, 93. -94. &0. 
Then we have just proved that e is equal to the number of variations or changes of 
sign lost as we proceed from the first series to the second. 

294. If every term of the series ^o. ft > 93. *°- ^^'^^ *^<' ^*™^ ^^S". '* ^^ evident 
that n changes of sign will be gained and therefore e=~n; and e cannot =-n 
unless all these terms have the same sign. In this case there will be no radical 
point on the positive side of the axis of y. We therefore infer the following 
theorem. The necessary and sufficient conditions that the real part of every root 
of the equation f {z) = should be negative are that all the eoeffi/:ientt of the 
highest powers in the series f-^ (l/). /2(2/). *"■ should have the same sign*. 

295. Suppose next that these coefficients do not all have the same sign. The 
degree of the equation being n, there are n + 1 functions in the series /^ iy), f^ (y), &c., 
and therefore on the whole there are n variations and permanencies. Let there be 
h variations and n-Tc permanencies of sign. Now every permanency in the series 
7/= +00 changes into a variation in the series y= -co , and every variation into 
a permanency. It follows that therfe will he n-k variations and h permanencies 

* As these are the conditions of stability in dynamics (Art. 282) it 's worth while 
to give a short summary of the argument as adapted to this special case. Putting 
z=x + yi, let f (z) = F + Qi. Eegarding P and Q as functions of x and y, let us 
trace the curves P=0, Q=0; it is evident that each intersection corresponds to a 
root of / (z) =0. The polar forms of these curves are given in equations (2) of Art. 
291. The P curve has evidently n asymptotes whose directions are given by 
cosn9=0, the Q curve has also n asymptotes but these are given by sinn9 = 0. 

We shall first show that the conditions given in Art. 294 are necessary, if there 
is to be no radical point on the positive side of the axis of y. Draw a circle of 
infinite radius, and let it cut the asymptotes of the P curve in Pj, P2...P„ and the 
asymptotes of the Q curve in Qj, Q.^...Q^. These points alternate with each other. 
Taking only those points which lie on the positive side of the axis of y, the P and Q 
curves may be said to begin at these infinitely distant points and passing towards 
the negative side of the axis of y are not to intersect each other on the positive side 
of that axis. The branches of the two curves must therefore remain alternate with 
each other throughout the space on the positive side of the axis of y. Their points 
of intersection with the axis of y must also be alternate. If we put x = Q, in the 
equations P=0, Q=0 we have /i(?/) = 0, f,i(y)=0 (Art. 292), and these equations 
must therefore be such that their roots are real and that the roots of each must 
separate or lie between the roots of the other. It is then pointed out in Art. 292, 
that the conditions that the roots of one equation should separate those of the other 
may practically be found by Sturm's theorem. 

Conversely, we may deduce from Cauchy's theorem that the conditions given in 
Art. 292 are sufficient. For suppose the intersections of the P and Q curves with 
the axis of y are known to be alternate. It is evident that as we travel round the 
contour formed by the infinite semicircle which bounds space on the positive side 
of the axis of y, we pass over each P branch and each Q branch twice, crossing each 
in one direction on the semicircle and in the opposite direction on the axis of y. In 
Art. 293 the consequent changes of sign of P/Q are counted and it is shown that the 
changes of sign balance each other. It follows by Cauchy's theorem that thei'e is 
no radical point within the contour. 
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in this second series. Hence the number e of variations lost in proceeding from 
the first to the second series is 2ft - n. But the number of radical points on the 
positive side of the axis of y has been proved to be=J(n+e); substituting for e, 
this becomes equal to k. We therefore infer the following theorem. If we form 
the series of coefficients of the highest powers of the functions /j {ij), /j {y), (fee, every 
variation of sign implies one radical point within the positive contour, and there- 
fore one root with its real part positive. 

296. We require some rule to construct the series of coefficients with facility. 
It we perform the process of (greatest Common Measure on the functions /j (y), 
/j (j/) changing the signs of the remainders, we find that the first three functions are 

A {y) =Poy'' -PsV""' +2'4!/"-' - &C-. 
fa iy) =l'i3/"~^ - PslT'^ +^52/""^ - &c.. 

Thus the coefficients of /j (i/) may he obtained from those of f^ (y) and /^ (y) by a 
simple cross-multiplication, and may therefore be written down by inspection. The 
coefficients of /4 {y) may be derived from those of /^ (y) and /j (ij) by a similar cross- 
multiplication and so on. These successive functions may be called the subsidiary 
functions. 

297. First form of tbe Bule. Summing up the preceding arguments, we have 
the following rule. The equation being 

arrange the coefficients in two rows thus 

PO' Pi, Pi, &o- 

Pi, P3, Pb, *o. 
Form a new row by cross-multiplication in the following manner 

PiP^zPoPl PiPi-PoPi ^(j 

■Pi ' Pi ' 

Form a fourth row by operating on these two last rows by a similar cross- 
multiplication. Proceeding thus the number of terms in each row will gradually 
decrease, and we stop only when no term is left. Then in order that there may be 
no roots whose real parts are positive it is necessary and sufficient that the terms in 
the first column slwuld be all of one sign. If they be not all of one sign, the number 
of variations of sign is equal to the number of roots with their real parts positive. 

The terms which constitute the first column may be called the test functions. 

As in forming these rows we only want their signs, we may multiply or divide 
any one by any positive quantity which may be convenient. We may thus often 
avoid complicated fractions, ' 

298. Ecioations of an odd degree. In order to simplify the argument we have 
supposed the degree of the equation to be even. If n be odd, let as before 

/(«)=2'o«"+i'i2"~' + •••+;'»• 
We may regard this equation as the limit of 

Po2«+i +i)i«" -(-... -I- J)„Z -Hi)„ft =0. 
If ft be positive and indefinitely small the additional wot of this equation is real 
and negative, and ultimately equal to - ft. Those roots also of the two equations 
which, lie within the positive contour are ultimately the same. 
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Since n + 1 is even we may apply to this equation the preceding rule. The two 
first rows are ^o. P2&0., p^_^, p„h, 

Pi, Ps&o., Pn- 

We easily see by calculating a few rows that none of the coefficients in the sub- 
sequent rows contain ft as a factor except the extreme coefficients on the right-hand 
side. Hence in the general case all the test functions, except the two last, remain 
finite when ft is put equal to zero ; and therefore haye the same sign as if the rows 
had been calculated before the addition of the final term p^h. The last two co- 
efficients in the first column, when only £he principal power of ft is retained, are p„ 
and p„h. But since ft is positive there can be no variation of sign in this sequence. 
We may therefore omit this final term p^h altogether as giving nothing to the 
number of variations of sign. The result is that the rule to calculate the nurriber 
of roots whose real parts are positive is the same whether the degree of the equation is 
even or odd. 

299. Simpliflcatioii of tbe rule wben tests of stability only eire required. 

In a dynamical point of view it is generally more important to determine the condi- 
tions of stability than to count how many times those conditions are broken. If 
we only want to discover these conditions we may in forming the successive sub- 
sidiary functions by the rule of cross-multiplication omit the divisor at every stage 
provided p^ be made positive to begin with, for this divisor being one of the test 
fanctions must in every case be positive. 

Supposing the conditions of stability to be satisfied we see by reference to Art. 
292 that the proper number of variations- cannot be lost at the beginning of the 
series unless the roots of the equation f^ (y) are all real and the roots off 2 {y) separate 
the roots of f^ (y) and therefore are all real also. Then because when a subsidiary 
function vanishes the two on each side have opposite signs it follows that the roots 
of f^ (j/) are real and separate those of f^ (^) and so on. 

Supposing the roots of the equation /(z)=0 to have their real parts negative, 
the real quadratic factors made up of those roots must have their terms positive. 
Thus every term of the equation /{«)=0 must be positive. It follows from the 
definition of the functions /j (j/) and/^ («/) in Art. 292 that the signs of their terms 
are alternately positive and negative, and since their roots are real every one of 
those roots is positive. Hence all the subsequent auxiliary functions /j(j/),/4(^), 
&c. have their roots real and positive. The signs therefore of all their terms are 
alternately positive and negative, and by Art. 297 the coefficient of the highest 
power is in every case positive. 

In this way we are led to an extension of the theorem in Art. 297. Supposing 
jjj to have been made positive, we see by the preceding reasoning that though it is 
necessary and sufficient that all the terms in the first column should be positive, 
yet it is also true that the terms in every column must be positive. Hence as ice per- 
form tlie process indicated in that article we may stop as soon as we find any negative 
term, and conclude at once that/ (2) has some roots with their real parts negative. 

300. Ex. 1. Express the condition that the real roots and the real parts of 
the imaginary roots of the cubic z'+pjf+p^+p^ = should be aU negative. 

By Art. 296 fAy)=y'-P0, 

fa{y)=Piy''-Ps- 
Using the method of cross-multiplication given in Art. 297 and omitting the 
divisors as shown in Art. 299 we have 

/s {y) = {P1P2 -Pi) y> /. (y) = (piP^ -ps) Pi- 

The necessary conditions are that p^ , Pjp^ -p^ , and p^ should be all positive. 
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We have retained the powers of tj in order to separate the terms, and also the 
negative signs in the second oolumu, but both these are unnecessary and in accord- 
ance with Art. 297 might have been omitted. In both this and the next example all 
the numerical calculations are shown. 

Ex. 2. Express the corresponding conditions for the biquadratic 

Z* +Pj^!l'> +P2Z^ +P3Z +P4= 0, 

fi{y)=y* -P'if+Pi, 

My)=Piy'' -i'sv. 

fs{y)={j?iPi-P3)y^ -PiP4> 

fi iy) = {{P1P2 ~Pa) Pa -PiPi} y< 
/b iy) = {(PiPi -P3) Pi -PiPi} PiPi- 

The conditions are that Piy P1P2-P3, {PiPi!-P3)P3-Pi'P4 and p^ should be all 
positive. These are evidently equivalent to the conditions given in Art. 287. 

301. Second Form of the rule. When the degree of the equation is very 
considerable there is some labour in the application of the rule given in Art. 297. 
The objection is that we only want the terms in the first column and to obtain these 
we have to write down all the other columns. We shall now investigate a method 
of obtaining each term in the first column from the one above it without the necessity 
of writing down any expression except the one required. 

We notice that each function is obtained from the one above it by the same 
process. Now the three first functions are written down in Art. 297. The first 
and second lines will be changed into the second and third by writing for 

Po> Pi< Ps' Ps' *<!• I 

thevalues Pi, P^-^^, P3, Pi-^^' '&<>■ ( ''^^' 

Pi Pi 1 

We therefore infer the following rule. To form the test functions of Art. 297 we 
write down the first, viz. Pj ; the second may be obtained from the first and the third 
from the second and so on by changing each letter as indicated in the schedule A just 
above. 

In these changes we always increase the suffix, hence we may write zero for any 
letter as soon as its suffix becomes greater than the degree of the equation. 

We thus form the test functions, each from the preceding, and we stop as soon 
as we have obtained the proper number, viz. (counting p^ as one test function) one 
more than the degree of the equation. 

302. Example. Express the test functions for the quintic 

f («) =Po^ +Pl^ +P'f^ +P3^^ +^42 +i'6 = 0. 
Here we notice that pg,p.,,&o. are aU zero, so that any term which has the factor p^ 
will become zero in the next test function. Following the rule the six test functions 

are y„, Pi, Pi-—, 

Pi 

Pi(PiPi-PoPs) P0P6 (PiPi-PoPsl^Pti 

PiPi-PoPs ' Pi PiPaiPiPi-PoPsl-PiiPiPi-PoPa)' 

and lastly, p^. 

If we regard z as of one dimension in space it is clear that the dimensions of the 

several coefficients p„,pi,&o. are indicated by their suffixes. Hence we may test the 

correctness of our arithmetical processes by counting the dimensions of the several 

terms in each of the test functions. 
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303. When any test function vanishes this process causes an infinite term to 
appear in the next function. In such a case we may replace the vanishing function 
by an infinitely small quantity o and then proceed as before. Thus suppose ^j=0, 
writing a for ^^i the six functions become p^,!/.,- p^Pi / «. ^3 • ^4 - PiPs I Pa +PoPilP3' 
Pj . Consider the first four of these functions ; the signs of p^ and ^3 being given, it 
is easy to see by trial that there wiU be the same number of variations of sign 
whether we regard o as positive or negative. Thus if Po and p^ have the same sign, 
the middle terms have always opposite signs and there will be just two variations ; 
if Pf, and ^3 have opposite signs, the middle terms are both positive or both negative 
and there will be just one variation. 

304. Tanishing of a Subsidiary function. In the preceding theory two 
reservations have been made. 

1. In applying Cauchy's theorem it has been assumed that there were no 
radical points on the axis of y. 

2. It has been assumed that P and Q have no common factor. In this case as 
we continue the process of finding the greatest common measm'e in order to con- 
struct the subsidiary functions /j (y), &a. we arrive at a function which is this 
greatest common measure and the next function is absolutely zero. Thus we are 
warned of the presence of common factors by the absolute vanishing of one of the 
subsidiary functions. 

It is clear that if/{«)=0 have two roots which are equal and opposite, the even 
and odd powers of 2 must separately vanish. It follows from the definition in Art. 
292 that /i (y) and /j (y) will have these roots common to each. The greatest 
common measure of /j (y) and /^ (y) must therefore contain as factors all the 
roots of f(z) which are equal and opposite. Conversely, the greatest common 
measure of /j (y) and /j (y) is necessarily a function of y which contains only even 
powers of y*, and if it be equated to zero, its roots are necessarily equal and 
opposite. These roots must obviously satisfy/ (2) = 0. 

Now if any radical point lie on the axis of y,f(ii) must have roots of the form 
±ksj -1 and these are equal and opposite. The two reserved cases therefore are 
included in the one case in which /^ (y) and /j (y) have common factors. 

305. Let the greatest common measure of /^ (y) and f^ (y) be ^ (y^). If then we 
put f (z) = \j/ (- z^) <t> (z), the function (z) is such that no two of its roots are equal 
and opposite, and to this function we may therefore apply Cauchy's theorem without 
fear of failure. By Art. 295, the number of roots of <t> (z) which have their real 
parts positive is equal to the number of variations of sign in the coefficients of the 
highest powers of the subsidiary functions of tp (z). But, since ^ ( - 2^) is real when 
we write 2 = yj - 1, the subsidiary functions of <p (2) become, when each is multiplied 
by ^ {y^), the subsidiary functions of /(2). The presence of this common factor will 
not affect the number of variations of signs in the series. Suppose then we agree to 
omit the consideration of the factors of \j/{-z^), we may test the positions of the 
remaining radical points by discussing either of the functions/(«) or ^ (2). 

We may therefore make the following addition to the rule given in Art. 297. 
If we apply that rule, using only the subsidiary functions which do not wholly vanish, 
we obtain the number of roots which have their real parts positive, hut excluding 
those roots which are in pairs equal and opposite to each other. 

* If j)„=0, we have an additional root, viz. 2 = 0, which is not included in this 
remark. But this root may be either divided out of the equation /(2)=0, or it may 
be included in the following reasoning as a part of the function tp (z). 
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These omitted roots are of course given by equating to zero, the last subsidiary 
function which does not wholly vanish. Putting yij^i = z we may deduce the 
corresponding roots of the original equation. 

It will be seen that for every pair of imaginary roots of y there will be one 
value of z which has its real part positi ve, a nd for every pair of real roots of y there 
will be two values of z of the form ± W - 1. The former indicate an unstable, the 
latter a stable motion according to the rule ot Art. 283. 

306. Usually we may best find the nature of these roots by solving the equation 
formed by equating to zero the last subsidiary function. But if this be troublesome 
we may conveniently use Sturm's theorem. Since the powers of y in any subsidiary 
function decrease two at a time we may effect Sturm's process of finding the 
greatest common measure exactly as described in Art. 297. We may also show by 
the same kind of reasoning as in Art. 295, that for every variation of sign when 
y = + =0 in Sturm's functions there will be a pair of imaginary values of y. We 
may thus make a second addition to the rule given in Art. 297. 

Informing the successive subsidiary functions, as soon as we arrive at one which 
wholly vanishes, we write instead of it the differential coefficient of the last which does 
not vanish and proceed to form the succeeding functions by the same rule as before. 
Every variation of sign in tlie first column will then indicate one root with its real 
part positive. The remaining roots will have their real parts negative or zero. 

307. Equal Boots. We know by Art. 283 that whether a single root of the 
form a + biJ-1 indicate stability or instability, several equal roots will indicate the 
same, except when a = 0. In this latter case while solitary roots of the form ± b^ - 1 
imply stability, several equal roots indicate instability. It is therefore generally 
important to determine if the roots of the latter form are repeated or not. 

When the equal roots are of the first form and there happen to be no others 
equal and opposite to them, their number is fully counted in using Cauohy's theorem. 
When the equal roots are of the second form, i.e. ±6^-1, they appear in the com- 
mon factor \j/ ( - z"). If we can solve the equation ^{- z') = 0, we know at once 
whether the repeated roots are of the first or second forms. If we analyse the 
equation by Sturm's theorem (Art. 806) and stop as usual at the first Sturmian 
function which does not vanish, we must remember that these equal roots will be 
counted as if they were one root. The last Sturmian function which does not 
vanish gives by its factors the sets of equal roots with a loss of one root in each set. 
If we differentiate this function and continue the process described in Art. 297, we 
are really applying Sturm's theorem anew to this function, and will arrive at another 
Sturmian function containing the sets of equal roots with a loss of two of each set. 
Thus by continuing the process the number of repetitions may be counted. 

iTamerical Examples. Determine how many roots of the equation 
zio + z^-z^-2z'' + ^ + 3^+z*-2z'>-z^ + z + l = 

have their real parts positive. 

Forming the first two rows by the rule of Art. 297 we have 

y^o 1, -1, 1, 1. -1, 1. 

y' 1, 2, 3, -2, 1, 

where we have written on the left-hand side the highest power of each subsidiary 
function, and have omitted the negative signs given in the second, fourth and sixth 
columns of Art. 292. We may notice that the presence of negative terms shows that 
the equation indicates an unstable motion (Art. 299). Hence if we merely wish to 
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determine the question of stability or instability the process terminates at the first 
negative sign. To illustrate the other rules we continue as follows. 
Operating by the rule of Art. 297 we have 

3,8 1, -2, 3, -2, 1. 

These are the same as the figures in the last line, hence the next subsidiary 
function will wholly vanish. Therefore (^ ( - ««) =2= - 2z'^ + 3z* -2z^+l. By Art. 306 
we replace the next function by the differential coefficient 



'• |:1; 



12, 12, - 4, divide by 4, 
1, 
1, multiply by 2, 



y (2, -3, 3, -1, 



3, -3, 2, 

3, - 3, 3, divide by 3, 



'-' n, -1, 1, 



I; 



(2, - 2, 2, divide by 2, 

il. -1, 1. 

Here again the next function vanishes. There are therefore equal roots given 
by z* - z'' + 1 = 0. The nature of these roots may be found by solving this equation. 
Disregarding this, we may (Art. 307) replace the next function by the differential 



coefficient 


yZ 


2, 


- 2, divide by 2, 
-1, 




y'- 


-1, 


2, after multiplication by 2, 




y 


3, 






yo 


2. 





Looking at the first column, we see that there are four changes of sign. Hence 
there are four roots whose real parts are positive. We verify this by remarking 
that the given equation may be written in the form (z* - z^ + 1)'' {z^ + z + 1) = 0. 
In this example we have exhibited all the numerical calculations. 
Ex. 2. Show that the roots of the equations 

z* + 2^ + z^ + l=0, 
28+2«'f42<i + 4z5 + 6^* + 6«' + 7z2 + 4z + 2=0, 
do not satisfy the conditions of stability. 
Ex. Show that the roots of the equations 

z* + 3z^ + Sz^+iz + 2=0, 

2« + «5 + 62* + 52' + ll«2 + 6«+6 = 0, 

do satisfy the conditions of stability. 

The conditions of stability given in this section are taken from the third chapter 
of the author's essay on Stability of Motion. Other methods of testing the roots of 
the equation / (z) =0 are given in the second chapter of that essay. The conditions 
for a biquadratic were read before the Mathematical Society in 1874. The theory 
of linear differential equations with especial reference to the indeterminate case is 
abridged from a paper by the author in the Proceedings of the Mathematical Society, 
1883. 



CHAPTER VII. 



FREE AND FORCED OSCILLATIONS. 

Free Oscillations. 

308. The difference between free and forced vibrations will be explained in the 
next section of this chapter. The following rough distinction will be suiScient for 
our present purpose. When the forces which act on a system depend only on the 
deviations of the several particles from their undisturbed motion, every term in 
the equations of motion, as explained in Art. 257, will contain the first powers of 
the co-ordinates. The equations of motion will then take the form given to them in 
Art. 310 of this chapter. The oscillations of such a system are called its free oscil- 
lations. 

Besides these forces we may have others due to external causes which may be 
functions of the time, and may not vanish when the system is placed in its undis- 
turbed position. Such forces are usually written on the right-hand side of the 
equations of motion, to intimate that their effects must be calculated by different 
rules from the former forces. The oscillations produced by these forces are called 
farced oscillationa. 

309. Introductory summary. The propositions in this section are con- 
structed for the purpose of examining the small oscillations of a system which 
depends on many co-ordinates. But as they are of general application they are 
here presented in a form which is purely mathematical. No reference is made to 
an;y dynamical principle and when dynamical terms are used it is only for the sake 
of explanation. 

We begin by taking the equations of the second order with n dependent variables 
in their most general forms, though such general forms do not occur in dynamics. 
Two typical equations are then deduced, and from these, the chief propositions in 
the section are derived. 

The first step usually taken in solving simultaneous equations is to form a cer- 
tain determinant (Art. 262) . The general form of the solution and the stability of 
the resulting motion depend on the roots of this determinant. If as explained in 
Art. 282 the real parts of the roots are positive the motion is unstable. Two 
propositions are shown to follow immediately from the typical equations. If three 
functions, here called A, B, C, are one-signed it is shown (1) that, however general 
the equations may be, the real roots of the determinant cannot be positive, (2) that, 
if the equations have that simpler character which occurs in dynamics, the real part 
of every imaginary root is negative. 

When we apply our equations to the case of a system oscillating about a posi- 
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tion of equilibrium we see that the function A corresponds to half the vis viva, B to 
the dissipation function, and C to the potential of the forces of restitution. 

The first of these propositions has been established by Lagrange and Sir W. 
Thomson when the equations represent the oscillations of a system about a position 
of equilibrium. The second is "to be found in the author's essay on the Stability of 
Motion but expressed in a different form. It is also given in the last edition of 
Thomson and Tait's Natural Philosophy. The reader is also referred to a paper by 
the author read in April 1883 before the Mathematical Society of London. 

310. The roots of the fundamental determinant. Let 

there be any number of dependent variables x, y, z, &c., to be 
found in terms of t, by means of as many differential equations of 
the second order with constant coefficients. Whatever these 
equations may be, they may be very conveniently written in 
the form 

f Ai3S>+Bi,S+C^,\x+/ A.isS' + B^3S + C^\y+{AsslP + Bs3S+C^)z + &B.=0, 

&c. + &o. +<fcc.=0, 

where the symbol 8 represents differentiation with regard to t, and 
the order of suffixes is immaterial, so that Ai^ = A^i, and so on. 

We see here two sets of terms, (1) those which depend on the 
letters A, B, G, and which by themselves constitute a symmetrical 
determinant ; (2) those which depend on the letters D, E, F, and 
which by themselves constitute a skew determinant. 

311. For the reasons given in Chap. IX. of Vol. L, we may 
call the terms which depend on the letter A the effective forces, 
those which depend on the letter B the forces of resistance, those 
on G the forces of restitution. It generally happens that the 
terms which depend on the letters B and F are absent. The 
terms which depend on the letter £! occur when we consider the 
oscillations about a state of motion, Chap. III., Art. 112. These 
we shall call the centrifugal forces. 

If we write A, B, G for the three functions 

A=^A^x^ + A^^ + iA^^+ , 

B = ^B,,a^ + B^y + ^B^^ + , 

G = ^GnX^ + G^^y+^G^^ + , 

the terms in the several equations which arise from A, B, G may 
be written 

^M_^^dB^dG ^dA^^dB^dC ^^ 

dx dx dx' dy dy dy' 

Hence A, B, C may he called respectively the potentials of the 
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effective forces, the forces of resistance, and the forces of resti- 
tution. 

312. When we compare the equations of motion with those 
given by Lagrange for the oscillations about a position of equi- 
librium (Chap. II.), we see that the function A cannot be otherwise 
than positive. So also these oscillations are stable if the function 
G be always positive. 

Thus, it frequently occurs that the three functions A, B, C, 
or some of them, are such that they keep one sign whatever real 
quantities we write for x, y, z, &c., and do not become zero except 
when X, y, &c. are all zero. Such functions will 'be referred to as 
one-signed quadrics. 

313. The method of solving the differential equations in 
Art. 310 has been explained in Chap. Vi. Let m^, ni^, &c., be 
the roots of the fundamental determinant, which we need not here 
write down. This determinant is the same as that represented 
by the symbol A(S) in Art. 262. Let us suppose that these roots 
are unequal, the case of equal roots being regarded as a limiting 
case of unequal roots. The solution may be written thus : — 

X = ^le™'* + x^e"'"* + ...] dxjdt= x[e^^* + ^e"^' + . . . ] 

y = yje^i* + y^™4 ^ _ _ I dyldt = y[e^'* + y'^e^^*- + ... \, 

^ = &c. J &c. = &c. J 

where a;; = x-^ m^, y[ = yi mj, &c., x'^ = x^ m^, &c. 

Here x^, y-^, z^, &c. contain as a common factor one constant 
of integration, x^, y^, &c. another constant, and so on. The forms 
of these constants are not wanted here. It is enough that we 
should remember that the coefficients which belong to a real ex- 
ponential are themselves real. On the other hand, if m^, to,, be a 
pair of imaginary roots, the coefficients (x^ , x,), &c , take the form 

P±QV-i. 

314. The first equation. If we substitute the first terms 
of each of these values of x, y, z, &c., in the equations of Art. 310, 
we obtain a set of equations which differs from those only in 
having m^ written for S, and a?i, yi, &c. for x, y, &c. Multiply 
these respectively by x^, y^, &c., and add the results together; we 
have 

{A-^iX^ + 2^12*13/, + &c.) m^^ + {Bn^i + 25i2a;i2/i + &c.) m^ 

+ (Cii«i' + 2Ci2«i2/i + &c.) = 0. 
It should be noticed that the terms which depend on the letters 
D, E, F have altogether disappeared from this equation. 

It should also be noticed that the coefficients of the powers of 
m are twice the functions A, B, G with x^, y^, &c. written for 
X, y, &c. 
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315. Prop. I. On real roots. — We may immediately de- 
duce the three following theorems: — 

(1) If the potentials A, B, C are either zero or one-signed func- 
tions, and if all three have the same sign, the fundamental deter- 
minant cann-ot have a real positive root. 

For if nil were real, the coefficients x^, y^, &c. would be real. 
We should thus have the sum of three positive quantities equal 
to zero. 

(2) If there are no forces of resistance, i.e. if the term B is 
absent, and if the potentials A and C are one-signed and have the 
same sign, the fimdamental determinant cannot have a real root, 
positive or negative. 

(3) If A, B, C are one-signed functions, hut if the sign of B is 
opposite to that of A and G, the fundamental determinant cannot 
have a negative root. 

These proposition)!^ are true, whether there are any terms in the 
differential equations which depend on the functions D, E, F or not. 

We may also notice that, unless ike potential C can vanish for 
some real values of the co-ordinates other than zero, the fundamental 
determinant cannot have a root equal to zero. If, for example, the 
co-ordinate x is absent from G (Art. 98), then G vanishes when the 
other co-ordinates are zero and x is finite. In this case mj can be 
equal to zero. If the forces depending on B are also absent the 
determinant will have two roots equal to zero. 

When two zero roots occur terms such as nt + a must be added to some of the 
expressions for the co-ordinates given in Art. 313. Unless the initial conditions 
are such as to make the constants n and a equal to zero, these terms should be 
included in the expressions 8=f (t), ^=F {t), &c., which as explained in Art. 257 
give the steady motion. The presence of these terms thus indicates a shght change 
in the steady motion about which the system has been supposed to oscillate. 

316. The two equations. Exactly as in Art. 314, let us 
again substitute the first term of each of the values of x, y, &c. in 
the equations of motion. But let us now multiply these by 
3^2, 2/2. &c., and add the results. We thus obtain 

[A.iXiX^ -f- ^12 {xiy^ -t- x^yi) + A^ (y^z^ -h y^^) + &c.] m^^ 
-I- [-Bii^i^a + &C.J mi -f [C/niCA + &c.] 
= [A2 (oBiya- x^i) + D^ {y^z^ -y^i) + &c.] m^ 
+ [^12 («iy2 - «2yi) + &c.] mi -1- [^12 (iCiya - x^^ -I-&C.]. 
To bring this equation within bounds, we must use some 
notation to shorten the coefficients. Let us represent the halves 
of these series by their first terms, omitting suffixes to A, B, &c. 
We may therefore write the equation in the form 

A (xjos^) mi' + B (xiX^) mj -|- (7 (x^Xs) 

= -D (^i^a) mi^ + -S {x,y,) mi -I- F{xiy^). 
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In the same way we have 
A (ajj^o) '">2 + -B («i«2) m^ + C (x^oc^) 

= - D (oc^y^) mi - E {x^y„) m^ - F(a!,y,). 
Also we deduce from these the two equations 

A (x-iXi) mi' + B {x-i^xi) TTh + C (xjxi) = 0| 

A (x^x^) mi + B (x^i) fn^+C (x^x^) = OJ 

The first of these is the same as that already found in Art. 314. 

Here we may notice that the functions A (xx), B (xx), C (xx) 
are really the same as those we have already more simply denoted 
by A, B, C. We also notice that D{osjyi) = 0, E(Xiy^) = 0, and 
F(x,y,) = 0. 

317. Let us now suppose that there is a pair of imaginary 
roots in the fundamental determinant of the form m^ = r +p V — li 
7n^ = r — p'\/ — l. The values of x, y, &c., given in Art 313, 

become « = («! + xi) e^ cos pt + (x\ — x^) V — 1 e''* sin pt + &c., 

y=(y^+ 2/2) e'^ cos pt + (2/1 - 2/2) V - 1 e''* sinpt + &c., 

which may be conveniently abbreviated into 

x=Xi e''* cos pi f Z2 e^ sin pt + x^ e™»* +..A 

2/ = Ti e'^ cos pt + Y2 e^ sinpt + y^ e™-=' +...>• 

z = ^c. J 

If X/ = rZi +pX^ and X^ = -pX^ + rX^, &c., 

dxjdt = Z/ e''' cos pt + X^ e^ sin pt + sjs' e*^* + . . .] 

dy\dt = F/ e^ cos pt + Yi e''« sin pt + yi e™'* + . . . I • 

&c. = &c. j 

318. Returning now to the two first equations of Art. 316, 
let us divide them by m^ and m^ respectively. If we first add and 
then subtract the results, we have 

A [x^x^ r+B (2:1X2) + C (x^x^ ;j^^ =Y>[x^y^)p-F {x^y^) ^^^ J-ZT, 

A (x^x,) p-C (xfy) -^ = Y^ (xjy^) r+E (x^yi, + F [x,y^) ^^~|- ^== . 
By substitution, we find that 

4:A (x^x,) = A{^i^i) + ^ (^2X2)) 
-2D(x,y,)^^l=I>(X,Y,) r 

with similar results for the other letters. We also infer from these 
equations that if A is a one-signed function, A {x^xi) is not only 
real, hut has always the same sign as A. Similar remarks apply 
to the functions B and G. 
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If the functions D, E, F are absent, the two first equations of 
this Article reduce to 

A (xix^) 2r + B {ohx^ = "I 

- A {x^x,) {r' + ^0 + {x,x^) = J ' 
except when p = 0, i.e., except when the roots (which we have 
supposed imaginary) are real. 

These equations may be conveniently written 

^ - A{X^X,)^-A{X,X,y "^^ A{X^X^) + A{X^X,y 

thus giving r and p when the amplitudes of the oscillations are 
known. 

319. Prop. II. On imaginary roots. — We may immediately 
deduce the following theorem from the equations of Art. 318. 

(1) Let the fundamental determinant be symmetrical, i.e., let 
the functions D, E, F be all absent. Let the potentials A and B 
be one-signed and have the same sign {whether C be a one-signed 
function or not). Then the real part r of every imaginary root 
must be negative and not zero. But if the potential B is absent, 
then the real part of every imaginary root is zero. 

If the potentials A and C are one-signed and have opposite signs, 
there can be no imaginary roots. 

These results fuUow by simply looking at the two last equations 
of Art. 318. 

(2) If the terms depending on D and F are absent from tlie 
equations, whether the terms depending on E are present or not, and 
if the three jwtential functions A, B, C are all one-signed and have 
the same sign, then the real part r of eve^'y imaginary root is 
negative, and not zero. But if the forces of resistance, i.e. B, are 
also absent, then the real part of every imaginary root is zero. 

(3) If the terms depending on D and E are absent, but not 
necessarily those depending on F, and ii A,B,C are all one-signed 
and have the same sign, then the real part r of every imaginary 
root must be negative, or, if positive, must be less than p. 

320. Ex. 1. If 4 is a one-signed function prove that {A (x^x^]^ is always less 
than the product A (x^x^ . A {x^^. 

Ex. 2. If A (m) is the determinaut of motion, Aj (m) the minor of its leading 
constituent, Xjj/j , <fec. the minors of the first row, and m any quantity not neces- 
sarily a root of A (m), prove the identity 

A (ajiXj) m'' + B (x^x^) m + C (x-^x^ = A (m) A^ (ni). 

Ex. 3. If ))»! , Wj are any two quantities, not necessarily roots of the determinant 

... ., , Aix-.x^m,^ + B(x,Xa)m, + G (x,xS\ 

A («0. prove that _^^ ^, _ ^J -j ^^ _ ^ j -j[ = a K) A, (^). 

Ex. 4, If the determinant is symmetrical, and if the potentials A and C are 
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one-signed and have opposite signs, then, whatever sign the potential B may have, 
the roots of the determinant are all real. 

Ex. 5. If the terms depending on F and E are absent, but not necessarily those 
depending on D, and if the three potentials A, B, G are all one-signed and have the 
same sign, then the real part r of every imaginary root must be negative or if posi- 
tive less than p. 

321. Effect of tbe forces of resistance on oscillations about a position of 
equilibrium. Let a system be oscillating about its position of equilibrium under 
no forces of resistance, so that the functions B, D, E, F are all zero. We also 
suppose the functions A and G to be one-signed and to have the same sign. 

By referring to the equations of motion in Art. 310 we see at once that the 
determinant of the motion viz. A(S) contains only even powers of d. This deter- 
minant is of course the same as the Lagrangian determinant discussed in Chap. ii. 
It follows either from Chap. ii. or from Arts. 315 and 319 of this chapter that all 
the roots of the equation A(S) = are of the {orm±p^ -1. Any co-ordinate 
therefore is represented by a series of the form 

X = Xj cos pt + X^ sin pt + 

Let now some small forces of resistance act on the system, we therefore intro- 
duce into the equations of motion the terms which depend on the function B. The 
forces thus introduced are supposed to be so smaU that we may reject the squares 
of the coefBcients of the function B. We represent this by supposing every co- 
efScient to contain a factor «• whose square can be neglected. It is the effect of 
these additional forces on the former motion which we wish to discover. 

Referring again to the equations of motion in Art. 310, let A^ (S), Aj (S) be the 
determinants of motion before and after the introduction of these forces of resis- 
tance. The determinantal equation therefore becomes 

Aj (8) = Ai (S) -I- J?ii8/ii(«) -I- &o. = 0, 

where the symbol I indicates the minors of the constituents of A] (3) as explained in 
Chap. VI. 

This equation may be written in the form Aj (S) -I-k50 {S) = 0, where ^(5) con- 
tains only even powers of S. Since pij- lis a. root of Aj (5) =0, we let the corre- 
sponding root of this new equation be p;^ - 1 -|- r where r is a small quantity, real 
or imaginary, whose square can be neglected. We find by Taylor's theorem 

Ai'(W-i)'-+W-i0(W-i)=o. 

Hence, since Ai'(5) contains only odd powers of 5, it follows that r is necessarily 
real. 

We have thus proved that the correction to any root of the determinantal equa- 
tion when we introduce the resistances is necessarily real. This means that the 
correction to the imaginary part of the root depends on the square of the resistances. 
The addition r to the real part of the root introduces a real exponential factor C' into 
the amplitude of any oscillation. The addition to the imaginary part alters the 
period of the oscillation (Art. 317). Thus the periods of the oscillations are affected 
only by the squares of small quamtities when we introduce the resisting forces; 

322. The series for any co-ordinate now takes the form (see Art. 317) 
«:= X^e" cos pt + X^" Bin pt + .,. 
where p is the same as before and, by Art. 319, r is negative. With the same given 
initial values of x, y, &a, dxjdt, dyjdt, &a. the coefficients Zj, &o. are changed 

R. D. II. 14 
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only by terms which contain the factor k, and being themselves small, these changes 
may be neglected. 

The value of r may be deduced from the expressions given at the end of Art. 
318. If the forces of resistance were zero, the real exponentials would be absent 
and the ratios XJX^, YJY^ would all be equal. With small forces of resistance 
these ratios differ from each other by quantities which contain the small factor k. 
It foUows that the ratios B (Xj^X-i)IA {X-^Xj and B (X^X^jA (XjXj) are also equal 
when we reject the square of the small quantity. The expression for r therefore 
reduces to the simple form 

B{X^X^) _ B^^X^^+'iB^X^Y^+... 
^A(X^X^) 5^iV + 24i2^iyi+...' 
Translating this formula into English we see by Art. 73 that the numerical value 
of r, for any one principal oscillation, is one half the ratio of the mean value of the 
dissipation function to the mean value of the kinetic energy for that oscillation. 

Forced Oscillations. 

323. We may suppose a system to be moving in a given state 
of motion defined, as explained in Art. 2.57, by the co-ordinates 
d = 6o,<}> = <t>o, ^c. where 0o,<l>o, ^c. are known functions of the time. 
This motion we shall call sometimes the undisturbed motion and 
sometimes the steady motion. If the system be now disturbed in 
any manner, we write 6=^ 6^ + os, <f) = <l>o + y, &c. where x, y, &c. are 
so small that we may reject their squares. This disturbance may 
have been made by some small impulse and the system may then 
have been left to oscillate about the undisturbed motion. 

We may also have continuous forces acting on the system 
tending to make it oscillate about the undisturbed motion. As 
the object of our enquiry is the oscillation of a system, we shall 
suppose that these forces when they exist are periodic. li f{t) 
represents any one we may suppose this function to be expanded 
by the known processes of Trigonometry in a series of multiple 
angles'; thus 

f{t) = Pe-"* sin (\t + a) + P'er"'* sin (X't + a') + &c. 

Each of these terms is called a disturbing force. The coefficient of 
the trigonometrical factor of any term is called the magnitude or 
amplitude of that term. The angle Xi + a is called sometimes the 
phase and sometimes the argument. 

It frequently happens that the real exponentials are absent 
from the expression for the force. This case will therefore be more 
particularly considered in what follows. When we wish to call 
attention to the absence of the real exponential, the disturbing 
force is often called a permanent force. When the real exponential 
is present with a negative index, we may call the force evanescent. 

Sometimes instead of the force being given, some point of the 
system is compelled to oscillate in a given manner. We then have 
some given relation between the co-ordinates of the system of the 
form ax + bt/ + cz + &oc. = Qe~^ sin {vt + y) 
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where a, 6, c &c., G, g &c. are given constants. There may also be 
several similar relations between some or all the co-ordinates. In 
such a case we suppose these given relations to be included amongst 
the differential equations, though they cannot be derived from a 
Lagrangian function as in Art. 111. The method of finding the 
corresponding forced vibration given in Art. 326, will then still be 
applicable. 

324. The general equations of motion of the second order are 
given in Art. 310, but in dynamics the terms which depend on 
the functions D and F are in general absent. The mode in which 
these are formed when the resisting forces are absent is explained 
in Art. 111. Including these resistances we may suppose that the 
equations of motion take the form 

(^nS= + AiS + Gn) X + /A,,B' + B,,8 +C,,\y + ... = Pe-«« sin {\t+ a) 

M,,S^ + 5,,S + C,A X + {A^l^ + ^2,8 + O22) 2/ + . . . = Qe-'''«sin(;u,i+/3) 
I -E^h ) 

&c. = &c. 

where we have written on the right-hand side only one disturbing 
force in each equation as a specimen. 

For the sake of brevity, it will be found convenient to distinguish the equation 
in which any disturbing force occurs by some simple phrase. The first equation 
is obtained from Lagrange's equations (Art. Ill) by differentiating with regard to 8 
or X. The second by differentiating with regard to or y. The force on the right- 
hand side of the first equation may therefore be said to act directly on the co-ordinate 
X and indirectly on y, z, &c. So the force on the right-hand side of the second 
equation acts directly on the co-ordinate y and indirectly on x, 1, <fec. 

325. Forced and Free Oscillations. It is proved in the 
theory of differential equations that the solution of these equa- 
tions leads to an expression for each of the co-ordinates which 
contains two sets of terms. The first set is called a particular 
integral and consists of any solution obtained by any process 
however restricted. The second set is called the complementary 
function and represents the value of the co-ordinate when all the 
disturbing forces on the right-hand side are omitted. The comple- 
mentary function is therefore the same as the solution found and 
discussed in the first section of this chapter. 

The complementary functions in the expressions for the co- 
ordinates give the oscillations of the system about the undisturbed 
motion when not influenced by any disturbing forces. These 
integrals are therefore said to constitute the natural or free vibra- 
tions of the system. ., The particular integrals in the several co- 
ordinates which indijCate the effects of any disturbing force are 
called the forced vibrations or oscillations due to that force. 

According to this definition any particular integral may be 

14—2 
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taken to represent the forced vibration. But in practice there is 
one particular integral which is more convenient than any other. 
What this is will be made clear by the next proposition. 

A free oscillation does not necessarily mean a principal oscilla- 
tion though it is sometimes used in that sense (Arts. 53 and 116). 
Any motion represented by any number of terms selected from 
the complementary function will be a free motion. The word 
" free " is meant to be a contrast to the word " forced." 

The term "Complementary Function" is used by Liouville in Vol. 13 of the 
Journal Polytechnique, 1832 in an article on fractional differential coefficients. 
It is also used in Gregory's Examples, 1841. The distinction of Waves into "free" 
and "forced" may be found in Airy's Tides and Waves, published in the Encyelo- 
peedia Metropolitana, 1842. 

326. To find the Forced Vibration. To find a particular 
integral for any force Pe~'' sin (X.i 4- a) we follow the methods 
already explained in Chap. vi. If A (B) be the determinant of 
the motion and I^ (S), 7, (6), &c. be the minors of the first, 
second, &c. terms in that row of A (?) which corresponds to the 
equation in which the force occurs, we have 

a, = :^) Pe-«« sin (Xt + a), y = ^J^ Pe"'* sin {U + a), z = &c. 
A (o) A (6) 

We shall now prove that these operators will lead to two 
trigonometrical terms in each of the co-ordinates. These two 
terms constitute the forced vibration in that co-ordinate. 

327. To perform the operations indicated by these functions of 5, we use the 

following simple rule. To perform the operation P (5) = -^ on Pe~"* (Xt + a.)we 

write S= -K + 'KiJ -1 and reduce the operator to the form L + M^ - 1. The required 

result is then Pe-"M L + M- ) ^™ (\t + a). 
\ \J cos 

To prove this rule, we notice that by Art. 265 F (S) e"«= (i + M,J - 1) «"< where 

TO= -K + \iJ -1. If we now replace the imaginary part of the exponential by its 

trigonometrical value, and equate the real and imaginary parts on each side of the 

equation, the result follows at once. 

328. Ex. If the determinant A (S) have It roots each equal to m,i.e. -K + X«y-1, 
the result assumes an infinite form. Prove that in this case the operator may be 
replaced by {t'-I (5) + ot"-!/' («) + ... + /» (8) ( /A* («), 

where the coefficients follow the binomial law, and A" (5), &o. have been written 
to express the ath differential coefficient of A (S), &o. Every one of these operations 
may now be performed by the rule given in the last article. 

To prove this, we replace the root m by m+ft where h is to be afterwards put 
equal to zero. We then find 

||5.e"«={lW.«+... + £jI(m).-)£}/(A«Wg. 

The first a terms of this series in each co-ordinate, though infinite, may be 
absorbed into the complementary function, see Art. 266. The solution is therefore 
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expressed by the (a + l)th term. This, by the theorem of Leibnitz to find the ath 
differential ooeffioient of a product, reduces to the operator given above. 

329. Ex. A particle, say the earth, describes a nearly circular orbit about 
a centre of force whose attraction varies inversely as the square of the distance. It 
is also acted on by two disturbing forces represented by P sin \t and Q sin \t acting 
respectively along and perpendicular to the radius vector. If the polar co-ordinates 
r, 6 be given by r = a + x, e=nt + y, prove that the equations of motion are 
(32 - 3n2) a; - 2aiiSj/ =P sin X«l 
2nSx + ad!^=Qain\t\ ' 
show also that the forced vibrations are given by 

P ■ ,, 2nQ 2nP , {3n^ + \^ Q . 

n'-\^ \(n''-\2) ■' aX(re2-V) aX'' {n" - X") 

330. Smooth and Tremulous Motion. We have supposed 
the system to be capable of moving in some state of steady 
motion, just as a hoop rolls on the ground in a vertical plane. 
But owing to some small disturbances the system really oscillates 
on each side of this steady motion, the amount of disturbance 
being always represented for each co-ordinate by the sum of 
the natural and forced oscillations. When the period of one 
of these is small the system rapidly changes from one side to 
the other of its mean or steady motion. The mean motion 
then appears to the eye to be tremulous. When the periods of 
all the oscillations are very long the changes from one side of the 
mean motion to the other takes place so slowly that it is hardly 
perceived to be an oscillation. The mean motion is then said 
to be smooth. 

331. Disappearance of the Free Vibrations. When a 
system is set in vibration by any continuous permanent disturbing 
force, we have seen that two kinds of vibration are excited in 
the system, viz. the free and the forced vibrations. If there are 
no forces of resistance both these continue to coexist throughout 
the motion. But if there are any forces of resistance an ex- 
ponential is introduced into the free vibration which causes its 
amplitude to decrease continually so that finally the free vibration 
becomes insensible (Art. 319). The amplitude however of the 
forced vibration is not similarly decreased. Thus the oscillation 
of the system is ultimately independent of the initial conditions 
and depends only on the forced vibrations. The forced vibration 
produced by a permanent disturbing force is therefore sometimes 
called the permanent vibration. 

332. It is sometimes important to compare the rates at which 
the different free oscillations tend to become, ecctinct under the 
influence of the resisting forces. It is clear that this depends 
on the magnitude of the negative quantity r in the exponential 
factor e^ introduced by these resistances. Since this factor is not 
necessarily the same in all the terms, it follows that all the free 
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vibrations do not diminish at the same rate. Some may become 
insensible before the magnitudes of 'others 'have been much 
impaired. 

When the initial amplitudes of any one principal oscillation are known in all 
the co-ordinates, the value of )• for that oscillation can be deduced from the equations 
given in Art. 318. But when the system is oscillating about a position of equilibrium 
and the forces of resistance are small the expression for r takes the very simple 
form given in Art. 322. If X^, Y^, &a. be the amplitudes in the co-ordinates x,y, 
&c. of any one free principal oscillation, this expression is 

where the vis viva and twice the dissipation function are given by 

'iA=A-^iX'' + 'iA^'y' + --> 2B=Bna;'2 + 2Bi2a;y -(-.... 

The use of this expression for r wiU be best shown by a few examples. 

333. Ex. 1. Let us regard a homogeneous tight chain as constructed of a series 
of equal very small particles, each of mass m, connected by very short strings each 
of length I and without mass. Let x, y, &o. be the displacements of the particles of 
such a string vibrating, say, transversely. Then the vis viva is given by Sotx'*. 
Suppose the resistance of the atmosphere to be represented by a retarding force on 
each particle which varies as its actual velocity. Prove that the dissipation func- 
tion B may be represented by 2B = 'EKmx''. Taking k to be the same for all the 
particles it immediately foUows that r= -^k, so that the proportional effect of the 
resistance of the air on all the free vibrations is the same. 

Ex. 2. If the particles of the chain vibrate longitudinally instead of transversely 
the effects of the resistance of the air will be less than before while the effects of 
viscosity or imperfect elasticity will be more apparent. Let us suppose that these 
may be represented by a series of forces resisting compression or extension between 
adjacent particles, each force being proportional to the relative velocities of the two 
particles between which it acts and reacts. Prove that the dissipation function B 
may be represented by 2B = Xnm (x' - y')'. 

Speaking in general terms, we infer that r is greatest for that kind of oscillation 
in which the differences of the amplitudes of the oscillations of adjacent particles 
are greatest. Oscillations of this kind disappear the soonest, while those in which 
the adjacent particles move nearly together may remain perceptible for a long 
time after. This is sometimes briefly expressed by saying that the effect of viscosity 
is to extinguish the shorter waves before the longer ones. 

Ex. 3. If the co-ordinates are so chosen that the dissipation function and the 
vis viva take the forms 2B = B^ix"+B^'^+ ... 2T=AyyX'^ + A^'^+ ... 

then the value of r for every principal vibration lies between the greatest and least 
of the fractions B-^-yjiA-y^, B^I%A^, &c. It may be noticed that these limits are 
independent of the force function and are therefore the same whatever the forces 
may be. 

Ex. 4. The membrane which forms' a drum-head vibrates transversely when 
struck. If the resistance of the air be slight and vary as the actual velocity of each 
particle, show that all the free vibrations have the same real exponential factor. 

Ex. 5. When successive notes are sounded on a musical instruinent the 
terminal motion of one note is the initial motion of the next. Explain why each 
note is not sensibly affected by the preceding one. See Art. 331. 
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334. Herschel's Theorem on the period of the Forced 
Vibration. On comparing the terms in Art. 327 which con- 
stitute the forced vibration with that which forms the disturbing 
force, we notice that the period of the forced vibration is the same 
as that of the force to which it is due. Thus if any periodical 
cause of disturbance act on a system of vibrating particles the 
forced vibrations follow the period of the exciting cause. This 
important theorem is due to Sir J. Herschel, who first enunciated 
it in his Theory of Sound (Encyc. Met. 1830). His demonstration 
however is totally different from that given here. 

More generally, the disturbing force and the resulting forced 
vibration have not only the same period, but have the same real 
exponential also. Thus, when the fundamental determinant has 
no equal roots the two have the same general form or type. A 
permanent force produces a permanent vibration, an evanescent 
vibration follows only from an evanescent force. 

In the proof of this theorem we have assumed that the system 
of vibrating particles is such that the squares of the displacements 
can be neglected. 

The theorem also only applies to the forced vibrations. If 
therefore we wish to apply Herschel's theorem to the actual 
visible motion, a time sufficient to allow the free vibrations to 
die away, must have elapsed since the initial motion. See Art. 331. 

335. As an example of this principle we may notice that when a sounding body 
(snch as a drum) excites vibrations in the air, the period or pitch of the sound 
produced in the air and in the ear is the same as that of the sounding body. 

336. As another example we may take one given by Herschel. Let a ray of 
light fall on a refracting substance like glass. The vibrations of the incident light 
must excite vibrations inside the glass. These last as long as the exciting cause 
contioues and therefore constitute the forced vibration. The period of the 
refracted light is, by Herschel's theorem, the same as that of the incident light. 

There are however some exceptions to this result. Thus in the Phil. Trans, for 
1852 Sir G. Stokes has pointed out that light beyond the ultra violet by passing 
through certain substances may have its period so lengthened as to become visible. 
And Prof. Tyndall by means of the ultra red rays heated a platinum foil to 
incandescence and thus so shortened the periods that the vibrations became visible. 
See his Bede Lecture, 1865. 

To understand the cause of these exceptions we must remember that the forces 
of restitution have been taken proportional to the first power of the displacements, i.e. 
only the first powers of x, y, &C. have been retained. Now the molecules of a body 
may be compounded of smaller atoms closely packed together. When the oscilla- 
tions under consideration are such that only the molecules move amongst each 
other these displacements may be so small compared with the distances of the 
molecules from each other that the force of restitution / (J), due to a displacement | 
of any molecule, may be replaced by the first power which occurs in M'Laurin's 
expansion. But when the oscillations are such that the closely packed atoms of 
each molecule move amongst each other, the force of restitution may no longer 
vary as the first power of the displacement. Thus the equations of Art. 324 may 
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apply to the former but not to the latter kind of motion. The reader will find more 
complete explanations in Sir G. Stokes' paper, see pages 549, 550. 

It is obvious that the motion may be very different from that described above 
when the squares and cubes of the small quantities cannot be rejected. This will 
be especially noticeable when the terms of the first order are absent. An elementary 
example is given in Vol. i. Art. 450, where an oscillation leading to the differential 
equation d^e + ae^=0 is discussed. It is shown that the period, so far from being 
constant, varies inversely as the arc of vibration. If we represent a disturbing 
force by the term Psin \t on the right-hand side of this equation, it is clear that 
the equation cannot be satisfied by a term of the form 9 = QsinXf, so that the 
period of the forced oscUlation is not the same as that of the force. 

337. How a disturbing force is magnified. In dynamical 
problems as they occur in nature we often have a system oscil- 
lating freely about some mean position and acted on by a crowd 
of small forces which tend to disturb this motion. Some of these 
forces are very small in magnitude, others are greater. May we 
reject the small ones as compared with the greater ? The number 
of forces is perhaps too large for us to consider the effects of each. 
It is evident that we require some rule to guide us in choosing 
those forces which produce the most important effects. For 
instance in the Planetary Theory each planet is pulled about by an 
innumerable number of causes of disturbance. It would be im- 
possible to determine the actual motion without some principle to 
enable us to reject those forces which produce insensible distur- 
bance. 

Let a system be acted on by two permanent disturbing forces 
which we may represent by the two terms P sin (\t + a) and 
Q sin {fd + /9) both placed in the first equation of Art. 324. The 
corresponding forced vibrations in the co-ordinate x are given by 

"" = A^sj ^ ^'"^ ^^* + "^ "*" A(S) ^ ^^"^ ^'^^ + ^^' 

where / (8) is the minor of the x term in the first line of the 
determinant A (8). These coefiicients contain the operator 8 and 
their magnitudes will therefore depend on X and fi. We therefore 
infer that the effects of different permanent disturbing forces acting 
under similar conditions on the same co-ordinate are not simply 
proportional to their respective magnitudes but depend on their 
periods. 

338. Without however restricting ourselves to permanent 
disturbing forces, let us consider the forced vibration produced by 
the disturbing force Pe~"' sin Xt. Writing as before (Art. 327) 
m = — K + A,V — 1, the resulting forced vibration is the co- 
efficient of V - 1 in iS Pe^ = P ^^^, e™«- 

A (8) A {m) 

If m is nearly equal to a root of A (8) = the denominator of this 
expression is very small. But the types of the free vibrations 
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are given by A {m) = as shown in Art. 262. We therefore infer 
that a disturbing force whose period and real escponential are 
nearly the same as those of any one free vibration produces a large 
forced vibration. 

339. Usually a disturbing force is of the permanent type 
P sin (\t + a). If there were no forces of resistance there 
would be free permanent oscillations in the system of the form 
A sin (pt + /3), and we have just seen that, if X were nearly equal 
to any value of p, the disturbing force would produce a magnified 
forced oscillation. But the resisting forces introduce real ex- 
ponentials as factors of the free vibrations, (Art. 319). Thus the 
type of the disturbing force is no longer the same as that of any 
free vibration. We conclude that one effect of the resistances on a 
disturbing permanent force, which would otherwise produce a 
magnified forced oscillation, is to modify that oscillation and keep 
it within bounds. 

340. As a simple example of this dynamical principle, let us consider how 
easily a heavy sioing can he set into violent oscillation by a series of little pushes 
and pvlU if properly timed. If we push when the swing is receding and pall when 
it is approaching us, the swing is continually accelerated and the arc of oscillation 
will be greater and greater at each succeeding swing. Such a series of alternations 
of push and pull is practically what we have called a permanent disturbing force 
whose period is the same as that of the free vibration of the swing. But if the 
period is very unequal to that of the free vibration, though a few pushes and pulls 
may increase the arc of vibration, yet a time comes when the effect is reversed. The 
force acts opposite to the motion of the swing and the oscillations will decrease just 
as they before increased. 

It is well known that when a piano string is exposed to the air and is acted on 
by vibrations in that medium, the string will sometimes appear to be unaffected by 
the motion and at other times will sound a note. The reason is that though the 
string is always set in motion, yet, unless the aerial impulses on it are properly 
timed, the motion produced is too slight to be sensible. If however one of the 
existing notes in the air has the same period as one of those of the string, the 
pressure of the air on the string, like the impulses on the pendulum described above, 
wUl continually tend to increase the motion. 

On the other hand the intensity of this particular note in the air is weakened 
by the amount communicated to the string while the intensities of the other aerial 
notes appear to be unaffected. Thus >• piano string, or any vibrating body, will 
absorb or extract from the surrounding medium the same notes which it would 
produce in the air if independently set in motion. Sir G. Stokes uses this theory 
to explain on dynamical principles the discovery of Foucault and Kirchhoff, that a 
body may be at the same time a source of light giving out rays of a definite period 
and an absorbing medium extinguishing rays of the same period which traverse it. 
[Phil. Mag., March, I860.] 

341. We may take a second example from the rolling of ships at sea. The 
ship has its own natural vibration together with that forced one which follows the 
oscillation of the waves. If the periods of these synchronise the rolling of the 
ship may become very great. Mr White in his Manual of Naval Architecture men- 



218 FORCED OSCILLATIONS. [CHAP. VIL 

tiona several mterestiug examples of this. After noticing how some vessels are 
made to roll heavily by an almost imperceptible swell, he mentions the case of the 
Achilles, a vessel of great reputation for steadiness, which rolled more heavily off 
Portland in an almost dead calm than it did oS the coast of Ireland in very heavy 
weather. Again in the cruise of the combined squadrons in 1871, though the 
Monarch far surpassed most of the vessels present in steadiness when the weather 
was heavy, there was one occasion (possibly owing to a near agreement between the 
natural period of this ship and the period of the waves) when the ship rolled more 
heavily in a long swell than some of the most notorious heavy rollers. 

342. A good use of this principle was made by Capt. Kater in his experi- 
ments to determine the length of the seconds' pendulum. It was important to 
determine if the support of his pendulum was perfectly firm. He had recourse 
to a delicate and simple instrument invented by Mr Hardy a clockmaker, the 
sensibility of which is such that had the shghest motion taken place in the support 
it must have been instantly detected. The instrument consists of a steel wire, 
the lower part of which is inserted in the piece of brass which forms its support, 
and is flattened so as to form a deUcate spring. On the wire a small weight slides 
by means of which it may be made to vibrate in the same time as the pendulum 
to which it is to be applied as a test. When thus adjusted it is placed on the 
material to which the pendulum is attached, and should this not be perfectly firm, 
the motion will be communicated to the wire, which in a little time will accompany 
the pendulum on its vibrations. This ingenious contrivance appeared fully adequate 
to the purpose for which it was employed, and afforded a satisfactory proof of the 
stability of the point of suspension. See Phil. Trans. 1818. 

343. It has been shown in Art. 338 that a disturbing force may produce a large 
vibration in x if its period is such that the denominator A (S) is small. But this 
result is affected by the operator J (5) which occurs in the numerator. If for 
instance the result of the operation of the minor I (S) is zero, the forced vibration 
disappears. 

Now these minors are just the operators used in finding the free vibrations. 
Thus in Art. 262, we have x=I{d) [type]. 

If then any one of the free vibrations is absent from one of the co-ordinates 
though present in the others, then a disturbing force of nearly the same period does 
not produce a large forced vibration in that co-ordinate. We infer that a disturbing 
force can produce a large farced vibration in any co-ordinate only if tliere be in that 
co-ordinate a free vibration of nearly the same period and containing nearly the same 
real exponential. 

344. If the force is nearly equal to Pe ~ sin (Xt -H a), it may occur that the deter- 
minant A(S)has a roots equal to - K-I-X;y/-1, while the minor I (S) has none of 
them. Referring to the expressions for the forced vibrations in the co-ordinates 
X, y, (fee. given in Art. 326, we see that in this case the forced vibration is divided a 
times by a small quantity and is said to be magnified o times. But if the minor 
I (S) has j3 of these roots, the forced vibration is magnified a - /3 times. By reference 
to Art. 272 we see that the co-ordinate x has in this case powers of t up to the 
(o-jS-l)* in the coefficients of its free vibration. We infer that the forced 
vibration in any co-ordinate is magnified once more than the highest power of t 
which occurs in that co-ordinate in connexion with the free vibrations of nearly the 
same period. 

345. As an example let us consider the case of a planet describing a circle about 
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the aim considered as fixed in the centre ; the radius vector r is then equal to a 
constant and the longitude B = nt + e. If slightly disturbed and acted on only by 
the attraction of the sun the planet describes an ellipse of small eccentricity e. The 
consequent changes in the radius vector and longitude are small and these changes 
may be represented by what we have called x and y. Prom the theory of eUiptio 
motion we know these are approximately 

x — a-aecos (nt + a), 
?/ = 6t + c + 2esin (nt + a), 
where a, b, c are small quantities and ^-n-jn is the period of the planet. These are 
of course the free vibrations. Comparing these with the type sin {\t+ a) we see that 
two free vibrations occur in x, viz. X=)i and X = 0. There are three free vibrations 
in the expression for y, viz. \=n and two equal values of X each zero. These equal 
values introduce the terms with powers of t as explained in Art. 266. 

We infer that any small permanent periodical force produces u, magnified 
disturbance both in the radius vector and longitude of a planet, if its period is 
nearly equal to that of the planet or is very long. Since there are two equal free 
periods in the longitude whose type is X=0 and only one in the radium vector, those 
small disturbing forces whose periods are very long are twice magnified in their 
effects on the longitude and once magnified in tlie radius vector. If any such forces 
as these act on the planet it is necessary to examine into their effects. Small 
disturbing forces, whose magnitudes are less than the standard of small quantities 
to be retained, may be disregarded only if their periods are different from those 
just indicated. 

These rules are used in the Lunar and Planetary Theories to assist us in esti- 
mating the values of the disturbing forces. They enable us to separate from the 
crowd of small forces those which can produce sensible effects on the motions of 
the planets, see Art. 337. 

346. How a disturbing force is diminished. Let us resume 
the expression given in Art. 326 for the forced vibration due to 
a continuous disturbing force. We remark in the first place that 
the denominator of the coefficient contains higher powers of X 
than the numerator. To show this it may be sufficient to notice 
that the determinant of the motion A (S) has two powers of S more 
than any of its minors. We therefore infer that, in the limit, 
when X is very great, i.e. when the period of the disturbing force is 
much smaller than that of any free oscillation, the forced vibration 
produced is in general insignificant. 

347. When the type of a continuous disturbing force f(t) 
which acts directly on the co-ordinate x is such that it satisfies 
the differential equation I^ (8)f(t) = 0, we remark in the second 
place that the forced oscillation in the co-ordinate x wholly 
vanishes. Now /i(S) = is the determinantal equation whose 
roots give the free vibration when the co-ordinate x is constrained 
to be zero. We infer that when the type of a disturbing force 
which acts directly on wny co-ordinate x is nearly the same as any 
one of the modes of free vibration when x is constrained to be zero, 
then the forced vibration in x is very small. See Art. 343. 

848. Ex. A tight string, whose extremities A and B are fixed, is acted on 
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tranversely at any point C by a periuauent disturbiug force. If the period of the 
force is equal to any one of the periods of a string stretched with the same tension 
but -whose length is either AG or CB, show that the forced vibration does not 
disturb the point C. If the strings AC, GB have no free period in common, show 
that one string is not moved by the forced vibration. 

We may also deduce this result from some elementary considerations. Let the 
string be held at rest at G and let the part AG he set in motion, GB being at rest. 
The pressure at G when resolved perpendicular to the string wiU represent a per- 
manent disturbing force whose period is equal to that of any one of the free vibra- 
tions of AC. Beplacing the pressure by the disturbing force we have AG in 
vibration and CB at rest. 

349. How an Impulse is diminished. When a system of 
machinery is moving in some state of steady stable motion it may 
be liable to disturbance from any sudden jerks whose effects it 
may be important to diminish as much as possible. Let us con- 
sider briefly what means we have to abate an impulse. 

When the jerk has completed its work and has ceased to act, 
the system is displaced from its proper state of motion. It now 
begins to oscillate about this state. Thus one effect of the jerk 
is to introduce a new set of free oscillations. If there be any 
forces of resistance these free vibrations will begin to fade away 
and the system will tend to assume a state of steady motion. 
One method of correcting the effects of a disturbing impulse is there- 
fore to increase the resisting forces. 

The resistances which are thus intentionally introduced into 
the machinery should be properly arranged. They should be such 
as not to affect the steady motion, but to begin to act only when 
the machine deviates from its intended course. An example of 
this has been given in Art. 105, where the motion of the governor 
was discussed. 

350. The actual effect of a jerk X on any co-ordinate such as x is easily deduced 
from the equations of Ait. 118. If A be the discriminant of the quadric A where 

2A =A^x^ + 2A-i^ + and I^ the minor of the constituent A^^ , we have 

Sa!i-Sa:„=(Jii/A)Z. 

If then it is important to lessen the effects of the impulse X, we may make 
some addition to the machine or modify the arrangement of its parts so as to in- 
crease the discriminant A as compared with I as much as possible. 

If the function 4 is a positive one-signed function, its discriminant A is positive. 
We may then show, as in the next article, that the ratio of !„ to A is in general 
decreased by the addition of the square of any linear function of x, y, &o. to the 
function A. Now the quadrio function A with accented co-ordinates is part of the 
expression for the vis viva (Art. Ill) and is always a positive function. Hence if 
any addition is made to the vis viva the corresponding addition to this function is 
also positive and may be expressed as the sum of a number of squares of linear 
functions. We may therefore in general weaken tlie direct effects of jerks on a 
system by increasing the vis viva. 

The usual method of effecting this is to attach a fly-wheel to tlie machine. The 
vis viva of a rotating body is Mk^io\ where Mk^ is the moment of inertia of the 
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body about tbe axis and <o is the angular velocity. The advantage of using a wheel 
is that with a given quantity, of additional matter, the additional terms may be in- 
creased to any extent by increasing the radius of gyration. 

351. Ex. 1. If the co-ordinates be so chosen that the square factor added to 
the quadrio 2A is of the form /ly^, where y is any co-ordinate other than x, show 
that the ratio In/A becomes {Ij^ + ij.^)l{A + /iI^), where Ag is the second minor 
formed by omitting the first two rows and columns, and the suffix of each I indi- 
cates as usual the constituent of which that / is the minor. Show also that the 
second ratio is less than the first by Zj^V/A (A-t-juIjj). Show also that this 
difference is positive err zero and has a finite limit token /i is infinite. 

Ex. 2. If the square factor added to the quadric 2A be iji,{ax + by + cz + ...)^, 
show that the direct effect of an impulse represented by X on the co-ordinate x is 
not altered by this addition to the inertia if «%/ + 2abIi-^I^2 + *%2^ -I- . . . = 0. 

352. The interval at which any phase of effect follows 
the same phase of cause. Any disturbing force tends alter- 
nately to increase and decrease the deviation of the system from 
its undisturbed position, but it is not necessarily true that this 
deviation actually increases when the force urges an increase or 
decreases when the force urges a decrease. To examine into this 
point we notice that by Art. 326 the forced vibration produced by 
a disturbing force Pe~'* sin (kt + a) is 

Pe-'* {L sin (Xt + oi) + M cos Qd + a)] 

= PJD + M^e-"* sin {\t + cL + tan"' MjL). 

In this transformation it is clear that if the square root in the 
coefficient be regarded as positive, the angle added to the phase 
must be such that its sine has the same sign as M and its cosine 
the same sign as L. The consequence is that all the possible 
values of the change of phase differ by multiples of 27r. 

Comparing the expression for the forced vibration with that 
for the disturbing force we see that their maxima do not occur 
simultaneously. The maximum of the oscillation occurs later than 
the maximum of the force by an interval equal to— (1/X) tan~^ {MjL). 
In the same way every phase of the osciUation follows the corre- 
sponding phase in the force after the same interval. 

The change of phase in any co-ordinate thus depends on the 
values of L and M for that co-ordinate. These are easily found 
by the rule given in Art. 327, where it is shown that if we write 
S = — K + \ii/ — 1 in the operator 7 (8)/A (8) for that co-ordinate the 
result is Z -I- -M J^^. 



353. If the disturbing force is permanent, i.e. is of the form Psiu (Xi-l-a), 
and if the forces of resistance are neglected, the determinant A (S) contains only 
even powers of d. We infer therefore from Art. 326 that if the minor I (5) also 
contains only even powers of S, the phase of the forced oscillation is the same as that 
of the force or is greater by ir. If the minor I (S) contains only odd powers, the pliase 
of the osciUation is greater than that of the force by^iir. 

If we consider the direct effect of a force on any co-ordinate the minor / (5) 



222 SECOND APPROXIMATIONS. [CHAP. VII. 

contains only even powers of 5, as well as the determinant A (5). If the centrifugal 
forces are absent as when the system oscillates ahout a position of equilibrium, 
every minor contains only even powers of S. In these cases the forced vibration is 
simply a multiple positive or negative of tlie disturbing force without further change 
of phase. 

354. Ex. A particle describes a nearly circular orbit about a centre of force 
which attracts according to the Newtonian law, and is acted on by a permanent 
disturbing force along the radius vector. Show that the particle at any moment is 
inside the mean circular orbit when the force acts outwards and outside when the 
force acts inwards, provided the period of the force is less than that of the particle 
in its undisturbed orbit round the centre of the force. But the reverse of this is the 
ease if the period of the disturbing force is greater than that of the particle. Would 
there be a similar distinction of cases if the centre of force attracted according to 
some inverse power greater than 3 ? See Art. 329. 

Second approximations. 

355. When we try to find the oscillations of a dynamical 
system we generally proceed by continued approximations. We 
first reject all the squares of the small quantities and thus obtain 
a set of linear differential equations. Solving these we substitute 
the results in the terms of the second order and treat these 
functions of ^ as disturbing forces. Their corresponding forced 
vibrations are then found. The operation may be repeated for a 
third approximation and so on. 

It has been shown in Art. 337 that when the forces of resistance 
are small, a permanent disturbing force whose period is nearly 
equal to that of any one of the free vibrations produces a magnified 
forced vibration. It follows that a small force of proper period 
which would appear in the differential equations only when we 
include terms of (say) the third order may produce oscillations in 
the co-ordinates which are of the second or first order. 

If therefore we wish to have our results correct to any given 
order it will be necessary to retain, for examination, those periodic 
terms of higher orders in the differential equations whose periods 
are nearly equal to any of the free vibrations. 

We also see the importance of proceeding to higher approxima- 
tion. These small terms which produce such large forced vibra- 
tions may not make their appearance until the terms of the higher 
orders are examined. Thus some important oscillations may be 
missed if we stopped at a first approximation. 

356. When we substitute our first approximation in the terms of the higher 
orders it sometimes happens that permanent disturbing forces make their appear- 
ance whose periods are exactly the same as those of some of the free vibrations 
included in the first approximation. When this occurs, it has been shown in 
Art. 328 that the forced vibration changes its character. The solution now con- 
tains terms with powers of f as factors. These terms (not being balanced by the 
proper exponential factors, Art. 283) will become large, so that the system will 
depart widely from the state indicated by the approximate solution. 
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This is another way of saying that what we have taken as our first approxi- 
mation is not sntBoiently near to the truth to serve as an approximation. In 
most dynamical problems the disturbing forces are given as functions of the co- 
ordinates and then by the approximate solution expressed as functions of the time. 
Thus the expressions for the forces themselves are only approximations. It viay 
therefore happen that if we can obtain a more correct first approximation to the 
motion the small terms which indicate such a large departure from the first 
approximation may not make theil appearance. 

To find a sufficiently correct first approximation to the motion it may not be 
enottgh to take the solution of the differential equations when all the terms of the 
higher orders are neglected. We must include in these differential equations all 
those small terms of the higher orders which materially affect the motion. The 
solution of these modified equations (if one can be found) is to be taken as our first 
approximation. 

Let us repeat the argument in a slightly different form. The first approximation 
comprises all the largest terms in the expressions for the co-ordinates and may 
generally be taken to represent the visible motion of the system. If now a disturb- 
ing force, such as that we have just described, act on the system, it greatly modifies 
the visible motion and in turn its own period is modified by the change of motion. 
Thus the system takes up some new state of steady motion with oscillations about 
that steady motion . This obliges us to abandon the former first approximation in 
order to use one which may be a permanent representation of the new visible motion. 

When we examine this new first approximation, as in the following examples, 
we find that it sometimes has the same general character as the former, but with 
the important exception that the free vibration whose period was the same as that 
of the force has been modified. We therefore infer that when a small disturbing 
force is wholly or in part a function of the co-ordinates and has the same period as a 
free oscillation of the system, it may have the effect of removing that type of free 
oscillation from the system and replacing it by some other type of a different period. 

357. Before proceeding to the general theory we shall illustrate the method of 
proceeding by a simple example. 

A particle oscillates in a straight line about a centre of force whose attraction at a 
distance x is represented by p^x 4- ^x^. Find the time of a small oscillation. 

The equation of motion is clearly 

x+p'^x= - ^x^ (1), 

where dots represent differentiations with regard to t. 

As a first approximation we reject the term on the right-hand side as being of 
the third order of small quantities. We then find 

x=M sin (pt + a) (2). 

Proceeding to a second approximation we substitute this in the term previously 

rejected. We have x+p'^x^ -i^M^ [3 sin {pt + a) -sin S{pt + a)} (3). 

The first trigonometrical term on the right-hand side has the same period as the 
oscillation which represents the first approximation and therefore modifies that 
approximation (Art. 356). To include its effects we must alter equation (2). This 
modified solution when substituted in the differential equation must make the left- 
hand side, not equal to zero as before, but equal to a very small quantity, viz. the 
small disturbing force. As a trial solution we shall therefore retain the same 
general form. The letters M and a, being undetermined, will still serve for general 
symbols, but we shall replace p by p + fi where /j. is some small quantity to be 
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determined by the disturbing force. We shaU therefore write the first approxima- 
tion in the form x = M sin {(p + /u) t + a) (4). 

Proceeding to a second approximation we hare 

x + 'fx= -f^ill'sin {(p+pi) t + a}. 
If our correction is successful, this equation must be satisfied by our amended first 
approximation. Substituting we find the equation is satisfied provided 

M {- (p + iif+p^]= -l^W, .-. /i=|-^ilf 2 nearly. 

Thus the oscillations of the particle about the centre of force are very nearly 
represented by equation (4). The effect of the disturbing force - px'' is to shorten 
the time of oscillation by a quantity which depends on the square of the arc, 

358. If the force of attraction had been p^x+p (dxjdty instead of that given 
above, we may show that this process would have failed. 

Taking the first approximation as before and substituting in the differential 
equation we obtain 

x+p^x= -J;8M'{3cos(pt+a) + cos3 (pt + a)}. 
Neglecting the second trigonometrical term as before, let us try to include the other 
in our first approximation. Taking the amended form (4) and substituting we find 
that we should have 

M {- (p + ^if +p'^} Bin {(p+n)t+a}=-lpM3 cos {(p+ii) t + a). 
But this equation cannot be satisfied by any constant value of /*. The effect of this 
disturbing force is therefore not merely to alter the time of oscillation. 

859. Ex. A particle describes a neaily circular orbit about a centre of force 
whose attraction at a distance r is represented by /i(u^ + /3u") where u is the re- 
ciprocal of r. If ;8 is very small show that the path is nearly represented by 

u=a{l + e cos (c8-a)), 
where c = l-i/3a"-2(m-2) {l + |(m-3) («-4) e' + &c.}, 

provided the square of ^ can be neglected. This example is a modification of a case 
which occurs in the Lunar Theory. 

360. General Theory. Having illustrated the method of treating the terms of 
the higher orders by several examples, we shall now consider the subject more 
generally. Our object is to so modify the first approximate solution as to include 
in it {when such a thing is possible) the effects of small forces whose periods are the 
same as those of the free vibrations (Art. 356). The general result arrived at will 
be given in the summary at the end of the argument. 

We shall suppose the left-hand sides of the differential equations to contain 
all the first powers of the small co-ordinates x, y, z, &o. These therefore take the 
form given in Art. 324 or more generally Art. 262. The disturbing forces are placed 
on the right hand sides and contain powers and products higher than the first of 
the co-ordinates x, y, &o., and their differential coefficients. Thus aU these dis- 
turbing forces would be neglected if we took into account only the terms of the 
first order. We shall also suppose that these disturbing forces are not explicit 
functions of the time. If this condition is not satisfied, the following analysis 
must be slightly modified. 

361. To avoid a complication of symbols let us resume the exponential values 
of the sine and cosine. Let then the first approximation obtained by neglecting in 
the differential equation all terms beyond the first order be 

x=Jl/j«'»>* + Ma«'"2<+.,., y = Nie^^' + N^e"''^*+..., &c.=&c., (1), 
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where mi,jn,,&o. are the roots real or imaginary of the determinant A(S) (Art. 262). 
On proceeding to a second approximation we substitute these values of x,y, &o. in 
the several small terms which were before neglected. Taking some term which 
contains the products ^d powers of the variables the result of the substitution 
produces disturbing forces of the form 

^Pg{fini+g'n3+...)t j2), 

where the order of the term is f+g + ... If these quantities /, g, &o. are such that 
any number of relations hold of the form 

fm^+gm^+...=mi (3), 

there are just so many of these disturbing forces which take the type Pe™'*. The 
forced vibrations derived from these are obtained by using the operator I (S)/A (5) 
and are evidently infinite. To include these in the first approximation we replace 
the equations (1) by 

x=Mie"'f + M^e'^*+... y = N^e"'* + N^^e^* + . . . &a.=&o (4), 

where the M's N's, &o. are not necessarily the same as before, and each » only 
differs slightly from the corresponding m. Substituting as before we of course 
obtain a disturbing force of the form (2) but with n's written for the m's. If we 
assume the same relations to hold as before between the exponents, viz. 

flii+gn^+...='n^ (5), 

this force takes the type P«"''. There may also be other relations similar to (5) 
but with Tia or 7J3 , Ac. written for n^ on the right-hand side and these introduce 
other disturbing forces whose effects have also to be included in the new first 
approximation. 

Including these forces we may write the differential equations in the form 

/a(«)*+/22(S)!/ + --=Qi«'^*+«2«"'*+- \ (6). 

&o. =&c. J 

where the functional symbols /u (S) &o. have been used for the sake of brevity. If 
we have been successful in including the effects of these disturbing forces in our 
new first approximation, these differential equations must be satisfied by the values 
of X, y, &e. given in- (4). Substituting we have 

/2iWJtfi+/22K)^i+ ■■• = «i \ (7). 

&c.=&c. ) 

with similar equations for each of the other disturbing forces. 

In these equations the M's are to be regarded as arbitrary, their values being 
reserved to satisfy the initial conditions of the motion. Our object is to find the 
values of the remaining coefficients, viz., the N's and also the values of the n's in 
terms of the M's. These values of the n's must also satisfy the relations (5). 
Supposing this test to be satisfied we have found values of the co-ordinates which 
satisfy the differential equations to the first order, and include the disturbing forces 
which appeared to threaten the stability of the system. 

362. The forces P, Q, &o. may each consist of several terms of different orders 
of smallness. But the lowest is supposed to be of a higher order than the coefficients 
M, N &c. Taking only the lowest powers which occur in P, Q &e., we may easily 
find a first approximation to the values of n^ , n^ &o. Solving the equations (7) we 
find MjA (Ml) = Pjlji K) + Qil^ (%) -I- &c. , 

K. D. n, 15 



226 SECOND APPROXIMATIONS. [CHAP., VTI. 

where T^ (n) Ike. are as usual the minors of the determinant A (n). Let »[=7;ii + ;iii, 
J!2=m2+/tj <fec. Since all the terms on the right-hand side are smaller than M^ we 
may in these terms write 7tj=»ii, n^—Tn^&c. Eemembering that A(7ni)=0, we have 

A?i^^U=.PiAiK) + «A(%) + &c (8). 

In the same way we have 

The forces P, &c. are functions of M^, N^ &c., M2, ^2 &c. But looking at equa- 
tions (7) we see that the ratios of M^ , N^ &o. , differ from the ratios of the minors 
7ji(mi), Zj2 (jBi) &o. by quantities of the order PIM. We may therefore in calcu- 
lating the values of Pj &c., substitute for N^ &c., N^ &o. by the help of these ratios. 
Thus the right-hand sides of the equations (8) are all knjwn functions of the 
arbitrary M's and of the roots of the determiuantal equation A (5) =0. 

The quantities /, g &c. are usually positive integers. In this case the orders of 
the quantities P &o. are not less than f+g+&,a. It follows that the corrections 
ji*i, /tj &c. are of the order f + g + &C. - 1 at least. 

363. Snimnary of results. We may embody the results of equations (8) in a 
rule. 

Taking the first approximation viz. x=Mje™^^ + 6ce. found by rejecting all terms 
of the higher orders in the differential equations, we proceed to a second approxi- 
mation. Suppose that in consequence of some relations such as 
fm^+gm2 + &o.=mi, 

we arrive at disturbing forces Pie™!*, P^e'"'* &o. These would produce infinite 
terms in the co-ordinate x, if we employed the operators I(S)/A(S), &e. as usual 
(Art. 326). Instead of these let us employ the operators I(S)/A'(5), <Sc. simply 
replacing A («) by A' (5). Let the result be x=Ee^^^+Ke"^ + &o., -where R ani K 
contain powers of M^, iJ^, &c. above the first. Then the effects of these disturbing 
forces may be taken account of to the next approximation by replacing the first 
approximation by x=iK■le('"^ + ''•"-^J^f2e'"'"+''«" where /i^-HIMi, ii^=KIM^ &c., 
provided that these new indices satisfy the TelaAiors.s fiiy + giJL^+ &e. =ti^, &c. 

Supposing this condition to be satisfied, we see that a disturbing force of the 
same type and period as a free vibration has the effect of removing that type from 
the system and replacing it by some other type of vibration which is more and more 
remote from the original type the greater the amplitude of the vibration. 

364. Iixamples. A pendulum swings in a very rare medium, resisting partly as 
the velocity and 'partly as the square of the velocity, to find the motion. 

Let 8 be the angle the straight line joining the point of support to the centre 
of gravity G of the pendulum makes with the vertical. Let g — In" where I is the 
length of the simple equivalent pendulum. Then the equation of motion is 

e + n"sme=-2K6-/i^' (1), 

where 2k and /t are the coefficients of the resistance divided by the moment of 
inertia of the pendulum about the axis of suspension. Since 6 is small we may 
write the equation in the form 

S+n''e=~2K6-iJ" + ln^e'>-... 
Since ~ and 6 are very small, we might at first suppose that it would be 
sufficient as a first" approximation to reject all the terms on the right-hand side. 
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This gives 9 = asinn<, the origin of measurement of t being so chosen that t and 8 
vanish together. If we substitute this in the small terms we get 

e+n^9= -2Kn .aooant + l n%' sin ?it + &c. , 
which gives = a sin nt-Katamnt + -^ naH cos nt + &o. 

These additional terms contain t as a factor, and show that our first approximation 
was not sufficiently near the truth to represent the motion except for a short 
time. To obtain a sufficiently near first approximation we must include in it the 
small term 2Kdeldt (Art. 356). We have therefore 

S+2K6 + n^e=0. 

This gives 6=ae~''^ . sin mt, where for the sake of brevity we have put n^ - K^=m?. 

In our second approximation we reject all terms of the order o' or o'k unless 
they are such that after integration they rise in importance in the manner explained 
in Art. 344. We thus get 

e + 2k6 +n^e=-i f(a%2 e-^*(l + cos 2mt) + ^ nVe " ^'" (3 sin m« - sin 3mt) 

- i/io^/ce"^*' (-K + It cos 2mt + 2m Bin.2mt), 
where all the terms on the right-hand side after the first are of the third order, and 
are to be rejected unless they rise in importance. To solve this, let us first consider 
the general case 

e + 2Ki + v!'e=e'P'^ .{A siarmt + Bcosi-mt). 

■ Put B=e~^'* (L sin rmt + M COS rmt). Substituting we get 

L {{p-l)''i^+m'{l-r^)} + 2{p-l) KrmM=A\ 
M{{p-lfK^+m^l-r^)} -2{p-l)KrmL--=B\ ' 

Now K is very small ; if then r be not equal to unity, we have i = - 



S — B A 

^=—an o^neariy ; l""* '* ''=1. ^^ have L = — — , M=— -— nearly. 

jn'{l-r^) ^{p-ljKm 2{p — l)icm 

The case of y = 1 does not occur in our problem. It appears that those terms only 

in the diSerential equation which have r=l give rise to terms in the value of x 

which have the small quantity k in the denominator. Hence in the differential 

equation the only term of the third order which should be retained is the first. 

We thus find, putting successively r=0, r=2, r=l, 

_".-Z-« + ^%-2«< cos 2mt + ,^6-3«< cos mt. 
2 6 32Km 

This equation determines the motion only during any one swing of the pendu- 
lum ; when the pendulum turns to go back li changes sign. Let us suppose the 
pendulum to be moving from left to right, and let us find the lengths of the arcs of 
descent and ascent. To do this, we must put ddjdt = 0. Let the equation be written 
in the form 8=f(t), then if we neglect all the small terms, dejdt vanishes when 
7B(= ± Jir, say when «= ±T. Put then {= - T-t-x where a; is a small quantity, we 

have 

f'(t)=f'{-T)+f"(-T)x=0. 
Now 

/' (tj^ac""* (mcosmt-KSinmt) -^ c"^*' f - 2/c-l- J cos 2m«-(--^ sin 2m« j 

+ ^ — e""*'(-m8inmJ-3/coosmt). 
32/fm ' 

A sufficiently near approximation to the value of /" («) may be found by 

differentiating the first term of /' (t). We thus find w?x= - k - ^/la/c - ^jTiV/k ; 

16—2 
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the second of these terms being smaller than the other two might be neglected. 
We also find as the arc of descent 

«=/( _ T)+f {-T)x=- {oc''2'+§/.a%2«2'_^ (^^T+^nSaSge^T/^)}, 

To find the arc of ascent we put t=T+y. This gives mh/= -K-i^nH^lK and 
the arc of ascent is 

6 = 0.6-'^- §Aio%-2«2'-mi/ {Kae-^^+-^n^a^e-^^licm). 

In these expressions for the arcs of descent and ascent the terms containing x 
and y are very small, and assuming k not to be extremely small, these terms will be 
neglected *. 

Now o is different for every swing of the pendulum, we must therefore eliminate 
a. Let «„ and u.,^^ be two successive arcs of descent and ascent, and let X=e~''^, 
so that X is a little less than unity. Then we have 

12 1 2 

. . , , 1 1 1 / 1 1\ 

elmimatmg a we have very nearly h ~ = il I — *" ~ ) ' 

, 3 1-X^ Skit .it 

where c=,r- , — r^ = . — nearly, and T=^r- . 
2fi 1 + X» i/im 2m 

The successive arcs, are, therefore, such that l/«„+l/c is the general term of a 

geometrical series whose ratio is e""!^. The ratio of any are «„ to the following are 

u^,is ^=e^T+^^ie^T-l), 

which continually decreases with the arc. In any series of oscillations the ratio is 
at first greater and afterwards less than its mean value. This result is found to 
agree with experiment. 

To find the time of oscillation. Let tj, tj be the times at which the pendulum is 
at the extreme left and right of its arc of oscillation. Then 

™''i"~2~m~32^' ""i'm'SS^- 

The time of oscillation from one extreme position to the other is tj - <j which is 
equal to irjm. This result is independent of the arc, so that the time of oscillation 
remains constant throughout the motion. The time is however not exactly the 
same as in vacuo, but is a little longer ; the difference depending on the square of 
the small quantity k. See Art. 321. 

Ex. 2. A rigid body is suspended by two equal and parallel threads attached 
to it at two points symmetrically situated with respect to a principal axis through 
the centre of gravity which is vertical, and being turned round that axis through a 
small angle is left to perfonn small ^niie oscillations. Investigate the reduction to 
infinitely small oscillations. [Smith's Prize.] 

* If these terms are not neglected the equation connecting the successive arcs of 

'y >? 2 ,, ,„, 71% 1-X* „ , ^. 2)c7r 

descent and ascent becomes = - s/^ll + X ) + ss ^ — • "O^ 1-X'= 

"n "n+i ^ 32Km X m 

nearly, so that this additional term is very small compared with that retained. 



CHAPTER VIII. 

DETERMINATION OF THE CONSTANTS OF INTEGRATION IN TERMS 
OF THE INITIAL CONDITIONS. 

Method of Isolation. 

365. Our object in this chapter may be very briefly stated. 
Given any number of simultaneous differential equations with 
constant coefBcients, it is known that the dependent variables 
X, y, z, &c. can be expressed in terms of the independent variable t, 
by means of a series of exponentials real or imaginary. Let one 
of these exponentials be a? = Jfe™*, then M is a function of the 
initial values of the variables x, y, &c. and of their differential 
coefficients. It is here proposed to exhibit this function. Thus 
without solving the equations, any one term of the solution, if its 
exponent be known, can be separated from the others and have its 
value written down, without finding those other terms. 

When the differential equations are not of a high order we 
can generally solve the determinantal equation and find all the 
possible values of m. In such a case it is merely a question of 
algebra to find the constants in terms of the initial values of the 
variables. We may, however, effect this more briefly and simply 
by using the rule here given. Sometimes it is impossible to 
solve the determinantal equation. We may find one or more 
roots, but the rest remain unknown. In such a case we could 
not proceed by the processes of common algebra, for the equations 
cannot be written down. Our object is to find the constants which 
accompany these known terms without the knowledge of the re- 
maining ones. 

This method is very simple and easy of application when the 
exponential to be separated from the others is connected with a 
solitary root of the fundamental determinant. But it may be 
used even though the root is repeated several times. The com- 
plication arises from the fact that the exponential is then accom- 
panied by as many constants as there are equal roots. Each of 
these requires a separate operation to find its value. 
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The method is generally applicable whatever be the order of 
the equations, but there is considerable simplification when the 
order is not higher than the second. This is of course the most 
interesting case, as the equations may then be such as occur in 
dynamics. 

In some cases the rule can be put into another form, which 
may possibly be thought simpler. In these cases it takes the 
form of the Method of Multipliers. When the number of de- 
pendent variables is infinite, we have an example in Fourier's rule 
to expand any function in a series of sines or cosines. 

366. The Determinant of Isolation. Resuming the no- 
tation of Art. 262, we let the n equations to find x, y, z, &c. be 
written in the form 

/n (S) X +/,, (S) 2/ +/,3 (S) -F . . . = 0] 
A (8) «; -l-A (S) 2/ +/23 (8) ^ + - = > > 

= oJ 

where S as before stands for dldt. In dynamical applications 
these functions of S are all of the second degree, but at present we 
make no restriction of that kind. 

To solve these we proceed as explained in Art. 262 and 
form the determinant 



A(S) = 



/n(S), A(S), Ml). 
M8), Ml), M^)' 



If we equate this determinant to zero, we have an equation to 
find S. Let its roots be m, mj, &c. omitting the suffix of the first 
for the sake of brevity. Then we know that 

00 = Me"^ + M^'* + .... 

It is our present object to find any one of these coefficients, say M, 
without finding any of the others. 

To effect this we deduce from the determinant A (S) another 
determinant, which we write 

S_^ <^ + \_^ y+^-' Mm), Mm) &c. 

M -f^m 

S — m 



n(m) = 



■x + 



S — m 

M -f^m 

S — m 



y+^c.Mm^Mm) &c. 



We form this determinant by the following rule. Erase any 
colv/mn of the determinant A (8), say the first column. To replace 
it we divide the first equation by S — m, and rejecting the remainder 
place the qtiotient in the first row of the erased column. We divide 
the second equation by S — m and place the quotient in the second 
row, and so on. Finally we put S = m in the remaining columns. 



ART. 367.] METHOD OF ISOLATION. 231 

If we erase the second column of the determinant A (S) or 
A (m) we obtain a slightly different determinant, which we may 
write Ha (m), the suffix indicating which column of A (m) we erase. 

The determinant 11 (m) is evidently a function of x, y, &c., 
Sflj, hy, &c., ^x, hh], &c., up to one less than the highest power 8 
in the given differential equations. For all these we write their 
given initial values. We then have 

jl^-n(m) 
A'(m)' 

where A' (m) means as usual the differential coefficient of A (r\i) 
with regard to m. In the same way if Ne™^ be the corresponding 

term in the value of w, we have iV= ^,^; I . and so on. 
" A'(m)' 

367. Ezamples. Before proceeding to the demonstration of this theorem let 
us consider some examples. 

Ex.1. Taking the equations ,, .,' ,., Z „!■ . 

we see that the fundamental determinant 

A (m) = I m^ - 4m, - (m - 1) I = m* - 5m^ + 5m2 + 5m - 6. 
|m+6, ' m''-m( 

Equating this to zero, we find that one value of m is m= - 1. Let us find the 
coefficient of c~' in the value of x. 

Dividing the equations hy S + 1 and rejecting the remainders, we form at once 
n(m) = |(S-5)a;-2/, 21, 
la; + (S-2)2/, 2I 

the second column being obtained by putting m= - 1 in the second column of A (m). 
Expanding, and noticing that A' (m) = - 24 when m= - 1, we find 

- 12M= Sa; - Si/ - 61 + J/, 

where M is the required coefficient. Here x, y, Sx, Sy are supposed to have their 
known initial values. 

We may show in the same way that there is a term M'e^ in the value of x 
where -ZM'='iSx + Sy-ix-y. 

Ex. 2. Let us take another example, in which the differential coefficients rise 
to a higher order, but let us still restrict ourselves to two dependent variables to 
save space. Taking the equations 

(S3+2«2 + S + l)a: + {53 + 2S + I)2/=01 
(S2 + 2«+2)a;+(8*+ S + 'i)y = o\' 

we see by inspection that the determinantal equation ia satisfied by m=l. Thus 

x=Me' is a part of the solution. Let it be required to find M when the initial 

values of Sx, Vx, Sy, S'y, S^y are all zero, and the initial values of x and y imity. 

Constructing the function IT by dividing each equation by S-1, and putting 5=0 

n{m) = \ix + ^,i\=M^'(m). 
as we proceed, we have L ^ A 

\Sx + 2y,i\ 

But, differentiating the determinant without expanding it, and putting m=l, we 

have A' (m) = 16. Hence, putting x and y each equal to unity, we immediately find 



the second determinant, viz. 
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368. We now 'proceed to the proof of the rule. 

Let p be some quantity which we shall write for m in the 
definition of the determinant 11 (m) in order to call attention to 
the fact that p is not necessarily a root of A (S) = 0. 

Taking the general expression for the determinant 11 (jo) given 
in Art. 366, we may resolve it into the difference of two determi- 
nants, the first rows of each of which may be written as follows. 

n ( ^) = gz^ /n (S) * +/i. (8) y + &c., /x, (S), &c. 

- g— : /u {p) « +/i2 {v)y + &c., /i2 (p), &c. 

p 

Consider the first determinant, the first column is occupied by the 
functions which form the differential equations. Hence this deter- 
minant vanishes whenever x, y, &c. have values which satisfy the 
differential equations. 

Consider the second determinant, it may be made into the 
sum of as many determinants as there are terms in the leading 
constituent. All these determinants have two columns the same 
except the first determinant. This first determinant is clearly 
A(p)x. It immediately follows that 

(S-p)U(p) = -A(p)x. 
Solving this linear differential equation in the usual way, we have 
n(p) + Aip)eP'Jle-pta;dt = GeP^ (1). 

Here p is any quantity at our disposal and w, y, &c. have any 
values which satisfy the differential equations 

To find the value of the constant G, we put t = 0. The second 
terai on the left-hand side is then zero because the limits coincide. 
It follows that G is the value of 11 {p) when we write for x, y, &c., 
Sa;, hy, &c. their initial values. 

Since p is arbitrary we may differentiate the equation partially 
with respect to p. Differentiating and putting p = ni, where m is 
a solitary root of the equation A ( p) = 0, we find 

^^^^ -I- A' (m) e™' £ e-™* xdt = Gtd^ + ^ e^. 

Let us now substitute x = Me™^ + M^^ -f- &c. with the corre- 
sponding values of y, z, &c. in the left-hand side of this equation 
and let us search for terms of the form te™*- The operator 
dn (my/dm is a linear function of x, y, &c., Sx, &c., and can 
clearly give rise to no term of the required form. The re- 
maining portion of the left-hand side gives only the single term 
A' (m) ifte™' of the required form. Equating this to the corre- 
sponding term on the right-hand side we have A' (m.) M= C. Since 
G is the initial value of H (p), this equation is exactly equivalent 
to that given in Art. 366. 
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369. On Repeated Koots. When the root j)=m is a rej)ea(e<2 root of the equa- 
tion A (p) = 0, the demonstration just given no longer applies. Since p is arbitrary 
we may difierentiate the equation (1) as often as we please, and after each differen- 
tiation we may write j)=»B. Since A(?n) = 0, A' (m)=0 &o. the successive left-hand 
sides reduce to n (m), dU. (m)jdm, &c. On the successive right-hand sides we have 
only terms which contain the exponential e™*. 

It follows that if A (p) = have o roots each equal to m, the operators 

dn{m) ffn(m) d'-^n (m) 

"<™)'-*ir- ^^" ~1^;^=^' 

all produce zero when we substitute for x, y, ifec. any solutions of the differential 
equations which do not contain the exponential e"" . 

Thus it appears that if we calculate the results of these operations by substitu- 
ing the particular parts of the values of x, y, &c. which depend on the root m of 
the equation A (£)==0, the results will be general, i.e., wiU be the same as if we had 
substituted the complete values of a;, y, &o. 

Without using any further rule, therefore, we may find the a constants which 
depend on the repeated root p=m by substituting in these a operators the particular 
terms in x, y, &c. which contain the exponential e™'. Thus we obtain o expressions 
for the operators which contain the a constants. At the same time the values 
of the operators themselves may be found by giving the variables x, y, &o. their 
initial values. 

This, however, requires that we should use all the co-ordinates, but if we wish to 
find the values of the constants which occur in one co-ordinate only, we may use 
the results of the following theorem. 

370. It is required to find in terms of the initial conditions the values of the 
constants which enter into the expression for any one of the co-ordinates when the 
fundamental determinant A (p) has a roots each equal to m. 

In this case the value of x contains powers of t, but how many will depend 
on whether the minors of the determinant A (5) are zero or not. Since, however 
the highest power of t cannot exceed a - 1 we may take as the general value of x 

x=(M„ + liIit+ ...+ ^ 2Zn *'"~^) «*+SJ^«'c". 

where the terms included in the S stand for those portions of the value of x which 
do not depend on the root m and L[a-l) = l . 2 . 3...(a-l). There are similar 
expressions for y, z, &o. also containing powers of t not higher than the (a - 1)"", 
but it will be unnecessary to write these down. 

We now proceed to differentiate equation (1) of Art. 368 r times with regard 
to p, and after substitution for x, y, &c., we shall search for the terms containing 
fKgmt ^here r and k are any integers we may find convenient to use. The r"" differ- 
ential coefBcient is clearly 

drjiip) d'A{p)P _dr 

~d^+ dpr -dp'^^ ^'' 

where P=e'*J'e-i"xdt. 

We notice that the first of the two terms on the left-hand side is a linear 
function of x, y, &o. and their differential coefficients with regard to t. Hence no 
term of the form searched for can enter unless with powers of ( less than o. If 
then we restrict ourselves to values of k greater than a - 1, we may pay no further 
attention to this term. 
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This second term on the left-hand side of (2) may by Leibnitz's theorem be 

written A'-(p)P+rA'- (y) _+... +^^-^Ji_^ A (j,)-;:^. 

In this series all the differential coefficients of A {p) below the a* have been omitted 
because the equation A (p) =0 has been supposed to have o roots each equal to m. 

If we substitute in the expression for P any such term as Ntfe'' we find after 
integration only one term which is free &om the exponential e^, and this one term 
is of the form He'^. Hence d'Pldp' contains no power of * higher than the «"■. 
In this series therefore, when we put p=m and search for the terms of the 
form f^C"", if we restrict ourselves to values of k greater than r-a, we may pay no 
further attention to such terms as Nt'ei'. 

We have next to find the value of d'Pjdp' when we substitute for x any term of 



the form ^^r-^ — =x *" ^ «'"*■ Now whatever x may be we have 
L(K-^) 



d'P d' 1 Ls T ,,_,,, > 

dp' dp' d-p {S-p)^^ ' 

where Ls=X .2 .S...s as usual. Substituting for x and writing p=m, we may 

effect the integrations represented by S~' without difficulty. The exponential 

d'P Ls 

disappears and we find at once -^— = =— ; M ,l!'*'e<^. 

^'^ dp' L(k + s) «-1 

No correction is necessary to the integration since this vanishes with f . 

Supposing then k to be greater than both a - 1 and r - a we find for the coeffi- 
cient of t* e"" on the left-hand side of the equation (2) 

^JA' (m) M^_^ + rir-^ HM^-2 +'t^^'"' W ^.-3 + *«-[ ■ 

On the right-hand side we find the coefficient of t" e"" to be ; r . . 

LKL(r-K) dm'—' 
Equating these two we have 

Lr -^i«-l + i(r-l)''"«-2+-+ La ''-'■+''-^~ L(r-K) dmr"' 
Since the letter C stands for the initial value of n (/«), it will be more conve- 
nient to replace it by the latter symbol, with the understanding that all the co- 
ordinates have their initial values. 

Since K.must be greater than a-1 and M^=0, the only useful value of it is 
K=a. Since k must be greater than r-a, the only possible values of r are r=a, 
a + 1, ... 2o- 1. Writing these in succession for r, we obtain 

j-^Ma-i = -a.(m), 



AaH-l 






i(o-l-l) »-i^io "-2 dm 

A''+' „ , A''+^ A« _ 1 dsnim) 

I,(a-)-2)^«-l + Z,(a-|-l)^''-2 + i„'^a-8-i72"dS?~- 

&c. = &c. 
We have here just the right number of equations to find the o arbitrary con- 
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stants which occur in the value of x without requiring the corresponding values of 
the other co-ordinates. 

If all the first minors of the determinant A (S) have § roots equal to m, the first 
jS operators on the right-hand side ivanish whatever x, y, &a. may be. In this case 
therefore the coefficients J^„_i--^a_fl are all zero. Thus the expression for x (as 
already explained in Art. 272) loses /3 of its highest powers of t. 

In the same way we may find the constants which occur in y by using the 
operator called IIj in Art. 366 instead of n. 

37 1 . Another form of the determinant. There is another 
form in which the operator 11 (m) can be written and which is 
particularly iiseful when the differential equations are of the 
second order. Returning to the proof given in Ai-t. 368, we see 
that the determinant fl (p) may be written as the difference 
between two determinants, the second of which is zero when 
A(^) = 0. Looking at the first determinant, we may divide all 
the constituents of the first column by any power of S we please, 
provided we finally multiply the determinant by the same power 
of S. But these constituents are the functions which form the 
differential equations. We may therefore modify the rule given 
in Art. 366 as follows. First divide the equations hy any power of 
h we please. Then form 11 (m) from these modified equations by 
the rule already given in Art. 366 and finally multiply the constitu- 
ents of the first column by the same power of 8. If this modified 
operator be called 11' (m), we see that 11 (m) and 11' (m) differ by 
some multiple of A (m). If A (S) = have a roots each equal to m, 
it follows that all the differential coefficients of 11 (m) and 11' (m) 
up to the (a — l)th are equal each to each. 

372. Thus let the equations be 

(A J'' + BnS + Gu) X + (^128' + -Bi,8 + G,,)y = 

{A^S" + B^h + C,i) X + (4^8^ + B^h + G^)y = 

taking only two variables to shorten the results. We divide each 
equation by 8, then to form 11 (m) we divide by 8 — m and reject 
the remainders. Finally we multiply again by 8. We thus have 

n(m)= A.M + A^.Sy- ^''"'^^"'^ , A,,m' + B,,m + G,, 

A^Zx + A^hy - ^J^±^ , A^m' + B^m + G,, 
" m 

In this form the constituents of the first column (when the equa- 
tions are of the second degree) may be written down by copying 
them from the equation. 

The advantage of this form is that the forces of resistance 
which depend on the potential B (Art. 311) have disappeared 
from the symbol 11 (m). It also leads to the method of multipliers 
to be explained in the next section. 
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(S2-3S+2)a;- 
■{S-l)x + [S'- 



373. Ex.1. Let the eqaations be ,. ,, '1. /, „!•. 

": -i^- • "^ .5S+i)y=0f 



The fundamental determinant is 

A(m) = |m=-3m+2 m-1 i = (to - 1)" (m - 3)= 
I -(m-1) m2-5m+4| 

The equation A(m)=0 has therefore two roots each equal to 2 and the corresponding 

terms in the value of x will be a; = (af„ + Mit) e". 

It is required to find M„ and Mj in terms of the initial values of the co-ordinates. 

We form the operator II (to) by the rule given in Art. 372, copying the columns 
from the equations given above 



n(m) = 



5a: ^, m-1 



m 
x + iy 



jv'-Sm+i 



■■{m-l)\{m-4:)Sx-Sy — !" +y\ 



Thisgives when 7re=3, II (m)= -2{Sa; + 8y-a;-3/}, ' = dx-Sy-x+y. 

Also when m = 3 we have A (m) = 0, A' (m) = 0, A" (m) = 8, A'" (m) = 24. Hence by the 

. ■ • «_L orm iM,= -2(dx+Sy-x-y)\ 

rule given m Art. 370 . ,,^' „ / ^ ? !■ . 

^ i(Mi+M„) = Sx-&y-x+y] 

where the quantities on the right-hand side have their initial values. 

Ex. 2. Let the equations be Jf ~ f ^ "^ ~J^^ . 
^ (28-1) a; + 82^= Of 

Find the constants in x=(M„ + Mjt+iM^t'') e'. 

The result is 2Jlf2=5a;-)-S^-|-a; + j/, 2Mi + M^=2Sx-x+y, 2M„ + Mi=Sx + x. 

374. The following examples illustrate the application of the preceding theorems 
when the differential equation has but one dependent variable. 

Ex. 1. The difiereutial equation {^-2S^- d + 2)x=0 is satisfied by x=Mcf. 
If the initial values of a;, Sx, S^x are a, a', a", prove that 2M= 2a + a'- a". 

Ex. 2. Let the differential equation be/(5)a;=0 and let/ (5) contain only even 
powers of 3. If the terms of the solution depending on the pair of solitary roots 
m=J=J-l of/(m)=0 be x=F cos kt + G sin kt, prove that 

Ff(m)_f(S) Gf'(m)_ f(S) Sx 

2 TO ~S^+k^ 2 m ~S«-fF fc- 

Ex. 3. Let A^5''x + ... + Ajdx + AgX=0 be a differential equation. Representing 
this by / (5) a; = 0, let 7re be a real solitary root of / (S) = 0, and let Jlf e*"* be the corre- 
sponding term in the value of x. Prove that a superior limit to the value of 
Mf (to) is the sum of those terms in the series A„S"-^x + ...+A^Sx + Ai which have 
the same sign as /' (m). Here of course a;, Sx, &o. are aU supposed to have their 
known initial values. 

375. The following examples indicate another method of investigating the 
theorems of this section. 

Ex. 1. Let the first minors of the determinant A (J) be represented by the 
letter I, the suffix indicating the constituent of which it is the minor. If q be any 
root of A (5)=0 we know that a solution of the differential equations is 

a; = GJu («)«". y=GIn{9)e^, «=&o., 
where G is an arbitrary constant. Let us however suppose that q is unrestricted 
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in value and is not necessarily a root of A(S) = 0. Prove that the result of the 
substitution of these values of a;, y, &o. in n (p) is 

q-p 
where p also is unrestricted in value. 

This result may be proved by resolving 11 (p) into the difference between two 
determinants as in Art. 368, and then substituting in each. 

Ex. 2. Deduce from the last example that if p and q be unequal solitary roots 
of A (8)=0, then n (l)) = 0. But itp and q be the same solitary root then 
n(i>) = GIn(i>)A'(i>)ci>'. 

Ex. 3. If the equation A(8)=0 have jS roots each equal to q, the form of the 
solution is indicated by x = Gglj^ (?) C + . . . + Gf „ _ ^^ (d/dg)^ ~ ^ {In (g) ««< } , 
with similar expressions for the other co-ordinates. If the equation A(S)=0 have 
also o roots each equal to p, prove that the result of the substitution of these 
values of the co-ordinates in any one of the determinants n {p), [dldp)'n(p)... 
(dldp)°'~^n (p) is zero if p and q be unequal. If p and q be equal, we obtain the 
results given in Art. 366. 

This may be proved by using Leibnitz's theorem to differentiate the equation of 
Ex. 1, i times with regard top, and j times with regard to q, where i is less than a 
and J than /3. 

Ex. 4. When all the first minors of A (5) vanish for any particular value of S, 
the solution depends on a double type J, i; so that x=J^^{S)^, y^Ji^iS) r) &a. where 
Jj3 (S) is the second minor of A (5) formed by omitting the first two rows and 
columns as in Art. 273. Prove that if we write |=Ge9', ri=Hes', where G and 
H are two arbitrary constants which run through all the values of the other 
co-ordinates, then 

n{p)=GJ^\\ypyj^';^l\-j,Ai)A{p)\ -H J!L|^"W' ^nWl 

Here p and q are unrestricted in value and do not necessarily satisfy A (5) =0. 

Ex. 5. Deduce from the result of Ex. 4, that if A (S) have two roots each equal 
to m one of which makes aU the first minors zero, so that x=M&^, y=Ne"' are 
parts of the solution where M, N are independent constants, then 

iA"(.)M=g, iA"irn)N=^, 

where 112 is obtained from A (m) by erasing the second column instead of the first 
(see Art. 366). Here the co-ordinates on the right-hand side are supposed to have 
their initial values. 

Ex. 6. Let the equation A(5)=0 have a roots each equal to m, and let all the 
first minors have /3 roots also equal to m. Let us form from II (m) a new determi- 
nant n' (m) by omitting any row we please and any column except the first. Prove 
that if we substitute in the determinants (d/im)n'(m), &a. (d/dm)^~^n'(m) any 
values of the co-ordinates which satisfy the differential equations and which do not 
involve the exponential e^, the results are all zero. 

Method of Multipliers. 

376. In the last section we showed how the constant belonging 
to any one oscillation could be determined when the differential 
equations were of any order. We now propose to consider what 
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simplifications can be made in the rule when the differential 
equations are of the second order and of that simpler kind which 
usually occurs in dynamics. 

Eeferring to Art. 310, we find the equations of the second 
order written at length. But forms so general as these seldom 
make their appearance. The two most important problems which 
occur in dynamics are those in which we have — 

(1) Oscillations about a position of equilibrium, whether with 
forces of resistance or not. 

(2) Oscillations about a state of steady motion. 

In the first of these cases the terms depending on D, E, F are 
absent from the equations so that the fundamental determinant is 
therefore symmetrical. In the second the terms depending on 
D and F are absent, but those depending on the centrifugal forces 
E are present. In this case the forces of resistance B are generally 
absent. 

377. We may therefore simplify these equations of motion 
and write them in the form 

(^,S» + i?,S + C„)^ + (^-^ + |^^g+^-)2/ + &c. = 0,' 

('^'^^;|;^^5'^^")*+(^^s»+5^8+o^)2,+&c.=o, - 

&c. +&c. +&c. = 0. 

The solution of these equations has been already expressed in 
Arts. 313 and 317 in the following forms. If m^, m^, &c. be 
real roots of the fundamental determinant, we have 

X = ajje'"!* + aioe'"^* + feci dx/dt = a^'e^* + a;/"^' + &c.") 

y = yiB!^* + y^'^'* + &c. > dy/dt = yi'e'^* + 2/2'"^' + &c. i 

&c. = &c. ) &c. = &c. j 

Here a\,yi,Zi, &c., a^', y^ , &c. contain as a common factor one 
constant of integration, x^,y^, &c., x^, y^, &c., another constant and 
so on. These are the constants called L^, L^ &c., in Arts. 261, 268 
&c. Also a;/ = x^niy, y( = y^in^ and so on. 

378. If there be a pair of imaginary roots in the fundamental 
determinant of the form wti = 7" + pV~l) Wi2 = »'— pV — 1, the 
preceding solution takes the form 

X = X^f*' cos ft + X^"^ sin -pt + x^€^^ + fee] 

y = Y^e'^ cos pt + Y^^ sin pt + y^^* + &c. i 

&c.=&c. j 

dxldt = X(e^ co&pt 4- X/e"^ snypt + ai/e™'* + &c.] 

dyldt = F/e^ cos^« + Y^'e^ sin pt + y^'e'^* + &c. 

&c, = &c. 
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where X-, = Xi + x.„ X^ = («! - aj^) V - 1 and XI = rX., + pX^ 
X3 =—pX-^ + rX^. There are of course similar expressions for 
the Y's, &c. Here we notice that all the coefficients in the first 
two columns are linear functions of two constants of integration, 
the coefiicients of the third column are multiples of a third 
constant and so on. 

379. If we examine the form of the solution given in the 
last article we see that the columns are arranged according to 
the roots of the fundamental determinant. Each column contains 
one or two arbitrary constants which have to be determined from 
the initial values of x, y, &c. If the whole solution is known 
we may therefore find the constants by common algebra, though 
if there are many unknown constants the process may be very 
long. But if the whole solution is not known the processes of 
common algebra fail. 

380. Thus suppose we have found only one root of the funda- 
mental determinant, then we know the terms which occur in one 
column only. The other columns depend on the other roots 
which have not yet been investigated. We may yet wish to find 
the value of the constant which occurs in this column in terms of 
the initial values of the variables. We should then be able to 
find the magnitude of any one oscillation without finding the others. 

To effect this we use the method of multipliers, our object is to 
find some multipliers for the equations which express the values 
of X, y, &:c., dx/dt, dy/dt, &c. such that on adding together the 
products all the columns will disappear except the one we wish 
to retain. Supposing this done we have one equation containing 
the constant to be found and the initial values of x, y, &c. This 
equation will be sufficient to determine the value of the constant. 

There is this point of difference between the method of isolation and that of 
multipliers. In the former we find the constant connected with any one term in 
any column without caring for the other terms in that or any other column. In 
the latter we require to use all the terms in that column to find the one constant. 
In the former method we isolate any one term, in the latter we isolate any one 
column. 

381. The proper multipliers may be deduced from the determinant II (m). 
Taking the form given in Art. 371 as the best adapted for equations of the second 
order, we have by expansion 

n {m)=:Px + Qy + &o. + P'Sx + Q'Sy + &e., 
where P, Q, &e. stand for the coefficients in the expanded determinant. Now it has 
been proved in Art. .S69 that II (m) is zero when we write for x, y, &e., the terms of 
any column of the solution in Art. 377 depending on a root other than m. It 
follows at once that the proper multipliers to separate the column depending on the 
root m from the other columns are P, Q, (fee, P', Q', <feo. 

These multipliers are really determinants, and when there are many co-ordinates 
it may be very troublesome to calculate their values. The coefficients of the 
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column which is to he separated from the others are also determinants. Both these 
sets of determinants are connected with the minors of the fundamental determi- 
nant ; the former with the minors of some column, the latter with the minors of 
some row. When the difEerential equations are of the simpler kind which occurs 
in dynamics (Art. 377), the fundamental determinant has a certain symmetry 
about the leading diagonal. In this case the two sets of determinants are con- 
nected together so that the required multipliers can be expressed as simple functions 
of the coefficients of the column we wish to separate. 

Instead of making the transformation from one set of determinants to the other, 
it will be simpler to adopt an independent mode of proof. The required multipliers 
foUow at once from the two equations which have been made the foundation of the 
theorems in the first section of Chap. vn. (see Art. 316). As the equations now 
under consideration are simpler than those treated of in the section just referred 
to, the proofs of these two theorems will be briefly summed up in the next article. 
The definitions of the functions A, B, C (Art. 311) will also be adapted to the 
special use which we now intend to make of them. 

382. If we substitute the terms in the first column of the 
expressions for x, y, &c. given in Art. 377 in the differential 
equations we obtain a set of equations which differs from the 
differential equations only in having twi written for S and x^, 
2/i, &c. for X, y, &c. First multiply these respectively by a^, yx, &c. 
and add the results together, the sum may be briefly written, 

A (xiXx) m^ -f B (jCiOh) mi+ G {x^x^ = 0. 
Next, multiply these respectively by x^, y^, &c. and add the results 
together. The sum may be briefly written 

A ix^xi) m^ + B {xiX^ rrh + G (xjXi) = JS (a^a) Wi. 

The functional symbols A, B, C when not followed by the 
subject of the fiinctions all represent functions of the co-ordinates 
X, y, z, &c. which have been defined in Art. 311. Thus 
A = |4u«^ + Axsxy + ^A^^ +..., 
B = ^Bxxaf + Bycy + iB^^+..., 
G = ^Gna? + Gx^ + iG^^+.... 
When the differential equations are given the following rule 
to find A, B, G will be useful : — Multiply the equations by x, 
y, z, &c. and add the products, treating the operator S as an al- 
gebraic factor. The halves of the coeffidenis of the powers of B are 
the functions A, B, G. 

When we wish to substitute for the variables x, y, z, &c. any 
quantities we affix as usual those quantities to the functional 
symbol and write 

A {xxXx) = \ A^xx^ + Ax^c^yx + \ A^^ -f . . . , 
with similar expressions for B (xiX^) and G (x^Xj). 

We then generalize these expressions and for the sake of brevity 
write 

A {XjX,) = ^A.xXiX^ + i4i2(«i2/2 + ofiyi) + i-A-^iyi + • . . . 
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383. Prop. A. — To determine the multipliers when the funda- 
mental determinant is symmetrical and the forces of resistance not 
absent. 

Let mimj be any two roots of this determinant. Then, by 
Art. (382), since the terms depending on E are absent, 

A i-r^x^ wii^ + B {x-iX^ nil + G {oc^x^ = 0) 



A (x^x^) m^ + B {xjX^ m2 + G {x^w^ = 0[ ^ 

Eliminating B and G in turn from these equations, we have 
A (xiX^) m^m^ = G (x^x^) 



••(4), 



(2) 
— A{xiX^){mi + m2) = B(xiX2)\ 

except when m^ and m^ are the same root. 

Either of these equations may be used to find the required 
multipliers. We thus find two sets of multipliers. We shall 
choose the first equation, as giving the simpler results. 

If there be a pair of imaginary roots in the fundamental de- 
terminant, say mi = r+p J —1, m2 = r —p i\/ — 1, and if m,^ be any 
other root, the first of equations (2) gives 

A{XiX3){r+pJ -\)mi=G{x,x,)\ . 

A (x^s)(r-p<^ - l)m3 = G(x^s)j 

Remembering that A and G are linear functions, we see that 
these give by addition and subtraction 

A (X1X3) ms = (/(Zi^s) 

A (X^'xa) ms = G{X^^ 
where X^, X\ ; X^, X^ have the meaning given to them in Art. 378. 
The function A (x^x^) may obviously be deduced from the 
potential A {x^x^ by the process 

. , dA {x^x^) dA {x^x^ 

2A{x,x,) = x,—^ + y,-^^+..., 

where of course A (x^Xi) (Art. 382) represents the value of A (xx), 
or A when x^, y^, &c. have been written for x, y, &c. The functions 
B and G may be treated in a similar manner. 

We may now immediately deduce the proper multipliers. 

Taking the solutions written down in Art. 377, let us multiply 
the expressions for x, y, &c. by — dGjdx, — dG/dy, &c., after writing 
oBi, 2/1, &c. in these multipliers for x. y, &c. ; also let us multiply 
the expressions for dxjdt, &c. by dA/dx, &c., after writing «/, 
yi, &c., for X, y, &c., in these multipliers. Finally, let us add 
the products ; then, by virtue of the first of equations (2), the sum 
of every cohimn except the first is zero. 

If we have imaginary roots in the fundamental determinant, 
we take the solution given in Art. 378. Treating it in the same 
way, we see by equations (4) that all the columns disappear except 

R. D. II. 16 
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the two first. Repeating the process for the second column, we 
again find that all the columns except the two first disappear. 

384. The rule may he summed wp as follows : — 

Let the fundamental determinant be symmetrical, and the 
forces of resistance not absent. Let it be required to separate 
by the method of multipliers any given column from the others. 
The proper multipliers for the co-ordinates are the values of dC/dx, 
dG/dy, &c., after we have substituted for x, y, &c., in these mul- 
tipliers the corresponding coefficients in the column we wish to 
preserve. The proper multipliers for the velocities are the values of 
— dAjdx, —dA/dy, &c., after we have substituted for x, y, (fee. in 
these multipliers the corresponding coefficients in the colu/mn of 
velocities we wish to preserve. Finally, we add the products 
together. 

In this way we can find an equation connecting the initial 
values of the co-ordinates with the constant which accompanies 
any one column. Since these initial values are arbitrary, neither 
side of this equation can wholly vanish unless all the multipliers 
themselves vanish. Hence the coefiicient of the exponential on 
the right-hand side cannot be zero, except in this one case. 

The multipliers cannot all vanish unless the quadric functions 
G and A also vanish for some finite values of the co-ordinates. In 
dynamics the function A is such a function of the co-ordinates as 
the vis viva is of the velocities. It is therefore impossible that A 
could vanish for any finite values of the co-ordinates. 

385. Example. Let as consider the equations 

(^ + S+l)x + i{S-fiy = 0\ 
\[S-i)x + {S^-S+l)y = 0\- 
It is easily seen that the determinant of the solution reduces to m* - ^=0. 
We therefore have, if m now stand for \ */5, 

a; = Sj e""* + Xj e"™* + X^cos mt + X^ sin mt\ 
^ = j/j e"« -l-j/2 8~™' + ^3 "OS mt + Yj sin mtj ' 

dxjdt= mx^ e™* - inx^ e""™* -|- mX4 cos mt - mXj sin mt\ 
dyjdt = my I e™ - my^ e~"" -I- m Y4 cos mt-mY^ sin mtj ' 

Also multiplying the equations by x and y, and taking the halves of the coefficients 
of the powers of 5, we have 

A=i(x^ + y^), 0=Ja;2-|a^ + j2,2. 

Suppose we wish to find the coefficients x^, j/i in terms of the initial conditions. 
Following the rule, we multiply a; and y by the differential coefficients of C after we 
have written Xj, y^ for x, y in the multiphers. We multiply the velocities by minus 
the differential coefficients of A, writing in the multipliers mx^ and my^ for a; and y. 
Finally, we add the results. Thus we have 
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Putting t=0, and giving x, y and their velocities their known initial values, we 
have one equation to find the constants iCj, j/j. Their ratio, 

being known from the first equation, we easily find both x^ and j/j. 

If we wish to find the coefficients of the trigonometrical terms, we use two sets 
of multipliers, because the two imaginary exponentials have become mixed up to- 
gether in the trigonometrical term ; or we may replace them by their imaginary 
exponentials, and find the coefficients of either by one set of multipliers. Taking 
the first alternative, one set of multipliers will be respectively 

The other set will be Z^-jr^, -^X^ + iYt, +mXs< +mi's- 

386. Prop. B. — To determine the multipliers when the funda- 
mental determinant is symmetrical and the forces of resistance 
are ahsenl. 

This proposition is really included in the last. But as the 
absence of the function B introduces great simplification, it is 
worth while to consider this case separately. 

Since the forces of resistance are absent, only even powers 
of h enter into the equations. Hence for every root of the funda- 
mental determinant there is another equal in magnitude but con- 
trary in sign. If A and C are one-signed functions, and have the 
same sign, these roots are of the form ±p^— 1. Choosing this as 
the type, we may write the equations of Art. 378 in the form 

x = Xi cos pt + Xa sin pt + ajje™'* + ... &c. = &c., 

dxjdt — Xi cos pt + Xj' sin pt + x^'e'^ + ... &c. = &c. 

Here, unless there are equal roots, we have 

^ = V" = &c. = — ^ = — ~r-, = &c. = H, 

because the ratios of the coeEScients of any exponential are ex- 
pressed by the minors of the fundamental determinant, and these, 
containing only even powers of m, are the same when the exponents 
are equal in magnitude but contrary in sign. 

Here H will stand for the constant in the second column on 
the right-hand side of the equations, the constant in the first 
column being included as a factor in Xi, Fj, &c., X^', Y^, &c. 

Since the function B is zero, the equations (2) of Art. 383 
reduce to A {x^x^ = 0, G (x^x^) = 0, 

except when wij = + mj. For a pair of imaginary roots such as 
mi = r + p^ — 1, m^=r—p\l — \, combined with a third root mj, 
we have (exactly as in that article) 

^(Xa) = 01 O(Xi«3) = 0I 

^(Xa) = OJ' (7(Z^3) = or 

387. We may use either the function A or the function (7 to 

16—2 
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supply the proper multipliers. We thus find two sets of multipliers. 
Which we should choose depends on the f ottos of K and C. 

If either of these functions contain only the squares of the 
co-ordinates, i.e. if it be of the form 

aai? + hy^ + cz^+ ..., 
it is clear that its differential coefficients will be much simpler 
than if the terms containing the products of the co-ordinates 
were also present. The multipliers are indicated by these dif- 
ferential coefficients, and will therefore also be simpler. That 
function is therefore to be chosen which has the fewest terms 
containing the products of the co-ordinates. 

Choosing the function A, we have the following rule to find 

the multipliers. Let it be required to separate from the others 

any particular oscillation — say the two columns containing the 

phase pt. The proper multipliers for the co-ordinates x, y, &c. are 

dA dA 
the values of -j- , -j- , &c., after we have substituted for x, y, &c. 

in these multipliers the coefficients of either of the columns contain- 
ing the phase pt. Adding these products, we have one equation 
from which all the oscillations except the one to he preserved have 
disappeared. The same multipliers may now he used for the velo- 
cities, and thus by a second addition we obtain another equation of 
the same kind. 

The two equations thus obtained may be written thus : — 

' x^^^^^ + &c. = 2A(X,X^){cospt + Hsmpt], 

g t^^(M) ^ ^^ ^ 24 (XxX,) [Hp cos pt-p sinpt]. 

Putting t = either before or after using the multipliers, we 
have two equations to determine H and the other constant in- 
cluded in Xi, Fi, &c. 

388. A rule to find the functions A and when the differential 
equations are known has already been given in Art. 382. But 
in using Lagrange's method it is sometimes more convenient to 
refer to the expression for the vis viva and the force function 
from which these equations have been derived. Referring to 
Vol. I. we see that the vis viva is 

2T=Anx'^-{-2A,^'y'+... 
Thus the function A is derived from T by merely dropping the 
accents from the co-ordinates. The function G is of course the 
same as the function U„—II defined in Vol. i. 

389. Prop. C. — To determine the multipliers when the forces of 
resistance are absent but the determinant is skewed by the centrifugal 
forces. 
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Referring to the equations of motion in Art. 377, we form the 
determinant which we have called the fundamental determinant. 
It is unnecessai-y to write this determinant, as its form is evident 
from the merest inspection of the equations. It is also given at 
length in Art. 112. 

If in this determinant we write — S for B, the rows of the new 
determinant are the same as the columns of the old, so that the 
determinant is unaltered. When expanded, the determinant will 
contain only even powers of S, and therefore its roots enter in 
pairs. We shall therefore take as our standard form of solution, 
instead of that in Art. 378, the expressions 

x = Xi cospt + Xa siapt + x^* + . . .1 

2/=FiCos;3<+F,sin23f + y3e'^*+...f ^1)' 

&c. = &C. j 

dxlit =X,'cospt+X,' smpt+Xs'e^''*+ . . .] 

dy/dt = Y^'cospt+ F/ smpt+ys'e'"'*+ ...\ (2)- 

&c. = &c. J 

Here the first two columns represent the most common form 
of a principal oscillation, and the third column represents any 
other form. When the centrifugal forces (i.e. the terms depending 
on E) are present, the minors of the fundamental determinant do 
not contain only even powers of S. It follows that the coefficients 
in the second column do not necessarily bear a uniform ratio to 
those in the first column. 

Since the function B is absent, we have by Art. 382, the equa- 
tions J. (aji^Cj) Tj^i + teaja) — = E(ocTy^ 



A (xiX^) m^+G (x^x^) — = -E fewj) 
m. 



.(3). 



Adding these to eliminate the functional symbol E, we find 

A {x^x^m^m^+G{x^x^ = (4), 

except when tWi = — rrii. 

We notice also that, by Art. 382, 

A (aJi^i) rn^ + G {x^x^ — 0| 



A{x^^)mi+G{x^x^ = 0\ 

We might also eliminate the function 4 or from the equations 
(3) instead of the function E, and in each case we may deduce a 
rule to find the multipliers; hut the simplest rule is found by 
eliminating the function E. 

The formula (4) resembles that used in Art. 383, and there 
called (2), except in the sign of A. Proceeding therefore exactly 
as in that article, we shall deduce the corresponding rule for the 
multipliers. 
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Instead of equations (3) of Art. 383, we now have (since r = 0) 
A (xiXg) pnis ^J-l + G (asiSSs) = 0] .gv 

— A (a;^s)pm3\/-l + 0{x^s) = 0] 

Remembering that A and G are linear functions of the letters of 
any one suffix, these give by addition and subtraction 

A (X^'x,) m,+ G (Zxa^s) = 01 .^. 

A{X;x,)m, + G{X^,) = Q] *- -'" 

where as before X = «i + ^2 > -^2 = («i — ^a) V — 1 . ^i ^pX^ , X/ = —pX^ . 

Also Avriting m^=p/J — l,m2 = —p^—l in equations (5), we 

find by subtraction A (Z/Z/) + G (X^X^) = (8). 

390. From these formulae we now deduce the following rule 
to find the multipliers. 

Let the forces of resistance be absent, and let the fundamental 
determinant be skewed by the centrifugal forces only. Let it be 
required to separate any principal oscillation from the others. 
Selecting one of the two colv/mns which form, the oscillation, the 
proper multipliers for the co-ordinates x, y, &c. are the values of 

dG dG 

J- , -J— , (fee, after we have substituted for x, y, &c. in these multi- 
pliers the corresponding coefficients in the column selected. The 
proper multipliers for the velocities are the values of -v- , t— , &c., 

after we have substituted for x, y, die. in these multipliers the co- 
efficients corresponding to these velocities in the column selected. 
Finally, we add all these products together. We then repeat the 
process with the coefficients of the other of the two columns which 
form, the oscillation. 

By virtue of equations (5) and (8) it will be found that in each 
of these processes every column except one will disappear from the 
final summation. But we may notice a curious difference between 
the columns which contain real exponentials and those which con- 
tain trigonometrical expressions. If we operate with the coeffi- 
cients of one of the former introduced into the multipliers, it is 
the companion column which does not disappear; but if we operate 
with the coefficients of one of the latter, it is the column whose 
coeffiydents we have used which does not disappear. 

391. Example. Consider the equations ,„. ,-,'^„, „>■. 

It is easily seen that the fundamental determinant reduces to m^-16 = 0. Hence 
, a; = Zi cos 2t + X2 sin 2t + x^e^' + x^c-^"! 

^ = yiCos2!+ Yj ainit+y^^'+y^e-^] ' 
dxjdt = 2^2 cos 2i - 2^1 sin 2t + 2x36=* - 2x46-^8 1 ^ 
dyldt=2Y^ cos 2t - 2 Fj sin 2f + 2ij^^ - 2y^e-^ J ' 

where ^'^= ^^H ^^=-^^^ 



dC 


dC „ 


dA 


dA 


— = - 8a:, 
dx 


^r^"' 


dS='^' 


dy~ 



ART. 392.] METHOD OF MULTIPLIERS. 247 

Also multiplying the equations (Art. 382) by x, y, adding and taking the halves of 
the coefficients of the powers of S, 

A=l(x^+y\ C=4(-8a;= + 22/2). 
The proper multipliers are indicated (Art. 390) by the formula 
dC dC dx dA dv dA 
da; dy dt dx dt dy ' 

Now 

Haying chosen the column whose coefficients are to be used in the multipliers, we 
see by Art. 890 that the proper multiplier for the first equation is minus eight times 
the coefficient of the column in that equation ; the proper multiplier for the second 
equation is twice the coefficient in that equation ; the proper multipliers for the 
third and fourth equations are the coefficients themselves in those equations. 

Suppose first we wish to find x^, 3/4, then, because the fourth column con- 
tains a real exponential, we operate with the coefficients of the companion column. 

The multipliers are therefore -=- = - 8xg , -=- = 2yg , — = 2xi, —= 2y^ . 

(tx o/y OiX Cby 

dx dy 

Hence we find - %x^x + 2y0 + 2x3 — + 2y, -^ = IGy^^e-^f ; 

substituting for x^ in terms of j/3 and putting t = 0, we find 
-ijex + 2y+ J6f^ + 2^^ = iey„ 

which determines 2/4 in terms of the initial values of the co-ordinates and their 
initiEil velocities. 

Suppose next we wish to find ifi, X^, Taking the coefficients of the first 

column, the multipliers are ^=-8X1, -r-=2Yj^, —=2X^, -j-=2Y^. 

Since these columns contain trigonometrical expressions, we know that when we 
operate with the coefficients of either column in the multipliers, the other column 
disappears. Hence, paying no attention to any column except the first, we have 

-8ZiX-l-2yi2/ -1-2X2 dxjdt + 2Y^ dyldt=U [Xt^+X^ cos 2t ; 
substituting for Y-^ and Y^ and putting t=0, we find 

-»XjX-2J%X0 + 2Xidxldt + 2J(,Xidyjdt=U(X^^+X^^). 
Operating in the same way with the coefficients of the second column, we have 
- BX^x + 2Y0- 2Zi dxldt -2Y^ dyjdt =16 {X^^ + Z/) sin 2 J ; 
substituting as before, we have 

- 8X^ + 2 jeXji/ - 2X1 dxldt + 2 J&X^ dyjdt = 0. 
These equations determine Xj and X^ in terms of the initial values of x, y, and 
their differential coefficients. 

392. Prop. D.^-To consider the effect of equal roots on the 
rules already given. 

When there are equal roots in the fundamental determinant, 
we require only some slight modification of our rules. Referring 
to the general solution exhibited in Art. 377, let us suppose, for 
example, that there are three roots equal to mj. Regarding these 
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as the limits of the unequal roots, mj, mi + h,mi + k, we may write 
that solution in the form 

&c. = &c., 

&c. = &c. ; 
where x^ = x^mi, a;/ = XiVfii, Sdc, and G, H are the two constants 
in addition to the one included in a\, yi, &c. 

Two questions now present themselves: — (1) When we use 
certain multipliers to separate a column which depends on a 
solitary root such as m4, will the columns which depend on other 
equal roots such as mi (and therefore contain powers of t as 
factors) still disappear? 

(2) What multipliers must we use to separate the three 
columns which depend on the three equal roots from the re- 
maining columns? 

393. Taking the first of these questions, suppose we wish 
to separate the fourth column of the equations of Art. 392 from 
the others. Let us use the same multipliers as if there were 
no equal roots. It is obvious that, since the three first columns 
disappear in the general case in which h and h have any values, 
these columns must also disappear when h and k are indefinitely 
small. We therefore infer that any colvmin which depends on a 
solitary root may he separated by the same rules as before. 

As an example, take the rule given in Prop. A, Art. 383. To 
separate the fourth column, we multiply the equations by 

dC(XiXi)/dx4, Sac, —dA (Xi'Xi')/dXi, &c., 

and add the products. Since the three first columns must dis- 
appear, we have G {x^x^ — A {x^xl) = 

The last two of these equations also follow from the first by an 
evident process. 

394. Taking the second question, we wish to find what 
multipliers will separate the three first columns from the others. 
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But these are supplied by the equations just written down. 
Since nii is any other root, and 

we have merely to use the multipliers indicated by the coefficients 
of ^i> l/i, &c. in these equations. The rule may be enunciated as 
follows : — 

Multiply the equations by the proper factors for the first column, 
treating a^, y^, <§;c., a;/, y/, cfcc. as the coefficients, and add the 
products. We thus have one of the three required equations. Mul- 
tiply the equations by the proper factors for the second column as if 

J — , 5^ , <fec., J— ^ , &c. were the coeffiicients, and add the 

products. We thuiS obtain the second equation. Lastly, multiply 
the equation by the proper factors for the third column as if 

~j — ^ , (fee, T — ^ , (fee, were the coefficients, and add the products. 

We thus have, on the whole, three equations to find the three 
constants which enter into the three first columns. 

The proper factors just mentioned are those calculated from 
the coefficients by the rules of Prop. A or Prop. C. 

395. In some cases of equal roots it is known that some of 
the terms with ^ as a factor fail to introduce themselves into the 
solution. The number of constants is then made up by a greater 
indeterminateness in the coefficients which accompany the ex- 
ponential. Regarding these equal roots as the limits of unequal 
roots, as in Art. 393, it follows that we can still use the same rules 
to find the multipliers. We arrange our solution in columns 
with one constant in each column. Then using the proper mul- 
tipliers, as described above, we can separate any solitary root 
at once. To determine the constants which accompany the equal 
roots, we shall require as many sets of multipliers as there are 
columns with that root or its companion root. 

(S2_l)a: + 2/+z = 0j 
396. Example. Consider tlie equations x + {&^-l)y + z = . 

x+y + (SI'-l)z = 0. 

It is easily seen that the fundamental determinant reduces to {■m'-2)^(m'+l) = 0. 
Putting a =^2, we write the solution in the form 

a;= Ee'^ +Ge~'^ +«■ sin t + L cos t 

y= +Ve'* +fl'e"°'* + X'sint + LcoB8 

2 = - Se"^ - Fc"* - Ge " "* - He - "* + /f sin t + L cos f , 
where 'B, F, G, H, K, L are the six constants to be determined. 

Looking at the equations to be solved, we see that the potential functions A and 
C are given by 2C= -x'-y'-z^ + 2xy + 2yz + 2zx\ 

2A= x^ + y^ + z^ I" 
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Following the rule indicated in Art. 387, we choose the function A to operate with, 
because this function will supply the simplest multipliers. The proper multipliers 
will therefore be dAjdx=x, dAldy=y, dAjdz=z, 

where we write for x, y, z the coefficients of the column under consideration. The 
proper multipliers are therefore the coefficients of the columns in succession. 

Suppose we wish to find K and L. The coefficients in either of these two 
columns are all equal. The multipliers are therefore equal. We therefore obtain, 
by adding the equations and putting t=0, 

x + y + z=iLi. 
Treating the difierential coefficients in the same way (Art. 387), we have 

5x + Sy + Sz = ZK. 
If we wish to find the four constants E, F, G, H which are all connected with 
the companion roots ± a, we must find four equations. According to the rule, the 
multipliers are the coefficients of the several columns. We thus obtain, when t=0, 
Ex + 0y-Ez=E{2E + 2G+F+H)\ 
0x+Fy-Fz=F(,E + G + 2F+2H)\' 
Edx + 0Sy-Edz=Ea(2E-2G+F-H)\ 
OSx+F^-Fdz=Fa (E - ff +22?- 2H)j ' 
This simple and obvious example sufficiently illustrates the method of proceeding 
when the proper multipliers could not be otherwise found. 

397. Ex. If the differential equations are such that the fundamental deter- 
minant is symmetrical about the leading diagonal whether the forces of resistance 
are present or not, we have by Art. 262, x-^I-^{m^=y^ly^{jn^=Si<i. = G, where G is 
an arbitrary constant. There will be similar equations for the other roots of the 
fundamental determinant. Thence -show that the operator n (m) on expansion 
takes the form 

_„ , , dA{x,x-\ . dA(x,x-.\ ^ „ 1 dC(a:,x,) 1 rfC(.i;,a;,) 

Gn(m) = — J " 5x H fJ^'5« + &c. ^^ ^ a; — H-J^«-&c. 

oKi d^i " nsj (tej m-y dy^ " 

Thence deduce the forms of the multipliers given in Prop. A, Art. 383. 

Fourier's Rule. 

398. Of the two important problems which occur in dynamics 
(Art. 376) the most common is that in which the system is oscil- 
lating about a position of equilibrium free from any forces of 
resistance. This of course, is Lagrange's problem and the solution 
has been discussed in Chapter ii. 

It often happens that the co-ordinates chosen are such that 
the vis viva 2T can be written in the form 

2T = a;'^ + y'^+... 

without any terms containing the products of the velocities. In 
other cases when the vis viva contains products, it may happen 
that the force function U can be written in the form 

2U=a? + y^+... 
without any terms containing the products of the co-ordinates. 
In either of these two cases if we follow the same line of argu- 
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ment as in Art. 386 we arrive at a simple rule. Taking the first 
case, Lagi'ange's equations are 

B'!io+GnX + Gi^+ .,.=0\ 

B'y + G,^ + O^y+... = 0\ (1), 

&c. = oj 
As in Art. 386 the solutions of these may be written in the form 
x = Xi oos pt + X.^ sin pt + X^ cos qt + X^ sin qt + &c. j 
2/ = Fi cos pt + Y.. sin pt + Y^ cos qt + Yi sin qt + &c. > . . .(2), 
&c. = &c. I 

where the coefficients of any one column are in the ratio of the 
minors of Lagrange's determinant and are therefore known mul- 
tiples of the same undetermined constant; see Vol. I. Art. 457. 
The constants in the several columns are those represented in 
Art. 53 of this volume by Li cos Oj, L^ sin Mj ; L^ cos a^, L^ sin a^ ; 
&c. respectively. Our object is to find these constants. 

Since the equations (1) are analjrtically satisfied by the values of 
X, y, &c. expressed by any one column, let us substitute for x, y, &c. 
the terms in the first column and multiply the resulting equations 
by Xs, Ys, &c. respectively. Adding these results we find, after 
division by cos pt, 

p'{X,X,+ F,F3+ ...) = G,,X,X, + G,,{X,Y, + X,Y,) + ko. 

Since the right-hand side is a symmetrical function of the co- 
efficients of the first and third columns, we have 

p^ (Z1Z3 -f- &c.) = q' (Z1Z3 + &c.). 
It immediately follows that unless p = ±qwe must have 

XiZ3-t-FiF3 + &c. = (3). 

An exactly similar proof applies in the case in which the products 
are absent from the force function. 

In either of these cases any column, say the first, may be 
separated by using as multipliers the coefficients Xi, Y-^, Sue. of 
that column. Putting ^ = 0, so that the co-ordinates x, y, &c. have 
their initial values, the second, fourth, and all the even columns 
disappear from (2). Then multiplying by X^, Fj, &c. we have 
xX, + yY, + &;c. = X,'+Y/ + &ic (4). 

In the same way by differentiating the equations (2) we turn the 
sines into cosines so that the first, third and all the odd columns 
disappear when < = 0. Multiplying by X^, Y^, &c. we have 

(dx/dt) X, + (dyjdt) Y, + &c. =:p {X,' + Y,' + &c. . . .(5). 

We therefore have two equations to find the two constants 
which accompany the principal oscillation whose period is 27r/p. 
These may be put into the form of a rule which when applied to 
some problems in heat or sound is usually called Fourier's Rule. 
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This may be stated as follows. Multiply each co-ordinate by the 
coefficient of the cosine in the colv/mn we wish to separate, add the 
results together and put t = 0. All the other colv/nns will disappear 
from this sum, leaving one equation to find the constant of integra- 
tion which accompanies that cosine. 

To find the constant of integration which accompanies the sine 
which occurs in any column, we differentiate the co-ordinates and 
thus turn sines into cosines. Repeating the same process as before 
we have an equation to find the constant. These rules are simple 
corollaries from that given in Art. 387. 

399. It sometimes happens that the vis viva 2T can be ■written 
in the form 2 T= m^x''' + m^i/^ +... 

where mi, m^, &c. are the constants connected with the co-ordinates 
X, y, &c. In such a case the rule requires only a slight modifica- 
tion. By the same reasoning as before, we show that 

Thus the multipliers necessary to separate the first column of the 
values of x, y, &c. from the other columns are m^Xi, m^Ti, &c. 
It will often happen that the coefficients m^, mj, &c. are the masses 
of some particles connected with the co-ordinates x, y, &c. Using 
this phraseology we have the following rule. To separate any 
column we multiply the co-ordinates of the several particles as before 
by the coefficients in that column and by the masses of the several 
particles. We then add these results and proceed as before. 

400. The investigation we have here given of Fourier's rule 
is purely analytical. All we have assumed is that the values of 
X, y, &c. satisfy certain differential equation's. But we may also 
give a physical meaning to the process and show that we have 
really been using the principle of Virtual Velocities. 

It has been shown in the first volume that that general prin- 
ciple may be analytically represented by the equation 

(ddT dU\^ , /ddT dU\ 
[dtd^'-d^)^+[dtd^'--d^r + ^''-=^' 

where ^, i], &c. are any small arbitrary variations of the co-ordinates 
X, y, &c. consistent with the geometrical conditions. 

Let us suppose the system to be performing any principal 
oscillation, say the one represented by the first column in the 
values of x, y, &c. Let us take as the arbitrary variation of the 
co-ordinates, a displacement along any other principal oscillation, 
say the one represented by the third column in the expressions 
for X, y, &c. This variation is consistent with the geometrical 
conditions since the two oscillations might coexist in the same 
motion. 

In this case |, rj, &c. are proportional to X3, Y3, &c. After 
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substituting for x, y, &c. their values as given by the terms in the 
first column and dividing by cos pt, the equation becomes 

-f{X,X,+ Y,Y,+ ...) = G,,X,X,+ G,,{X,Y, + X,Y,) + kc. 
Since the right-hand side is a symmetrical function of the co- 
efficients of the first and third columns, we immediately have, as 
before, X^X^ + Fi F, + . . . = 0, 

except when p and q are numerically equal. 

Lagrange shows how to find the constants of integration in certain oases in 
Sect. Ti. of the second part of his Mecanique Analytique. PoisBon devotes 
Chapters vn. and viii. of his TMone de la Ghaleur to an explanation of the method 
of expressing arbitrary functions in a series of sines and cosines. Another treat- 
ment of Fourier's rule is given in Arts. 93 and 94 of Lord Eayleigh's Theory of 
Sound. 

The reader may consult two papers by the author on the several subjects dis- 
cussed in this Chapter. The first is in No. 75 of the Quarterly Journal of Pure and 
Applied Mathematics, 1883. The second may be found in the Proceedings of the 
London Mathematical Society for the same year. The solutions also of many of 
the examples given in this Chapter may be found in these two papers. 



CHAPTER IX. 



APPLICATIONS OF THE CALCULUS OF FINITE DIFFERENCES. 

Solution of Problems. 

401. In the first section of this chapter we propose, by the 
consideration of some examples, to show how the Calculus of Finite 
Differences may be applied to the solution of dynamical problems. 
In the second section we shall examine a few remarkable points 
in the theory of such oscillations. 

The calculus of finite differences may be used when the system 
contains a great many oscillatory bodies arranged in some order. 
Perhaps there are so many that to write down all their equations 
of motion individually would be impossible. If however there be 
a sufficient amount of similarity between the motions of successive 
bodies taken in order, it may be possible by writing down a few 
equations of differences to include all the equations of motion. 
To show how this can be done we shall begin with the following 
problem. , 

402. Oscillations of a chain of particles connected by- 
strings. Ex. A string of length (n + 1) I, an inserisible mass, 
stretched between two fixed points with a force T, is loaded at 
intervals I with n equal masses m not under the influence of gravity 
and is slightly distwrbed ; if T/lm = (?, prove that the periodic times 
of the simple transversal vibrations which in general coexist are 
given by the formula (tt/c) cosec iTr/2 {n + 1) on putting in succession 
i = l,2,B...n. 




Let A, Bhe the fixed points ; y^, yi,...y„ the ordinates at time 
t of the n particles. The motion of the particles parallel to AB 
is of the second order, and hence the tensions of all the strings 
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must be equal, and in the small terms we may put this tension 
equal to T. Consider the motion of the particle whose ordinate 
is yk. The equation of motion *as 

.•.^ = cny*+x-22/, + y,_0 (1). 

Now the motion of each particle is vibratory, we may therefore 
expand y* in a series of the form 

y,c = tLsm(pt + co).. (2), 

where 2 implies summation for all values of p. 

As there may be a term of the argument pt in every y, let 
Li,L.i,... be their respective coefficients. Then substituting, we 

have Zjfc+i-2Zj+Lft_, = -'^^Z:i (3). 

To solve this linear equation of differences we follow the usual 
rule. Putting ij = AaJ', where A and a are two constants, we get 
after substitution and reduction a — 2 + 1/a = — {pjcf, or 

,/a-J^=^7^andV« + 4^= + 2Jl-(f)T; 

Let these values of a be called a and /3, then 
Xj; = Aa!' + 5/3* 
is a solution, and since it contains two arbitrary constants it is the 
general solution. 

The constants A, B,a, ^ are the same for all the particles, but 
not necessarily the same for all the trigonometrical terms defined 
by the different values of p. When we wish to discuss the pro- 
perties of any particular A and B we write as a suffix the letter p 
by which they are distinguished. 

* This equation might also be deduced from Lagrange's general equations of 
motion. If Z7 be the force function, the position of equilibrium being the position 

of reference, we have 2V= -jy-^^-j(y^-yif-&o.-rj- {y^ - j/„_i)2 - - y^\ 

The vis viva is evidently my^ + my!^ + ...+ myl^. 

Substituting these in Lagrange's equations of motion we obtain the equations 

represented by (1). 

This problem is discussed by Lagrange in his M4caniqu,e Analytique. He 
deduces the solution from his own equations of motion. He also determines the 
oscillations of an inextensible string charged with any number of weights and 
suspended by both ends or by one only. Though several solutions of these 
problems had been given before his time, he considers that they were all more or 
less incomplete. 
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The term distinguished hy p = requires some further con- 
sideration. In this term the two values of a viz. a. and ^ are 
each equal to unity, and the solution of equation (3) loses one of 
its arbitrary constants. But this defect is easily cured by follow- 
ing the usual rules for treating equations of differences. Just as 
in differential equations, when t is the independent variable, the 
presence of equal roots indicates that there are powers of t in the 
solution, (Art. 266), so in equations of differences powers of the 
independent variable k make their appearance under similar 
circumstances. We therefore have 

The term distinguished by p = 2c also presents some peculiarity. 
In this term the two values of a are each equal to — 1. We have 
therefore it = {A^ + BJc) ( — 1)*. 

Summing up, the solution of equation (1) may be written 
at length 

2/i = ^0 + £o* + (-420 + BJc) ( - 1)* sin {2ct + a^) 

-|-S(^pa*-}-£^/S*)sin(pf + o)^) (4), 

where the 2 implies summation for all existing values of p. We 
know from the theory of equations of differences that the first 
four terms in this expression are really included in the last as 
the limiting case of the terms distinguished by ^ = and p = 2c. 
Unless therefore we wish to call attention to these terms, they may 
be omitted in the expression for y^. 

403. The equation (1) represents the motion of every particle 
except the first and last. In order that it may represent these 
also it is necessary to suppose that y^ and y„+i are, both zero 
though there are no particles corresponding to the values of k 
equal to and m + 1. With this understanding the solution (4) 
represents the motion of every particle from A = 1 to A = m. 

404. Since y = when ^ = for all values of t every term 
in the series (4) must vanish ; . *. J.o = 0, A^ = and Ap+Bp = 0. 
Also y = when k = n + l for all values of t, .'. B„ = 0, B^ = and 
^^a»+i + Bp^+^ = 0. These equations give a»+' = ^+\ If p be 
greater than 2c the ratio of a to yS is real and different from unity. 
Hence we must have p less than 2c. Let then 

p/2c = sin 6, . ■. a = cos 20 + sin 2^ V — 1. 
Hence by what has been proved before 

(cos 20 + sin 20 V - 1)"+' = (cos 26 - sin 20 V - 1)"+' ; 
.-. sin 2(w-|- 1)0 = 0; .'. = i7r/2(n-l- 1), 

and the complete period of any term is P = 2'ir/p = irc/sm 6. The 
letter i indicates any integer, but since p = 2c sin 0, we see that it 
is necessary to consider only the integers from i = 1 to i = n. The 
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values i = and i = n + 1 are excluded because they make p = 
and p = 2c which have been already taken account of. 

The periods thus determined are those of the principal oscilla- 
tions. Taking any one of these values of p^, the corresponding 
values of yi.y^,. . . yn are given by the equation (4) which Teduces to 

yic = G sin IkO sin {pt + m). 
The oscillations indicated by the several values of p are very 
different from each other. When has its least value, the sign of 
sin 2k9 is the same for a,ll values of k from A; = 1 to n, so that the 
chain oscillates in the form of a single loop. When 6 has its next 
least value the first half of the terms yi, y^,... have the same sign 
and this sign is opposite to that of the second half, so that the 
chain always oscillates in the form of a double loop. When 6 has 
its next value the chain oscillates with three loops and so on. The 
several kinds of motion are easily distinguished from each other by 
tracing the curves whose ordinate is yie and abscissa k, the time t 
having any given value. They also follow at once from Sturm's 
Theorems given a little further on, where it is proved that similar 
distinctions exist whenever the connected system of particles is 
such that the equation of differences takes a certain standard form. 

405. In forming the differential equation (1) we have sup- 
posed the distance I between any two successive particles to be 
unaltered. This will practically be the case if yk — ytc-i is small 
compared with the distance I. This limitation however does not 
prevent us from enquiring what would be the effect of reducing 
the masses of all the particles and placing them proportionally 
closer, so that the total mass per unit of length is unaltered. 
The restriction is that the inclinations of the strings must still 
be sufficiently small. The interest of this change is that the 
closer the particles are placed the more nearly does the system 
approach to that of a uniform string stretched between the two 
fixed points A and B. 

Let i|s represent by p the mass per unit of length, then 
cH' = Tljm = Tjp. Put a = cl, then a is equal to the square root 
of the ratio of the tension to the mass of a unit of length. Thus 
a is unaltered by any of these changes of the particles. 

If the length of the string AB be L we have L = (n + l)l. 
If n be very great we find p = 2osm.6 = a iir/L very nearly. 

Thus the notes sounded by a string loaded with small particles 
at short intervals are such that their periods are given by 
P = 2Ljai. The note given by i=l is called the fundamental 
note, those given by the higher integer values of i are called the 
harmonics. 

406. Determination of Constants. If we express a aud |8 in terms of 6 and 
substitute these in equation (4) we find the typical equation 

j/i=ZS,aiu2ft9cos(2c(sine) + SF(Sin2/cesin (2c« sin 9) (5), 

B. D. II. 17 
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where JEj and Fi have been written for 2 A,, sin UpJ-l and 2Ap cos UpJ-l. As be- 
fore $ = iirji (n + 1) and the symbol S implies summation for all values of i from i = \ 
to i=n. This equation has n terms and thus we have 2n arbitrary constants, viz. 
El, E.-^...E„ and F^, F^...F^. These have to be determined from the known initial 
values of the n co-ordinates ?/j, y^-.-Vn s^nd of their initial velocities y-^', y^...y^. 

Since ft may have any value from J; = lto J=7i the typical equation (5) represents 
as many equations as there are particles. We may imagine these to be written 
down, one under another, exactly as described in Chap. vrii. Art. 379. To find the 
constant ^Ej which runs through aU the terms in any one column we use the 
multiplier to separate that column from the others. To find this multiplier we 
write down the vis viva of the system which in our case is 2T=Smyt'''. According 
to the rule given in Chap. viii. Art. 387 or Art. 899, the proper multiplier for 
the equation giving y^ is found by difierentiating T with regard to yn' a"d substitut- 
ing for yi the coefficient of the oscillation we wish to separate. The differentiation 
in our case is my^'. The proper mnltipUers to separate the two columns dis- 
tinguished by any value of i are therefore mEj sin 2ke and mF, sin 2ke. Thus we 
find after division by common factors 

S {i/j sin 2ke} = JSj (7» + 1) 1 

7i {y^' am2ke} = iFi{n+l)2cBme J " 
Here we have written on the right-hand side for S (sin 2ke)^ its value i{n+l) which 
is easily found by ordinary trigonometrical processes. 

These equations determine the values of Bi and F( for any particular value of i. 
On the left-hand side the co-ordinates yi, y^, &o. and the velocities y^', y^', &c. are 
supposed to have their initial values, and the symbol S implies summation for aJl 
values of k from S=l to ife=n, the value of t included in 6 being given. 

407. Ex.1. A string of length 2 (n + 1) Hs stretched between two fixed points 
A and B as before and loaded with 2m-|-l particles at distances apart each equal 
to I. Taking the origin at the middle particle, let the particles from k= -e to 
ft = -I- e be initially displaced so that 3/j,= C sin ftir/t. Let aU the other particles be in 
their undisturbed positions in the straight line AB, so that y*=0 for all values of ft 
not comprised between the limits ± e. Let also the system start from rest. Then 
by proceeding as explained in the last article, we find that the motion is given by 
y^ = SJSj sin 2ft9 cos (2cf sin d), 

ITT i> _ ^ °°^ *"" ^^ ^^^ ^"^ ""/^ 

■"''"^ 2(71-1-1) • ' ~ 2(71-1-1) sin2 7r/2e-sin2e ' 

Ex. 2. A string of length (n -f 1) J is stretched between two fixed points A and B 
and loaded with n particles at distances each equal to I. The extremity A, defined 
by ft=:0, is suddenly moved a small space equal to y„ at right angles to the original 
position of the string and is there kept fixed. The motion of the ft* particle is 

given by y*=^o( ^ r ) - ^ "i '^^ ^ si° 2ft9cos (2ct sin $), 

where 6=iirj2 (m+1), and the symbol S implies summation for all values of i from 
i = 1 to ra. 

To prove this we have the following conditions ; (1) for all values of t we have 
yk=yo when ft=0, and j/t=0 when ft=n-)-l. These give B|,=y„ and ^o (n -1-1)= -y„, 
(2) when t=0 we have yic=0 for all values of k except ft=0. 

408. Agitation of one extremity. When one extremity 
of the string of particles is agitated according to any given law, 
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a slight modification of the solution given in Art. 402 will enable 
us to find the motion. Let us suppose that the extremity A, defined 
by k=0, is agitated so that its motion is continuously gi'uen by 
yo = Cj sin fit ; it is required to find the motion of the particles. 

We may notice that it is sufficient for our present purpose 
that the law of agitation, however complicated, can be represented 
by a finite series of terms of this form. The resultant motion 
of any particle is then found by compounding together the motions 
due to the several terms of the series. 

The motion of the string of particles may be regarded as made 
up of two separate oscillatory motions. There are (1) the forced 
oscillation whose period is the same as that of the agitating force, 
-and (2) the free oscillations whose periods are the same as those 
found in Art. 404 when the two extremities of the string were 
fixed.' Our present object is to find the former of these. 

Proceeding as before, we have by equation (4) 

3^t=4„ + B^k + {A^+B^k) ( - 1)' sin (2ct + U2„) + S {ApO." + B^") sin {pt + Up). 

Since yk=G sin fit when k = we have p = fi, cop = in the forced 
vibration. Also unless /u. = or 2c we have A,, = 0, A^c = 0. 
Again, y* = when k = 7i+l, hence Bo = 0, B^ = and the forced 
vibration is given by 

A^ + B^=C, ^^a«+i + 5^+1=0, 
where a and y8 are the two values of a given by 

409. If (I be greater than 2c, let ytt = 2c/sin <^, and all possible 
cases are included if we suppose (f> to lie between and Jtt, so that 
tan J^ is less than unity. Making the necessary substitutions we 
find for the forced oscillation 

(tani.^)^<"+'-^'-(coti0y("+'-^) l^.(.3^^ ■ .1. 
y^- _(tani(/,)^(™+»-(coti</.)^<«+^> -^ 1) Osm /.*...(!). 
If the string is very long we have n infinite, and this ex- 
pression takes the simpler form 

yj = (tani</))^*(-l)*C'sin/^« (2). 

The first of these two expressions applies to a finite string 
of particles and is clearly made up of two expressions like the 
latter, the coefficients being such that the displacements of A and 
B are respectively G sin fit and zero. The motion has therefore 
been analysed as the resultant of two motions each of which is 
represented by equation (2). 

410. If fibe less than 2c, let /* = 2c sin i|r, the forced vibra- 
tion then becomes 

sin 2 (w -I- 1 - A;) i/r 

2/4 = — • o/ , i\ , Gsmfit (3). 

" sm 2(w-(-l)y ^ ' 

17—2 
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This can be written in the form 

_ G cos [/j.t -2 (n + l-k) yjr] _ Gcos[/it+2(n+l-k)^lr] , , 
^*~ 2sin2(w + l)-^ 2sin2(w + l)A^ '"^ '' 

Taking the first of these two terms by itself, we see that 
after a time T given by fjuT — 2i^, the term is unaltered if we write 
A; — 1 for k. This term therefore represents a wave which travels 
the space between one particle and the next in the time T. In 
the same way the second term represents a wave which travels 
with the same velocity in the opposite direction. 

We may notice that the denominator of either of the terms in (4) is very Email 
when yn is nearly equal to 2c Bini9r/2(B+1), i.e. the forced vibration is magnified 
when the period of the agitating force is nearly equal to one of the periods of the 
free vibrations of the string, both ends being fixed. 

411. Two kinds of possible motion. Attention should 
be particularly directed to the great difference between the two 
kinds of oscillatory motions. If the period of the agitating force, 
viz. 27r//i is long enough to make /it < 2c, the forced oscillation 
transmitted to the string of particles is formed by the superposition 
of two waves which travel in opposite directions without change 
of magnitude. Thus the particles near the further extremity B 
of the string may be as greatly agitated as those near the point 
of application of the force. Suppose -^ = irj^q, where q is some 
integer, then by (3) every gth particle counting from the further 
extremity B is permanently at rest and forms a node. The 
strings of particles between these successive nodes form equal 
loops which are alternately on one side and the other of the 
straight line AB. 

Let us now compare this state of motion with that which 
results from the agitating force when its period is so short that 
fjb > 2c. In this case no motion in the nature of a wave is trans- 
mitted along the string. Taking the case of a very long string, 
the particles are alternately on opposite sides of AB, while their 
displacements form a series in geometrical progression. Thus 
the displacements of the particles are less and less the more remote 
they are from the agitating force. 

412. The transition from the one kind of motion to the other 
is easily understood by supposing the period of the agitating force 
to grow gradually less and less until it passes the critical value. 
It is clear that sin yjr will increase, but it cannot become greater 
than unity. The number of particles, viz. q — 1, between two 
successive nodes decreases and finally vanishes when ■\^ = ^7r. 
But since no further decrease is possible the motion changes its 
character. 

The expressions (1) and (3) both assume the form 0/0 when 
(^ = ilr = ^TT. The motion in the transitional state may be deduced 
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from either of these expressions by the usual rules in the dif- 
ferential calculus. But we see independently by Art. 402 that it 
is given by y/e = (A +Bk) {—!)'' sin 2ct. 

Since yk=G sin 2ct when k = and 2/4 = when Jc = n+1, we 
easily find y* = {1 - k/{n + 1)} ( - 1)* C sin 2ct. 

413. Dlscontinaous agitating force. When the agitation communicated to 
the extremity A is not continuous, but acts for a short time only, the resulting 
motion may be found by the method of the superposition of small motions. 

Thus if the extremity A be suddenly moved at the time t=0 a short distance 
j/o at right angles to AB, the resulting motion has been found in Ex. 2, Art. 407. 
Let us represent this motion by y*=2/o/(^i *)■ After a time t=u has elapsed, let 
the extremity A receive another displacement Tj , the rest of the string being undis- 
turbed. If we superimpose these two motions we obtain 

yk^yj(k, t) + Yj{h, t-u). 

At the time t=u, the second function and its differential coefficient with regard to t 
both vanish for all values of k from fc=l to k=n + l. Thus the initial conditions 
of motion at this time are expressed by the first function. This equation therefore 
represents the motion produced by these two disturbances for all time f rom < = m to 
4=00 . 

Generalizing this, we see that if the extremity A be moved according to any law 
say y„=F(t) for a time extending from t=0 to t=y, then the motion of the string 

isglvenby y^=pF' {u)f{k, t-u)du 

for all time extending from {=7 to {=00 . 

Since the agitating force ceases to act after the time (=7 it is clear that the 
motion of the string after this time is made up of the free vibrations belonging to 
a string of particles having each end fixed. Accordingly, if we substitute for the 
function f(k, t-u) its value given in Art. 407, we see that this expression for y^ con- 
sists of n oscUlations whose periods are the same as those already found in Art. 404. 
Their phases and magnitudes depend on the action of the agitating force. 

414. Ex. Let the extremity A of the string of particles already described be 
moved so that 2/„=Csin/tS for a time extending from f=0 to t = 7r/|«. Supposing 
the extremities to remain at rest for all subsequent time, prove that the motion of 
the &"■ particle is given by 

„ . „, „ sin 2c sin fl I « - ^ I cos — sin e 
_ iGfiOOB^anike \_ V V/J Lf^ J 

where e=iTvji{n + X) and the S implies summation for all integer values of i from 
i=l to ra+1. 

If the string is very long, n is infinite and we may write d9 = ?r/2 (« + !). The 
expression then becomes 

8CU /■" ,„ „■„!„■ (n -at.. T M OOS (CTT Siu Blfj) 

2/*= Vj ^^ ""^ ^ '"^ ^** "" r ''" ^ V ~ 2^)f M^-4.^Bin4 • 
The subject of integration is not infinite when sin9=|U/2c, for the last factor then 
becomes 7r/4/i^ 

415. Analysis by Waves. There is another method of arranging the solution 
of the equation of motion given in Art. 402 which has the advantage of enabling 
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us to analyse the motion by waves instead of by Lagrangian elements, see Art. 85. 
Writing S for djdt as usual the equation of motion becomes 

2'tfi-%+2/*-i=-^y* (!)• 

Treating the operator on the right-hand side as a constant, we proceed to solve 
the equation of differences in the manner already explained in Art. 402. The two 
constants A and B are now functions of t. Hence if we put 

"=f +(!)}* "^ ^^^^^^ y!c=a'"'f{t)+a-'^F{t) (2). 

This is a symbolical solution of the equation of differences with its two arbitrary 
functions /(f) a,ndiF{t). When the forms of these functions are given, the opera- 
tion represented by Q can be performed and a solution of the equations of differences 
will be found. 

416. To obtain one interpretation of this symbolical solution let us suppose that 
the functions f{t) and F{t) can be expressed in a series whose general term is 
Acos{2csm6t + <j)), where B is the parameter whose value distingtdshes any term 
of the series from another. All cases are clearly included if we suppose to lie 
between the limits and Jtt. 

Since the radical in the operator O contains only even powers of 5, we obtain the 
result of its operation by writing - (2c sin $)' for Sf, see Art. 265. We therefore find 
O cos (2c sin St + a) = cos (2c sin dt + a-S). 

Bepeating this process 2k times we have 

y,:='ZA eos{2caiadt + a-2ke) + 'SB cos (2cBm.et + u + 2ke). 

If we take by itself any one term of the first series we see that if we write for k, 
k + 1 and for t, t + T, where T is given by c sin $T= 6, the term is unaltered. Hence 
(exactly as in Art. 87) any one term represents a wave which travels the space 
between one particle and the next in the time T. In the same way the correspond- 
ing term of the second series represents a wave which travels in the opposite direc- 
tion with the same velocity. See Art. 410. 

Each term of either series represents a wave. Each wave travels with a uniform 

velocity but the different waves have different velocities. Consider the wave defined 

by any given value of B, and let a=cl. If v be the velocity, X the length of the 

wave measured from ridge to ridge, and P the period of oscillation of any one 

1-1 I. sine , irJ „ vl 

particle, we have v = a — -- , \=-—, P= — -. — -. 

Since 9 lies between and Jtt, we see that the velocities of all these waves lie 
between a and iajir ; the length of every wave is greater than 21 ; the period of 
oscillation of every particle Is greater than vlja. The longer the waves are the 
more nearly do they travel with the same velocity. 

If we suppose I to decrease the particles become closer together, and if each 
particle have proportionally less mass the quantity a is unchanged. Considering 
then all waves whose lengths have a given inferior limit, we see that the closer the 
particles are together, the mass of a unit of length being unchanged, the more nearly 
do waves of all lengths travel with the same velocity. 

Other interpretations of the symbolical solution given in Art. 415 may be 
obtained by substituting other forms for the arbitrary functions f(t) andjF(t). 
Thus we may have 2/s=02J;jce''*>''~i-l-fi-2*iCe-''«V-i. 

If fi be greater than 2c we may introduce the subsidiary angle ^ as in Art. 409. 
This expression then reduces to 2/s = ( - 1)* (tan iip)^ G cos /it. 
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417. Ex. If we write x='kl and make the interval I between the partiolea 
indefinitely small, the operation represented by fi'"^ takes the singular form 1°°. 
Show by finding the limit in the usual manner that Q^''=e'' ("^Z")* and thence deduce 

yx=f(~xja + t) + F{xla + t). 

418. Examples. Ex. 1. A long row of particles, each of mass m, is placed on 
a smooth horizontal table. Each is connected with the two adjacent ones by similar 
light elastic stretched strings of natural length I. They receive small longitudinal 
disturbances such that each of them proceeds to perform z, harmonic oscillation : 
prove that there will be two waves of vibrations in opposite directions with the 

same velocity, viz. V . / — . - sin - , where V is the average distance between two 

successive particles, q the number of intervals between two particles in the same 
phase, and E the modulus of elasticity. [Math. Tripos, 1873. 

Ex. 2. A light elastic string of length nl and coefficient of elasticity E is loaded 
with n particles each of mass m ranged at intervals I along it, beginning at one 
extremity. If it be suspended by the other prove that the periods of its vertical 

oscillations are given by the formula IT . /— cosec ^ ^, wherei=0, 1, 2...n-l 

successively. Hence show that the periods of the vertical oscillations of a heavy 

elastic string are given by the formula — — r . / — =p , where L is the length of the 

string, M its mass, and i is zero or any positive integer. [Math. Tripos, 1871. 

Ex. 3. A railway engine is drawing a train of eqxiaX carriages connected by 
spring couplings of strength /t, and the driving power is so adjusted that the velocity 
is A + Bsiaqt. Show that if q^{(M+im)'b^+4:mk^ be nearly equal to i/jifi the 
couplings will probably break, M being the mass of a carriage which is supported 
on four equal wheels of mass m, radius 6 and radius of gyration It. Are there any 
other values of q for which the couplings will probably break? [CoU. Exam. 1880. 

Ex. 4. Equal uniform rods, n in number, and each of mass m, are smoothly 
hinged together at their ends and are suspended by light elastic strings which are 
fastened to the joints and the free ends. The other extremities of the strings are 
attached to n + 1 points in a horizontal line whose distance apart is equal to the 
length of a rod. The strings are all of a natural length I and modulus E, except 
the extreme ones whose modulus is ^B. The system rests in equilibrium under the 
action of gravity and the rods are in a horizontal straight line and aU the strings 
vertical. Show that the periods of the small co-existent oscillations about this 

position of equilibrium are —^ hnl (2 + cos — jl, where i is zero or any integer, 

the joints and ends being supposed to move approximately in vertical straight lines. 

[Coll. Exam. 1881. 

Ex. 5. A number of uniform circular discs of radius a but of any masses 
are freely moveable in a vertical plane about their centres which are fixed in a 
horizontal line at distances 4a apart. A fine rough string of indefinite length 
having two equal particles of mass m at its extremities is laid over these circles, 
and uniform circular discs each of radius a and mass 2m are laid on the string 
so as to hang between the other circles, the parts of the string not in contact with 
a circle being vertical. Show that if the system be in motion under the action 
of gravity, all its parts will move uniformly so long as the centres of all the discs 
2m are below the line of fixed centres. [Coll. Exam. 1880. 



264 CALCULUS OF FINITE DIFFERENCES. [CHAP. IX. 

It will be seen on writing down a few of the equations of motion that both the 
dynamical and geometrical equations are all linear with constant coefficients. 
When this is the case the reactions are 'all constant, being independent both of 
the time and of the initial conditions, see Vol. i. Chap. iv. Arts. 135—136. The 
system is initially in equilibrium and only moves because it is disturbed ; hence the 
reactions throughout the motion retain their equilibrium values. The tension 
therefore of every portion of the string is equal to mg. It easily follows that the 
motion is uniform. 

Ex. 6. From the same sheet of indefinitely thin metal of uniform vrfdth are 
made n cylinders of radii Oj, asj,...a„ (in descending order of magnitude). They are 
placed one inside the other, and the whole are then placed inside a fixed cylinder of 
radius a whose axis is horizontal, so that the axes of all the cylinders are parallel. 
Show that if w, be the angle turned through by the cylinder of radius a,, and if M^ 
denote the sum a„+a„_i+ ...0^1 tlie equations giving the small motions of the 
system are of the form 2a^ (cB^w^ldt^) + g {M^Xr- ^r-\Xr+il=^> 
where a^K+Xr)=ar-i("r-i+Xr)- [Coll. Exam. 1880. 

419. Osclllations of a cbain made of rods orgyrostate* coimected by 
strings. Ex. 1. The links of a chain are alternately uniform rods each of length 
2a, and inelastic strings each of length 2J; the number of rods being equal to that 
of the strings. The system is stretched with the rods and strings in one straight 
line, the extremity of the first string being attached to a fixed point A and the 
extremity of the last rod to another fixed point B. The system being slightly 
displaced in one plane, it is required to find the small oscillations. 

Let « be the number of rods, y^, y^.-Vn ^^^ ordinates of their centres of gravity; 
Si I Sa-?™ *lieir inclinations to AB. Let Sj, s^.-.s^ be the inclinations of the strings 
to the same straight line. Let m be the mass of each rod, mA the moment of 
inertia about the centre of gravity. Let mT be the tension of the chain. 

The equations of motion of the kih rod are 

y»"=T{s^,~s,) (1), 

4gt"=Ta(si+«fe+.i-2g*) (2), 

where accents denote diSerential coefficients with regard to the time. Besides 
these we have the geometrical equation 

3'»+i-y*=«(2*+9t+J + 2fe*+i (3)- 

These equations, when solved, give the motion of the chain however long it may 
be. We have to find a solution adapted to the condition that at two points A 
and B 

2/o + «2o=0, 2/«+aSn=0 (4), 

throughout the motion. These being satisfied we may suppose the points A and B 
to be fixed and all the chain except the portion between A and B removed. 

* In April 1875, Sir W. Thomson made a communication to the London 
Mathematical Society on vibrations and waves in a stretched uniform chain of 
symmetrical gyrostats connected together by universal flexure joints; see questions 
4 and 5. In the Mathematical Tripos 1889, Fart 11. Prof. Burnside set a question 
on the motion of an endless train of waves on a chain of gyrostats coimected by 
ball and socket joints; see question 6. Questions 1, 2, 3 of the above series have 
been constructed with the view of showing how the conditions at the extremities of 
a finite chain of connected rigid bodies are to be treated. 
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To solve these we use the method aU'eady explained in Art. 402. We put 
j/t=Yp*Bin(i)« + a), jj = Qp* sin (^jtH- a), s*=Sp*Bin (p« + a). 
Substituting, the equations (1), (2), (3) become 

-p^Y=T{p-l)S (5), 

-{Ap^-2Ta)Q = Ta{p + l)S (6), 

Y{p-l) = a{p + l)q + 2lpS (7). 

Eliminating the ratios Y, Q, S by a determinant we find 

ip^ + l){Ap^-2Ta-aY}-^p\{Ap^-2Ta)(l-^^\+ayA=0 (8). 

For each value of p we have a quadratic to find p whose roots p, p^ are such that 
ppi=l. Putting therefore ip—pt + a, we have 

St=(Sp*+SiPi*)sin0 \ 



3,*=(rp*+rjPi*)sin0=-|{S(p-l)p« + Si(Pi-l)p,*}sin0 



.(9). 



Ta 
9*=(Qp'+eift*) sin 0= -j^Z2Ta ^^^ + ^) '^ + '^1 'Pi + l) h"} sin ^ 

Referring to equations (4) we find by putting fc = and k=n 

{Y+Qa) + {Yi+Qja)=0, (Y+Qa)p"+(ri+Qia)pi''=0 (10). 

These show that either 

p'*=Pi" (11), orboth r+Qa=0, Yi + Qj^a.=0 (12). 

Taking first the alternative (11) we see that, since ppi=l, we may put 

p=cos9 + sin9^-l, sin»i9=0 (13). 

Since p'' + l=2pcos9, the determinantal equation (8) becomes 

{Ap^-2Ta){lp'-T(l- cose)} - Toy (1 + cos 9)=0 (14). 

This quadratic gives two positive values of p^, separated by ^^= (1 - cos 6) Tjl. The 
values of cos 8 are given by cosS=oosi7r/ra, where i has all integer values from i=l 
to i=jt — 1. The values i=0 and i=n are excluded because they make p=Pi and 
when this happens the solution (9) changes its character and contains integer 
powers of It. 

Considering next the second alternative (12), we find by putting Y= - aQ in 

(5) and (7) 

{pH+T{p-l)}S=0 (15), 

with a similar equation obtained by writing pj and Sj for p and S. We thus find 
from (15) and (8) that 

p=l-Zp2/T, (A + a^lp^=2Ta{a+l) (16). 

Since p^ is the reciprocal of p and cannot also have the same value as p, we must 
have 81=0. Substituting these values of p and <Sj in (9), the solution adapted to 
the second alternative has been found. 

The peculiarity of the motion given by the second alternative is that i/s + og4=0 
for all values of k, so that the second extremity of each rod is at rest throughout the 
motion. 

We have yet to examine the portion of the solution due to the equal roots of 
equation (8). Since ppi= 1, these are p= ± 1. In this case we have 

y = {Yi+ Y^k) ( ± 1)* sin (pt + a), 
with similar expressions for q and « obtained by writing Qi, Q^ and Sj, Sj for 
Yi, Zj- TI16 relations between these six coefficients may be found by substituting in 
the equations of motion and equating to zero the several powers of k. Also equa- 
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tions (4) give T^ + aQi^O, 72+0^2=0. These eight equations cannot be satisfied 
by finite values of the coefficients except in one case which is included in (16) by 
putting p= - 1 ajii A =al. We therefore infer that when the extremities A and B 
of the chain are fixed, terms with J: as a factor do not appear in the solution. 

The system has 3b co-ordinates, viz. yi-.-Vnt Si---2n> *i"-*n and n- 1 geometrical 
equations given by (3) with two more given by (4). By Lagrange's rule for the 
oscillations of a system about a position of equilibrium we should have 2m- X values 
of ji". Of these periods 2(n-l) are given by the n-1 values of cosB=iir\n, each 
value leading to a quadratic for p" with unequal roots, viz. equation (14). One more 
period is given by equation (16). 

Ex. 2. The links of a chain are alternately uniform rods each of length 2a, and 
inelastic strings each of length 2i, the number of the rods being equal to that of the 
strings. Each rod has attached to its middle point a fly wheel which rotates freely 
in a plane perpendicular to the rod. The system is stretched with the rods and 
strings iu one straight line, the extremity of a string being attached to a fixed 
point A and the extremity of the last rod to another fixed point B. The system 
being slightly displaced it is required to find the small oscillations. 

In consequence of the presence of the fly wheels the motion cannot be analysed 
into two independent oscillations in perpendicular planes. It is therefore necessary 
to treat the problem as one in three dimensions. 

Let AB be the axis of z, and let the axes of x and y be fixed in space. Let 
(^*> ytc) be the co-ordinates of the centre of gravity of the fcth rod, (pi, g*, 1) its 
direction cosines, (r^, sjc, 1) those of the preceding string. Let the mass of each 
rod and fly wheel be m, let mC, mA be the moments of inertia about the rod and n. 
perpendicular to it at the centre of gravity. Let n be the angular velocity of any 
fly wheel about its axis, then n is constant thron^out the motion. Let mT be 
the tension. Let v be the number of rods. 

The equations of motion of the i:th rod are 

x»"=r(rtt.i-rt), 2/t"=T(Sfc^i-8t), (1), 

Aqlc" + Gnpi'=-Ta(s,t+Si+^-2q^i^ 



Apt" + Cnqt'=Ta {rt+r^T,-2pt) 
Besides these we have the geometrical equations 
xi^i-Xi=a {p„+Pn.i) + 2lrt+^ 
y*+i-yk=a (qi, + qi,+-^ + 2Uk+T^ 
There are also the conditions at the ends A and B of the chain 



i (3) 

y*+i-yh=a (qi + qi^.-;) + 2Ui+J 



x„-|-ap(,=0| a;^+«P„=01 j4j_ 

2/o + '^o=OJ ' yy+aq^=0) 



In these equations accents denote difierentiation with regard to the time. 

The equations (2) may be obtained by the rule given in VoL i. Art. 265, viz. the 
angular momentum of a uniaxal body about any line through its centre of gravity 
is the same as that of two particles of equal mass, viz. Jm placed on the axis at a 
distance h=^Ajm from the centre of gravity together with the angular momentum 
Cn about the axis. We therefore have 

ftj. = m (i;f - fi)') + mCnp, ftj, = m (fj' - |f ) -H mCnq, 
where (|, 17, f) are the co-ordinates of either particle referred to the centre of gravity 
as origin. In our case i=bp, v=Mt f=6- The equations of motion are then 
given by dhJdt=L &o, see Vol. i. Art. 261. The moments on the right hand sides 
are formed by the usual rules of statics, viz. L=X{yZ-zY) &e. Another method 
of forming these equations is given in Art. 15 of this volume. 
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To solve these equations we proceed as in the last example. We put 

X = ^p* sin ^, p=Pp* sin 0, r= Rp" sin tp, 

y = rp*oos0, g = Qp*oo3 0, s = Sp*oo3 0, 

where <t>=pt + a. Substituting in the equations (1), (2), (3) and eliminating the 
ratios of X, Y, P, Q, R, S, we find 

(pHl){4j>2 + Cnp-2ar-ay} = 2p l{Ap' + Gnp-2aT)(l-^^'\+aYl ,..(8). 

Since this equation gives two values of p for each value of p, it follows that each 
term in sin 9 or cos $ is accompanied by two exponents. Let p, pj be the roots of 
equations (8), then ppi=l. 

Substituting next in equations (4), we find that there are two alternatives, viz. 
(l)p»=Pi»or(2)bothZ+oP=0, Y+aQ = 0. 

Taking the first alternative we find as before that, since ppi=l, 

p=cos9 + sin BiJ -1, sinw9 = (13). 

The determinantal equation (8) then becomes 

{Ap'' + Gnp-2aT} {lp^-T{l~cose)} -TaY (I + eos 6) = (14). 

This biquadratic leads to two real positive and two real negative values of p, each 
pair of values being separated by a root of the quadratic Y=T{l-cos0). The 
values of cos 9 are given by cos 9 = cos iTr/i- where i has all integer values from i = 1 
to i=i' — 1, and r is the number of rods. 

Considering next the second alternative, we find by treating equations (1) and (3) 
exactly as in the last example 

p=l-YIT I 
{Ap^+Gnp + aY)l='SiTa(a + l)l '■ '' 

The peculiarity of this motion is that one extremity of every rod is at rest throughout 
the motion. 

The system has 6^ co-ordinates and 2 (p - 1) + 4 geometrical conditions, we 
therefore should have 2 {2v - 1) values of p. Art. 111. Of these periods 4 (i/ - 1) are 
given by the v-1 values of cos 0, each value leading to a biquadratic with unequal 
roots. Two more periods are given, by the quadratic (16). 

Ex. 3. The links of a chain are formed of heavy uniform rods each of length 
2a freely hinged together at their extremities. These are stretched out in a hori- 
zontal straight line with one end of the chain hinged to a point fixed in space. If 
the system starts from rest, show that the initial reaction at the ftth hinge is 

( -l)'^mg (2 + ;^3)''+'-* - (2 - ^3)"+!-* 
2v/3 ■ (2-^-V3)''+(2-^/3)» 

If the links are made of rods with rotating fiy wheels, such that the moment of 
inertia of each link about a perpendicular axis through its centre of gravity is 
^ma^, show that the initial reactions at the hinges are also given by the above 
formula. 

Ex. 4. A chain consists of alternate gyrostats each of length 2a and massless 
coimecting links each of length 21, the connection being by universal flexure joints 
at the ends of the axis of each gyrostat. A finite length of such a chain being placed 
with its links forming an open plane polygon with its extremities A, B held fixed by 
universal flexure joints, the system is so set in motion that it rotates with angular 
velocity n round AB as if it were a rigid polygon. It is required to form the 
equations of steady motion. 
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A gyrostat is a rapidly rotating fly wheel, angular velocity n, pivoted without 
friction on a stiff moveable framework or within a containing case. 

[Math. Soc. 1875. 

Taking AB as the axis of z, let the plane xz rotate round AB with angular 

velocity p, so that it always contains the chain. Let yt, si be the inclinations of 

the ftth rod and string to AB. Let mP be the resolved tension parallel to AB, 

which is therefore the same for every rod. The required equations are then 

xs+i - a:* = o (sin pt^-i + sin j)*) + 2i sin s^^^ - f^x^. = P (tan St^i - tan «*) , 

y.\- C2jii(l-cos^j;) + (7im} sin^Jt-^/t^sinpicos^t 

=iPa {(tan«i^.j + tanst)'co8pji-2sinyi}, 

where mC^ and mC^ are the moments of inertia of the fly wheel and the case about 
the axis, and mA that of both about a perpendicular axis. 

To obtain the equation of moments, we notice that by the geometry of the 
universal joint each gyrostatic link moves as if its axis were produced to and joined 
to the fixed axis AB by a universal flexure joint. Thus each case has an angular 
velocity -/* about its axis and an angular velocity +/t about a parallel to AB 
drawn through its centre of gravity, Art. 33. By resolutions we find the angular 
momenta about the axes of G and A and thence the angular momenta about the 
co-ordinate axes x, y, z. Substituting in the equations of Art. 10 and remembering 
that in steady motion the angular momenta are constant we obtain the three 
equations of moments. Two are identically satisfied and the third is given 
above. 

Ex. 5. Supposing the polygon in the last question to be so nearly straight that 
the cubes of p and s can be neglected, show that the centres of gravity of the 
gyrostats lie on the harmonic curve x=AB0B{Szlb)+Bsin(8zjb), where l) = 2a+2l 
and is given by (G^n-A^i? + 2Pa) (1 -cos $ - lii?IP)=ii?a? (1 + cos e). 

If the polygon, instead of being fixed at A and B, is produced indefinitely in 
each direction in the form of the above curve, then in the time Tr/yit the polygon 
makes a half turn round the axis of z and the harmonic curve appears to advance 
a distance ThjB aiong that axis. Thus the velocity V of propagation is given by 
V=ii.ble. [Math. Soc. 1875. 

Ex. 6. A chain, whose tension is T, consists of alternate links of lengths 2a 
and 26 connected by smooth baU-and-socket joints; those of length 2o being 
massless connecting rods and the others symmetric gyrostats. The mass of each 
gyrostat is unity and its moments of inertia about its axis and a perpendicular to it 
are G and A, while its angular velocity about its axis is id. Investigate the general 
equations for the small motions of such a chain ; and show that an endless train of 
waves of period 27r/p will be propagated along it with velocity V given by the 
equations 

cw=[.i>-26r-,,^,^iM!_J. ,.a .^-2xcos^-M..i=o. 

[Math. Tripos, 1889. 
Ex. 7. Equal balls, n in number, connected by flexible springs, are constrained 
to move in a circular groove into which the springs are also placed, the system of 
balls and springs forming a closed chain. If the mass of the springs be very small 
compared with that of the balls, and if the distance between the balls measured 
along the circular groove is initially equal to the unstretohed length of any one of 
the springs, prove that the times of vibration of the system are w {mln)i cosec iir/re 
where m is the mass of one of the balls, ft the force required to increase the length 
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of any one of the springs by unity and i an integer which may have any value from 
1 to n. With what physical problem does this coincide when n is infinite and 
what are then the times of vibration? [Math. Tripos, 1887. 

Ex. 8. 2n equal uniform rods each of mass m are hinged together and are held 
so that they are alternately vertical and horizontal, thus forming a figure resembling 
a set of steps, each vertical rod being lower than the preceding one ; the highest 
rod is horizontal and is capable of turning freely round its end which is fixed; 
prove that, when the rods are let go, the horizontal component Xj^ and the vertical 
component 1^2^°^ *^8 initial action between the 2rth and the 2r + l the rods are 
givenby X^=B {-5 + 2^6y + G{-5-2J6Y, 

Y^=B'(-5 + 2sJ6r+G'{-5-2^&Y, 
the constants B, C, B', C being determined by the equations, X^^=0, Y^^^O, 
.Y3+2X„=0, 2Y^+16Yf,-5mg = 0. [Math. Tripos, 1889. 

420. Network of Particles. Let columns of threads in one plane be cut at 
right angles by rows of threads. Let a particle of mass m be attached to them at 
each intersection. Let the interval between two adjacent columns be I and the 
interval between two adjacent rows be I'. Let the tensions of the rows and columns 
be respectively T and T'. Let the particles vibrate perpendicularly to the plane of 
the threads, and let the whole system be removed from the action of gravity. 

Ex. 1. If «e be the displacement of the particle in the A"' column and ft"" row 
and Tjml=c^, T'lml'=c'^, prove that the equation of motion is 

dholdfi = c^ (w^+i - 2«)i + Wi_i) + c'2 (w^+i - 210* + ios_i) . 

Ex. 2. Prove that the motion of the particles may be represented by the series 
whose general term is 

j(; = S{a'*(46* + B6-*) + a-»(4V + B'6-*)}sinp« (1), 

where the S implies summation for all values of a and b connected by the equation 



-^w(«-2+^)+.-(6-2+J). 



Show that if a and b are both real, one at least is negative. Show also that if 
the circumstances of the problem permit 6=±1 the corresponding coefiicient of 
Bin pt becomes (±l)''{a'^(A + Bk)+a-''(A' + B'h)} (2). 

If a and 6 are both = ± 1 the corresponding coefficient is 

{J=l)''(d=l)''{A+Bh+Ck + Dhk) (3). 

What is the general form of the solution, when one of the two a and b is 
imaginary and the other real ? When both are imaginary with unity for modulus, 

w=-2Peia(pt-2he-2k^) \ 
show that p^=c''(2smef + c'H2am,l>Yf * '" 

Ex. 3. Show that the solution (4) of the last example represents a wave 
motion. If X be the length of the wave, v its velocity, and a the angle the direction 
in which it travels makes with the rows of thread, prove that 

\e = Trl00Ba, X0 = 7rJ'sino, v^{vl\Y=c^Bin.'e + c'^Bin^4>. 

Ex. 4. If the network is so constituted that cl=:c'l', prove that there are two 
directions in which a wave of given length travels with the greatest velocity, and 
that in these cases the fronts are the diagonals of the openings between the threads. 
The two directions of least velocity are those in which the fronts are along the 
threads. 

Ex. 5. If cZ=c'Z' and if the intervals between the threads are very small, prove 
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that the network becomes a membrane which is equally stretched in all directions. 
In this case waves of all finite length and all directions of front travel with the same 
velocity. 

Ex. 6. A network, otherwise infinite, is bounded by a rod which runs along the 
diagonals of the openings. The rod is agitated according to the law w=P sinpt. 
Prove that two distinct motions result according as the period of agitation is 
greater or less than 7r/(c' + c'^)*. In the former case waves travel over the network, 
in the latter the motion resembles that described in Art. 411. 

421. Network witb Quadrilateral openings. To bring these particles into 
order we regard them as arranged in rows and columns, as in rectangular networks, 
though these are no longer straight lines. If the network be so stretched that the 
tension of every thread is proportional to the length of the thread along which it 
acts, the ratio being equal to c^, the equation of motion may be proved to be 

S' Wn = C (A" M7»_i, i + A'^Ws, i_i), 

where A operates on ft and A' on k. This is exactly the same equation as that 
which determines the motion of a rectangular network when c=c'. Thus the 
motions of the two networks will be the same when the central and boundary con- 
ditions are made to correspond. 

In this way we may deduce the motion of one kind of network from another 
just as in Hydrodynamics we change one fluid motion into another by the method 
of conjugate functions. 

Ex. 1. Show that the geometrical peculiarity of this quadrilateral network is 
that each particle is the centre of gravity of the four adjacent particles to which it 
is connected by strings. 

Ex. 2. If {x, y) be the Cartesian co-ordinates of the particle (ftft), prove that 
X and y both satisfy the equation of differences A2a;j_j, J-^ A'''x»,i_i=0. Show also 
that the values of x and y may be written in the compendious form 

a!+W-l = S^«^*+*^V-l, i(e''-e-«)=± sin;8. 

Other forms of the solution may be deduced as in Art. 420. For example, we 
may have x=A + Bh + Ck + Dhk. 

In all these solutions the directions of the threads which form the sides of the 
qnadiilateral openings are defined (1) by making h constant and k variable, (2) by 
making k constant and h variable. Thus taking a single exponential, we find 
x=^e*'*cos2/3fc, y=A&'^^ sin 2pk. These lead to x^+y^=zA^e*^, ylx=tan2pk. 
The quadrilateral openings are therefore formed by concentric circles and ladii 
vectores from their centre. 

Ex. 3. When the openings of the network are indefinitely small, the result of 
the last example becomes x + y^ -l=f{h+k,J-l), so that that result may be 
regarded as an extension to Finite Differences of the theory of conjugate functions. 

Ex. 4. If in Ex. (2) the values of h and k are not restricted to be integral, 
prove that Axj_ j_ ^= ± A'2,j_ j_^, A'xj_ j_j= =f A2/j_j_ j. 

The analogy of these results to some well-known tiieorems in conjugate functions 
is obvious. 

Ex. 6. The Cartesian co-ordinates of the particles of a triangular network are 
given by x=h, y=hk, where ft, k are any integers. The equations to the three fixed 
boundaries are x=:n,y = 0, y=n'x. Following the rule given in Ex. 2, show that 
the quadrilateral openings are formed by radii vectores from the origin and ordi- 
nates parallel to the axis of y. Prove that the period of vibration, viz. 2jr/j), is 
given by p'lc^=wa? (iTJin) + sin" (iV/2ji'). 
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Theory of Equations of Differences. 

422. General Equations of Motion. Let a series of n particles of masses 
nil, m^... be arranged in a straight row at intervals equal to Zj, Zj... and be in 
equilibrium under the action of external forces and their mutual attractions. Let 
these particles be now displaced from their positions of equilibrium either all at 
right angles to the axis of the row, or all along its length. Let the displacements 
at the time f be ^j, y3...y„. Our object is to find these y's as functions of the time. 

The forces which act on the particles are of several kinds. (1) There are the 
external forces of restitution which are functions of the displacements of the 
particle acted on from its position of equilibrium. These must supply terms to the 
force function of the form -JSa^i/j;^; all the higher powers of the displacements 
being rejected. (2) There are the forces of restitution which depend on the action 
of the adjacent particles on each side of the particle under consideration. These 
must supply terms to the force function which contain squares of the y'a and pro- 
ducts of y's with adjacent suffixes. But since 2yi,yit+i = y^ + yii+i - (l/s+i - 2/1)^1 the 
only additional terms thus introduced into the force function will be of the form 
- JS6it (^j^.! - ?/i)2. (3) There are the forces of restitution which depend on the 
action of the two adjacent particles on each side of the particle under considera- 
tion. These supply terms to the force function containing squares and products of 
y's whose suffixes differ at most by 2. But since iyicyk+i={ykJr2-'^yk+\ + ykl^ + &<i'f 
where the &c. indicates squares of y'a and products of ^'s whose suffixes differ by 
unity, it is clear that the only additional terms introduced into the force function 
are of the form - pCi {y„^ - 2y^i + y^f. 

The forces which depend on the action of the three adjacent particles may be 
treated in the same way. 

Besides these forces there may be some external foixes of constraint acting on 
the two extremities of the row. These are functions respectively of y^ and i/„ and 
therefore supply terms to the force function of the form - i^y^^ and - ^lojn- K 
the forces of constraint act on the two last particles at each end we must add to 
these the terms - JX^ (2/2 - t/J^ and - iM„-i (?/„ - 2/m-i)^- 

Let XJ be the force function and let the position of equilibrium be the position of 
reference. To simplify the argument let ua in the first instance restrict ourselves 
to the following terms 

217= - Xyi2 - /t2/„2 - Sas!/i2 - S6i (2/1+1 - y^\ 

If 2T be the vis viva, we have 2T='2,m0^^. 

The Lagrangian equations of motion may therefore be written in the typical form 

micyh" = - a^yk + [6* (yti-i - 2/*) - 61-1 (2/* - 2/1-1)]. 
= - a*2/* + A (6*-i Ay*-i). 
where A has the usual meaning given to it in the calculus of differences. 
The case in which a=0 and 6 is a constant has been solved in Art. 402. 

423. The Boondanr CondltionB. This typical equation represents the motion 
of all the particles except the first and last. It does not include the case ft = l, 
because the term - 6^ (^j - 1/0)^ is missing from 2 Z7, and the term - \y-^ has not been 
taken account of. If the differential coefficients of these with regard to j/j were 
equal, the errors would correct each other. This gives 

*o (2/1-2/0) ='^^1- 
Treating the other extremity in the same way, we find 

■ -6„(2/»+i-^„)=/*2/n- 
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There are no particles corresponding to the values k=0 and k=n + l, but the n 
equations of motion corresponding to fc=l to k=n are all truly represented by the 
same equation of differences if we suppose y„ and y,^i to stand for their values as 
given by these two conditions. 

424. In the same way we may show that, if we take the more general value for 
U, viz. 2U=- \i2,i2 - \ (A^i)' - M-JIn" - i«»-l {%n-l)' 

the typical equation of motion becomes 

mtj/*"= - atVt + A (6t_i Ayt_i) - A^ (Ci_j A^^.^. 
The terminal conditions at one extremity are 

6„A?/„ - A (c_i A2!/_i) =\yi, - Coi?yi=\^Ayi. 
There are similar conditions at the other extremity. 

425. nietliod of Solution. To solve the typical equation of motion 

m0i"= - ai2/i + A {b^-^ Ayt^^, 
we follow the method of Lagrange. To find a principal oscillation we put 

2/»=iisin(pt + w). 
We thus have atL^ - A (6i_i ALj_i) =phn,icLic. 

This equation can also be written in the form 

If we wrote down at length the n equations given by fc = l, 2... m we could by 
successive substitutions express the value of i* as a linear function of L^ and L^. 
But since the ratio of Lq to ij is given by one of the equations at the limits, we can 
find it in the form jGi= Cip (k, p), where G is either L^ or ij at our pleasure or any 
function of L^ and Lj. See Art. 423. 

If we make a few of the substitutions indicated it will be at once evident that 
<j) (k, p) is an integral rational function of p^ of the {k - 1)* degree. We must now 
substitute this result in the equation of condition at the other limit. We thus have 
after division by G 6„ {^(n + l, p)-0(n, p)}+/4^(ji, p)=0, 

This equation will be shortly represented by ^{p)=0. We may notice that this 
reasoning is perfectly general, so that no value of X^ not included in this solution 
can satisfy the equation of differences. 

This process is strictly Lagrange's method of finding the principal oscillations, 
and the final equation i^ (p) = is merely Lagrange's determinantal equation in an 
expanded form. Accordingly we see that it is an equation of the n"' degree to find 
the n values of j^. 

But if n be considerable this method of elimination cannot always be employed. 
The Calculus of Finite Differences sometimes enables us (as in Art. 402) to arrive at 
a solution in a simpler manner. But whatever method is adopted the solution 
obtained, whether partial or complete, must he included in that indicated above. 

426. If the given function 5^ is such that 6„=0, 6„=0 and X, /4 are also zero, there 
are no conditions at the limits. In this case the equation of differences defined by 
4=0 only contains ij and L^, the term - 6,, (y^-y^ being now absent. This equa- 
tion therefore determines the ratio of L-^ to Xg ^^^ ^^ argument proceeds as before. 

It is however more convenient to regard this case as included in the former with 
the condition that j,,, y-^, yn_i, y„ are not to be infinite. With this proviso the 
terms - 65 (^j - y^) and 6„ (y^+i - Vn) cannot become finite. 
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427. The corresponding Differential Equation. The limiting case of this 
equation of differences is peculiarly interesting. Let ua make all the intervals 
Zj, I,, <fto. between the particles equal to each other and each equal to I ; and let us 
write x=kl. Then in the limit when I is indefinitely small we have dx = l, and all 
the various functions of k may therefore be regarded as ooutinnous functions of x. 
Writing mi=m^x, at=a^, and bjc=bjdx the equation of differences becomes in 
the limit „,j,,_^(6,|)=y^^y^. 

This equation is to hold for all values of i; between certain limits, say x=0 to 
x=L. The conditions at the limits are 

a!=0, b^-^=\y, x=L,- -bx-^ = u,y. 

dx ■' dx '^■' 

In the same way we may find the differential equation which corresponds to the 
equation of differences given in Art. 424. 

In this equation it is not necessary to suppose y to be small, for since the 
equation is linear we may multiply y by any constant quantity we please. It is 
necessary however that aU the functions and as many of their differential coeffi- 
cients as enter into the equation should be finite. 

Suppose that the function 6^=0 at each limit and that X and /i are both zero. 
The conditions at the limit disappear for a differential equation of the second order. 
We thus have no equation to find p. But in the following theorems, the condition 
that the solutions chosen for y must be finite between the limits remains in full 
force. In some cases this one condition will limit the values of ^. 

428. Ex. If the differential equation is -—-[(l-a^) -pV =^^2/ ^i^ii tlie l™its 

aTeii;=0 and x=l, show that no solution can be finite at both limits unlessp^=i(s-f- 1) 
where i is any positive integer. 

429. This equation of differences and its limiting case the differential equation 
are of considerable importance in other besides dynamical investigations. It is 
therefore useful to notice that though the equation presented itself with a dynamical 
meaning, yet the results in this section are perfectly general. We may regard the 
equations of motion as simply so many differential equations to find j/j, y^, &a. 
derived, as explained in Chap, vii., from the two auxiliary functions A and G, the 
other auxiliary functions, B, D, E, F being all zero. The functions A and C are 
here called T and - V and the symbol m is here replaced by pj - 1. 

430. Three Fropositlons. We immediately infer the following theorems 
concerning the values of p. 

Prop. 1. If the function m^ or m^ is positive between the limits, the function T 
is a one-signed positive function. It therefore follows from Art. 319, that all the 
values of p^ are real. 

This also foUows from the theorem that all the roots of Lagrange's determinant 
are real*. 

* Another proof that all the values of p' are real is given by Poisson in Art. 90 
of his Theorie MathSmatique de la Chaleur. He there shows that if p^ could 
have a, pair of imaginary values of the iorra f±g^ ~1, the integral ji^m^c^xYx^^ 
could not be zero (see Art. 432). The argument is as follows. Since, by Art. 435, 
ij is a function of p", it follows that the corresponding values of Xx and Y^ may be 
written FJ^GJ-l. This leads to the result j^mx{F'+O'^)dx = 0, which is an 

R. D. II. 18 
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431. Prop. 2. If the functions 0^,65, &c. or a^, b^, &a. as well as mj or m^ are 
positive between the limits, and if X, yu. are also positive, the function C=> - U 
is a one-signed positive function. It therefore foUows from Art. 315, that all the 
values ofp^ are positive. 

This also follows from the theorem in Vol. i. that when the force function V is 
a maximum in the position of equilibrium, that position of equilibrium is stable. 

432. Prop. 3. Let p and q be two unequal possible values of the parameter p, 
and let the corresponding solutions be indicated by the typical equations 

2/t=-Xt sin^t, and ^i=yitsingt. 
Then we may use the method of multipliers as explained in Chap. viii. Art. 399, and 
assert that 2miZiyi=miXiFi+...+m„y„y„=0. 

In the case of the differential equation this becomes (^m^:i;Yxdx=0. 

By referring to the standard example Art. 402 we may perceive the separate uses 
of these three propositions. The values of p^ there found are all real and positive 
and the third proposition was used in Art. 406 to determine the constants of 
integration when the initial conditions are known. 

433. Sturm's Theorems. Bestrioting ourselves to the case in which the 
equation of differences has the form 

ai2/t - A (6i_iA2/s_i) -P^Vit, 
let us compare the different kinds of motion indicated by different values oip^. 

In order to realize the motions of the several particles more easily, let an 
ordinate be drawn perpendicular to the length of the row at the position of each 
particle when in equilibrium. Let the length of this ordinate be equal to the dis- 
placement of that particle at the time t. The curve traced out by the extremities 
of these ordinates vrill exhibit to the eye the nature of the motion. The inter- 
sections of this curve with the axis of the row are called nodes, the maxima and 
minima ordinates are called loops. 

In the example of Art. 402 these ordinates are the actual displacements of the 
several particles. In the general case we are now considering this curve is merely 
a conventional method of exhibiting to the eye the varying state of the system 
but in that particular case it is suggested by the visible motion. 

Let all the possible values of p be arranged in ascending order beginning with 
the least. 

In the solution given by the least value of p, it will be shown that at any one 
nwment all these ordinates have the same sign. Thus throughout the motion the 
indicating curve forms an arc with a single loop which oscillates from one side to 
the other of the axis of x. 

In the solution given by the next smallest value of p, it will be shown that at any 
instant there is one change of sign among tlie ordinates, as we travel from one 
extremity of the row to the other. Thus throughout the motion the indicating curve 
forms a double arc with two loops separated by a node. 

In the solution given by the third smallest root there are at any instant two 
changes of sign among the ordinates. Thus the indicating curve forms three loops 
separated by two nodes, and so on through all the values of p. 



impossible equation if mj keep one sign between the limits. Poisson applies his 
argument to the case of a differential equation of the second order, but it may 
evidently be extended to the general case of a differential equation or an equation of 
differences of any order. 
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In all these cases the nodes which belong to any value of p are separated by the 
nodes which belong to the next value ofp in the series. 

434. The Iiemina. To prove these theorems we require the following lemma. 
Let p and q be two values of p, and let the corresponding motions be given by 
2/4 = A'l, sin pt and y^ = Yf. sin qt. We have therefore 

a,Y, - A (6;s_, AY„^,)=qhn„Y,\ " 
Eliminating the function a^ we find 

(g2 - j,2) mtA'«..y» = 6* {X,+^Y„ - X^Y^^) - b^_, (X»F,_i - X,,_^Y,). 
This gives by summation from k = a, to k = k 

{q''-p^){maXaYa+...+mAYk} = b^(X,+^Y,-X,Y,+^)-b^_^(XaY,_^-X,_^Ya). 
The right-hand side may also be written 

6* {Y^AX^-X^AY^) - Vi (Ya-i^.-i - ^a-lA^a-l)- 
In the limiting case in which the equation of differences becomes the differential 
equation (Art. 427), this lemma takes the form 



(,-^^)/W..= [ft.(r§-xf)J. 



435. Cor. 1. Consider the full series of values X-^, X^...X„ arranged in order. 
We have ranges of positive and negative values succeeding each other. Let Xa...X^ 
be one of these ranges in which all the constituents have one sign, while those on 
each side, viz. Z„_j and Xi+j , have the opposite sign. We shall prove that if q >p 
there is one change of sign at least in the corresponding range of Y's extending from 
Y^_i to Fi+i both inclusive. 

For if possible let all these F's have one sign, then every one of the four terms 
on the right-hand side of the equality in the lemma has the sign opposite to that of 
the product XjtYf.. Hence the lemma could not be true. 

We have made no assumption about the function of a^, but b^ and nij, have been 
supposed to have the same sign, and to keep that sign from one limit to the other. 

486. Cor. 2. Consider next a double range of values, say Za. . .Xp. . .Zi, such that 
all the constituents from Xa to Z^-i have one sign, say negative, and from X^ to X^ 
have the other sign, while (to make the double range complete) A'„_j and Z^+j have 
opposite signs to their adjacent constituents. Tlien by Cor. 1, if q >p, Y must change 
sign between y„_i and Y^ and also between r^_j and Y^^. We shall now prove 
that a single change of sign between y^_i and Yjs will not suffice for both these 
requirements. 

For if it did, the products X^Y^,...,Xi,Yii would all have the same sign : but every 
one of the four terms on the right-hand side of the equality in the lemma has the 
sign opposite to that of the product X Y^. Thus again the lemma could not be 
true. 

In the same way if we consider a triple range of values Za . . . X^ . . . Zy , . . Zj so 
that X changes sign twice as /c varies from one limit to the other, then, by Cor. 1, 
y must change sign between Y^_^ and rjs, Ya-i and Yy, F j and Fi^j. But it follows 
exactly as before that two changes of sign will not suffice for all three requirements. 

437. Cor. 3. Consider the range of values Zj, X^...X^ all of one sign begin- 
ning at one extremity of the complete series and such that X^.^.^ has the opposite 
sign. We shall prove that if q>p there is one change of sign at least in the cor- 
responding range of Y's extending from Y^ to Y^^.^. 

18—2 
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In this case the range begins at one extremity, we have therefore the conditions 
60 {^1 - ^o) - ^ and 60 ( ^1 - ^o) ='>^^i which hold at that extremity. The equality 
in the lemma becomes therefore 

(42-1,2) (ni,X,Y^ + ...mAY„) = h (^m Y^-X^ Y^{l. 

If then all the Fs from Y^ to Yit+i had the same sign, every term on the left- 
hand side would have the same sign, and the two terms on the right-hand side 
would have the opposite signj and thus the equality could not exist. 

Similar remarks apply to a range terminating at the other extremity. 

438. Cor. 4. Lastly consider all the n series X^...X„, F,... Y„, &c., &a., cor- 
responding to the n values of p, q, &b. arranged in order of magnitude beginning at 
the least. By the preceding corollaries, each of these series must have at least one 
more change of sign than any series before it. As there are but n terms in each 
series, the last, i.e. the re*, can have but ra - 1 changes of sign. Hence the first 
series has no changes of sign, the second has one change, the third has only two and 
so on. Also the changes of sign in each series alternate, in the manner already 
explained, with ttie changes of sign in any series next to it. 

439. It should be noticed that in Cor. 1 and 2 no use has been made of the 
conditions at the Umits, In these propositions therefore p and q are any arbitrary 
quantities except that q must be greater than p. In Cor. 3 the conditions at one 
limit are introduced, so that aU three corollaries are true if only XJX„=YilYf, at 
one limit. Finally in Cor. 4 the conditions at both limits are supposed to be 
satisfied and therefore p and q must now be different roots of the equation repre- 
sented in Art. 425 by \j/{p)=0. 

440. The fourtli proposition. To show that no two values of p^ are equal. 
Let us suppose that the conditions of constraint at one limit are satisfied as in 
Cor. 3. We may therefore write the lemma of Art. 434 in the form 

(q^-p^) SmZr= b„ (X^^Y - X„Y,^^), 
where the summation extends from k=l to i:=n. Since ji and q are now arbitrary 
quantities we may put q^=p^ + dp^. We therefore have to the first order of small 
quantities dp>ZmX'=b„ (X„+i dX„-X„dX^j). 

This equation may be written in the form 

But the quantity in brackets is the left-hand side of the equation ^ (p) = arrived 
at in Art. 425 as the equation to find all the possible values of p when the condi- 
tions of constraint at both extremities are taken account of. We therefore infer that 

2.Z2 = ^^„„-^^. 

It immediately follows from this equation that no value of p can make both 
f {p) = a,ni <// {p) = Q. The equation ^ (p) = cannot therefore have equal roots. 

441. Ex. 1. If n particles of any masses at any intervals are arranged in- a 
straight row, as already explained, and oscillate transversely with the motion indi- 
cated by any one value of the parameter p, prove that the straight line joining 
any two particles cuts the axis of the row in a point which is fixed throughout the 
motion. 

Ex. 2. If J/»=Xt sin pt represent the principal oscillation corresponding to 
the value p, prove that 

pSSmiZiS = Sa A.2 -I- 26* (Xt+j - X^)" + XZ,2 + ^tX,". 
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The two first i;'s imply summation extending from k = l to k=n, and the third 
from ft=l to k=n-l. 

Ex. 3. If ait, bic and nik are all positive and 2ir/j} is the longest period of a 
principal oscillation, prove that p^ is less than the greatest value of (aj,+ fij; + 6*_i)/tos 
and greater than the least value of aijmif 

If iirlp is the shortest period of a principal oscillation, prove that j>^ is greater 
than the least value of (ai,+ 6t + 6|;_i)/mj; and less than the greatest value of 
(aj + 26;j + 26t_J/mj. In this example \ and 6„ are to be taken equal respectively 
to X and /x. 

Ex. 4. If the function a* and 6j, keep one and the same sign or are zero, show 
that no value of p can he zero unless X and n are both zero. 

Ex. 5. Let yii=^X)cSixi.pt, 1/1= Yit sin^Jt represent two principal oscillatory 
motions such that q is greater than p. If a range of values be taken, say X^.-.X^, 
which are all of one sign and such that Zj, is at a loop and that a node lies between 
Z„_i arid X^, prove that either a node or a loop lies within the range F^-i'. . . Fj. 

Thence show that either a node or a loop of the shorter-timed oscillation must 
lie within (or at the boundaries of) the space joining any node to any loop of the 
longer-timed oscillation. 

Ex, 6. In the equation P-^^ + Q-f+By=pSy, where P, Q, R, S are given 

functions of x, let y=X and y=Y he two solutions corresponding to different 
values of p, and let yu be the integrating factor of the first two terms on the left- 
hand side. Prove that \ij.SXYdx=Q for any limits between which X, 7 and their 
differential coefficients are finite, provided that at each limit either 

dx 

Ex. 7. Let additional external forces be applied to the system (Art. 422) so 
that a* is changed to a,! where at' - aic is positive between the limits ft = 1 and ft = n, 
then if mj is also positive prove that every value of p^ is increased. On the other 
hand, if the inertia is increased so that m* becomes m/; then, if both m*' - m* and 
mi are positive between the limits, prove that all the values of ^J^ are decreased. 

These results follow from Art. 76 and Art. 77, Ex. 1. They may also be 
deduced &om the lemma. 

Ex. 8. Let the equation of motion of a dynamical system be 

where the values of p'^ are deduced from the conditions at a; = and iC=L given in 
Art. 427. Let some change be made in the system so that ax is altered to ax' where 
Uz' - ax is positive for all values of r, between the limits. Then if nix he also 
positive between the limits, prove that the values otp^ are also increased. 

The differential equation of the second order mentioned in Art. 427 is discussed 
by C. Sturm in the first volume of Liouville's Journal. He there establishes the 
theorems given in Art. 433 which we have called after his name. The extension of 
these to equations of finite differences will be found in a paper by the author in 
the eleventh volume of the Proceedings of the Mathematical Society, 1880. The 
theorems on a network of particles are taken from u, paper by the author in the 
fifteenth volume of the same Proceedings, 1884. 



=oor^/r=f/x. 



CHAPTER X. 



APPLICATIONS OF THE CALCULUS OF VARIATIONS. 



Principles of Least Action and Varying Action. 

442. Two fundamental equations. Let {qi, q^, q^, &c.) 
be the co-ordinates of a system of bodies, and let q stand for 
any one of these. Let 2T be the vis viva of the whole system 
and U the force-function, and let L=T+U. As before let accents 
denote differential coefficients with regard to the time. 

Let us imagine the system to be moving in some manner, 
which we will call the actual motion or course. Then qi, q^, 
&c. are all functions of t, and it is generally our object to find the 
form of these functions. Let us suppose the system to move in 
some slightly different manner, i.e. let q^, q^, &c. be functions of t 
slightly different from their actual forms. Let us call the motion 
thus represented a neighbouring motion or course. We may pass, 
in our minds, from the actual motion to any neighbouring motion 
by the process called variation in the calculus of that name. By 
the fundamental theorem in that calculus 

«/;;x.=[..]S/;;.(J-|-)(a.-,.)...[.-,a,-,.)];;, 

where the letter S implies summation for all the co-ordinates 
qi,q2, &c. and it is implied by the square brackets that the terms 
outside the integral sign are to be taken between limits. 

The co-ordinates being independent of each other, each sepa- 
rate term under the integral sign vanishes by Lagrange's equations, 
and we have therefore 



rh 



sj''Ldt = 



-ffS«-HS^sJ\ 



'dq' 

where H is the reciprocal function of L, as explained in the first 
volume of this treatise. 
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The integral I Ldt has been called by Sir W. R. Hamilton 

the principal function, and is usually represented by the letter 8. 
If the geometrical equations do not contain the time explicitly, 
T will be a quadratic homogeneous function of the velocities; 
we have therefore 2 (dy/cig') /= 27. In this case H=T-U. The 
equation of vis viva will now hold and therefore T — U=h, where h 
is a constant which represents the energy of the system. The 
Hamiltonian equation just proved now takes the simpler form 

BS=S f'Ldt = -h{Bl^-St,)+ It—BqT. 
Ju L «? Ah 

443. Other functions may be used instead of S. Let us put 

v=s+\_Ht%], .•.w=?,s+{mt+thsr(i^ 

.•.hV= tBE+X^,Sq . 

The function V is called the characteristic function. 

444. If the geometrical equations do not contain the time 
explicitly, we have H = h, where A is a constant which may be 
used to represent the whole energy of the system. In this case 

V = S + h(t,-to) = f\T + U)dt + I*\T- U)dt, 

J to J to 

rti 



rti 
'=2 

J to 



Tdt. 



The function F therefore expresses the whole accumulation of the 
vis viva, ie. the action of the system in passing from its position 
at the time t^ to its position at the time t^ . 

For the sake of simplicity it will be generally assumed in this 
section that the geometrical equations do not contain the time 
explicitly. 

415. In the proof of these theorems we have supposed that all the forces are 
conservative. If in addition to the impressed forces there are any reactions, such 
as rolling friction, which cannot be taken account of by reducing the number of 
independent co-ordinates, we must use Lagrange's equation in the form 

d dL dL _^ 
dt dq' dq ~ ' 
where, as explained in Vol. i., P5q is the virtual moment of these reactions corre- 
sponding to a displacement Sq. In this case the quantity under the integral sign 
will not vanish unless the variations are such that 

2P(dq-q'St) = 0. 

Now q being the value of any co-ordinate in the actual motion at the time t, 

q + Sq is its value in a neighbouring motion at the time t + dt. But q'St is the 

change of q in the time dt, henoe q + Sq -q'dt is the value of the co-ordinate in the 

neighbouring motion at the time (. The neighbouring motions must therefore be 
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such that the virtual moment of the reactions corresponding to a displacement of 
the system from any position in the actual motion into its position in a neighbour- 
ing motion at the same time is zero. With this restriction on the variations, the 
two equations which express the variations of S and V wiU stUl be true. 

446. Anotber Proof. We may also establish these theorems without the use 
of Lagrange's equations. Let x, y, z be the Cartesian co-ordinates of any particle, 
and let m be the mass of this particle. Let V be such a function that dVjdXf 
dUjdy, dXJjdz are the components of the impressed forces on this particle in the 
directions of the axes. We may write mX, mY, mZ as usual for these components. 
Then L = T+V=ySm(x'^-¥y'^ + z'^) + U. 

By the fundamental theorem in the Calculus of Variations, we have 

where the variations Sx, &o. are connected together by the geometrical relations of 
the system. If we substitute for L and remember that T is a homogeneous quad- 
ratic function of x', y', z', this becomes 

d r^Ldt=\_[U-T)St + Smx'Bx J^ + f'^ Sm (X -x")(Sx- x'8t) dt. 

Now Sx - x'St is the projection on the axis of x of the displacement of the particle 
m from its position in the actual motion at the time t to its position in a neigh- 
bouring motion at the same time. Hence the part under the integral sign vanishes 
by the principle of virtual velocities. 

The term Smx'Sx is clearly the virtual moment of the momenta. If the co- 
ordinates be expressed as functions of any independent quantities gj, q^, <fcc., it has 
been proved in the first volume that this is equal to S (dTjdq') Sq. Putting 
r - ?7= H we have as before 

sP' idf = [ - ifSt H- 2 (dTjdq') Sq^ . 

447. Principle of Least Action. Let us call the positions 
of the system at the times ^o and ^ the initial and terminal posi- 
tions. Let us suppose these fixed so that the actual motion and all 
its neighbouring motions are to have the same initial and, terminal 
positions. In this case hq vanishes at each limit and the two 
fundamental equations giving the values of hS and hV take the 
simpler forms 

S/Sf = S f '' Ldt = -h {Bt, - St,), W = '2.h{*'Tdt = {tr-t,) Sh, 
J fo J u 

where it has been supposed that the geometrical equations do not 
contain the time explicitly. 

If the time of transit of the system from its initial to its terminal 
position is also given, we have Sti = Sto, and therefore 

rh 
S Ldt = 0. 
J h 
If the constant h is given, or which is the same thing, if the 
energy of the system is givmi, we have Sh = 0, and therefore 

'^'Tdt = 0. 

to 
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448. Since SF = 0, it follows that for the actual motion F is a 
maximum or minimum, or at least that the change it undergoes in 
passing to any neighbouring motion is of the second order of small 
quantities. It cannot be a maximum since by causing the bodies to 
take circuitous paths we may make F as large as we please. Again, 
since the vis viva cannot be negative there must be some mode 
of motion from one given position to another for which the action 
is the least possible. When therefore the equations supplied by 
the Calculus of Variations lead to but one possible motion that 
motion must make F a minimum. But when there are several 
possible modes of motion, though none can be a maximum some 
may be neither maxima nor minima. With this understanding 
we may infer the two following theorems. 

449. Let any two positions of a dynamical system he given, 
the actual motion is such that JTdt is less than if the system 
were constrained, without violating any geometrical conditions, to 
move in soTne other manner from the one position to the other 
with the sam,e energy; these other motions being such that, 
throughout, T is the same function of the co-ordinates and their 
differential coefficients. This particular inference from the general 
equations in Art. 447 is usually called the Principle of Least 
Action. 

In the same way, if ilie system move in the varied course not 
with the sam£ energy, hut in the same time, from the one given 
position to the other, then JLdt is a minimum,. 

Maupertuis conceived that he could establish a priori by theological arguments 
that aU mechanical changes must take place in the world so as to occasion the least 
possible quantity of action. In asserting this it was proposed to measure the action 
by the product of the velocity and space ; and this measure being adopted, mathe- 
maticians, though they did not generally assent to Maupertuis' reasonings, found 
that his principle expressed a remarkable and useful truth, which might be established 
on known mechanical grounds. WheweU's History of the Inductive Sciences, Vol. 
n. p. 119. 

Euler, at the end of his Traite des IsopSrimetres, 1744, established the truth of 
the principle for isolated particles describing orbits about centres of force. This was 
afterwards extended by Lagrange to the motion of any system of bodies acting in 
any manner on each other. In deducing conversely the equations of motion from 
the principle of Least Action, Lagrange seems to have fallen into some errors which 
were pointed out by Ostrogradsky in his Mimoire sur Us Equations differentielles 
relatives au probUme des IsopSrimetres published in the Memoirs of the A cademy of 
Sciences at St Petersburgh in 1850. The theorem jLdt is a minimum when the 
time is constant was first given in this treatise 1877. 

450. If some of the co-ordinates appear in the Lagrangian function L only 
through their velocities (i.e. their differential coefficients with regard to t) their 
corresponding momenta are constant throughout the motion. As explained in Vol. i. 
Art. 422, it is then sometimes convenient to eliminate these velocities by modifying 
the Lagrangian function and using it thus changed in the ordinary Lagrangian 
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equations. Supposing that the co-ordinates q^ , q^ appear only through g/, q^' we 
write Lj^=L-'Zpq' where S implies summation for the co-ordinates 2i, g^, then L^ 
is the modified i. The general expression for ij after the elimination of q^, q^ is 
given in Vol. i., Art. 421. In the same way 2ri=2r- Spg'; where T^ is the modi- 
fied T. 

If as supposed above the momenta p^ and p^ are constant throughout the motion, 
we have Slpq'dt=pSlq'dt=p (Sq-^-Sq^, 

provided the variations are limited to those in which p retains its constant value. 
Since the initial and final positions are supposed to be fixed in the principle of least 
action it follows that S\pq'dt = 0. We therefore infer th?,t \Lydt and \Tidt, retain 
the vMx-min property under the same conditions as before provided the variations are 
restricted to be such as do not disturb the constancy of the momenta. This theorem 
is given by Larmor, Math. Soc. 1884. 

451. Motion deduced from the Calculus of Variations. 

By making the first variation of either V or 8 equal to zero (under 
the given conditions) according to the rules of the Calculus of 
Variations, we may conversely find the co-ordinates qi, q^, &c. 
as functions of t. Amongst these functions of the time we shall 
certainly find the motions given by Lagrange's equations, because 
we have just proved that these make the first variations equal to 
zero. But it is possible that there may exist other courses or 
modes of conducting the system fi-om the initial to the terminal 
position which (though contrary to mechanical laws) may make 
V or S a, minimum. It is easy to see that some other courses 
must exist, for the two positions may be so placed that it is 
impossible to project the system from the initial position with a 
given energy so as to pass through the terminal position. Thus 
suppose it is required to project a particle under the action of 
gravity from an initial position with a given velocity so as to pass 
through a position B on the horizontal line through A, but beyond 
the maximum range. We know that this cannot be done with 
real conditions of projection in a real time. Yet some course of 
minimum action from A to B must exist. We shall now show, 
(1) that the ordinary processes of the Calculus of Variations, 
which are founded on the supposition that the variations of the 
independent co-ordinates may have any sign, lead only to La- 
grange's equations; (2) that there are certain other modes of 
motion which are so situated that the co-ordinates (along some 
part at least of the course) cannot be made to vary on one side 
without introducing imaginary quantities, and that when these 
impossible variations are omitted such courses may give a maxi- 
mum or minimum. 

452. Continuoas Motions. Beginning with the first of these two proposi- 
sitions, let us make SS and dV equal to zero according to the rules of the Calculus 
of Variations. 

Taking SjLdt=0 where the time of transit is given, we immediately have, 

j>{^-§t'i)^^'^='- 
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for all variations. Since the Sq'a are all arbitrary and independent, it follows that 
eaoh coefficient under the integral sign must vanish separately. In this manner we 
are led directly to Lagrange's equations of motion. 

453. If tlie action is to be a minimum some further considerations are necessary 
because the condition that the energy T -V should be constant may act as a limit 
to the variations which can be given to the co-ordinates. Let h be this constant, 
then following Lagrange's rule in the Calculus of Variations we put 

W=T + \(T-U-h), and make 5j)^d« = 0, 
without regard to the given condition. Afterwards we choose the arbitrary quantity 
\ so that the given condition is satisfied. Then S^Wdt being zero for all variations 
of the co-ordinates, it immediately follows that s]Tdt is also zero for all variations 
which do not violate the given condition. With the same notation as before 
we have, Art. 442, 

where the integrals and the quantities in square brackets are to be taken between 
the given limits, which are omitted for the sake of brevity. 

First, let us consider the part outside the integral sign. The initial and final 
positions being given, eaoh 52 = 0. We therefore have 
{W--Z,{dWldg:)q'}St = 0. 

This equation is satisfied by S*=0, but since the time of transit is not to be the 
same in the actual and varied motions this factor is to be rejected. Also T is a 
homogeneous quadratic function of the g"s, hence S (dT/dq') q'=2T. Substituting 
for W its value and using this equation we find {1 + X) T + 7^ [U + h) =0. But X is 
such that T- U=h. Hence (1-1-2X) T=0, and therefore \= -J. 

Next, consider the part under the integral sign. By the rules of the Calculus of 
Variations we have (since the 5q's are all arbitrary) the typical equation 

dW_d^ dW_ 
dq dt dq' ~~ 

Substituting for W and giving X its value just found, we have the typical 
Lagrange's equation. 

454. Ex. If we add to the conditions used in the principle of Least Action the 
condition that the time of transit as well as the energy is to be the same in all the 
varied motions, show that the minimum does not in general lead to Lagrange's 
equations. Following the same notation as in the last article, show that the mini- 
mum for a given time (not necessarily equal to the time of free transit), leads to 
X= _ j + ^/T, where 4 is a constant to be so chosen that the energy has its given 
value. Show also that when the time of transit is given so that .4 = 0, the minimum 
thus found is the least. 

455. DiscontinuouB Motions. Turning now to the second proposition men- 
tioned in Art. 451, let us investigate if there can be any other modes of motion 
besides those just found, which make the first variation of the action equal to zero. 
In obtaining these equations it is assumed that all the dq's are independent ; but, if 
the conditions of the question imply any boundary, this may not be true for any 
actual motion Which takes the system in the immediate neighbourhood of that 
boundary. Thus, in our case, since T cannot be negative, all positions of the 
system outside the boundary U+h=0 are excluded. In the immediate neighbour- 
hood of this boundary the variations of the co-ordinates may not be susceptible of 
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all signs*. It follows that a motion along the boundary may be a course of mini- 
mum action though not given by the ordinary equations of the Calculus of 
Variations. 

It is evident that we cannot mate the system travel along the boundary whose 
equation is U+h=0 because this requires all the velocities to be zero. But the 
system may travel as near as we please to this boundary with a total "action" as 
small as we please. The following discontinuous motion may therefore be a course 
of minimum action. First project the system from its given initial position A 
with such velocities and directions of motion, but with the given energy, that every 
particle may come simultaneously to rest. Assuming the equations to give real 
conditions of projection, the system, when it comes to rest, is situated on the 
boundary. Let this position be called B. Next move the system close to the 
boundary until it reaches such a position G that on being set free without velocity 
it passes through the given terminal position D under the action of the forces 
represented by U. The motions from A to B and C to D are courses of minimum 
action, while the action from B to C may be made as smaU as we please. 

456. We may show that the action along this discontinuous course is really a 
minimum. To prove this, let us take any neighbouring motion beginning at A and 
ending at D. Let B', C be any positions of the system on the neighbouring course 
near B and G respectively. Since Sh=0, the action (Art. 443) along AB' exceeds 
that along AB by S7=rS(dT/dg') SgT". This vanishes at the lower limit since 
both courses begin at A. Since jF is a quadratic function of the velocities, dTjdq' 
contains a velocity in every term and all these velocities vanish in the position B, 
i.e. at the upper limit. We therefore have dV=0. We infer that the difference 
of the actions along AB and AB' is of the order of the quantities neglected in 
investigating this expression for SV. Thus the difference of these two actions is of 
the order of the squares and products of dq and dq'. 

Next let M' be any position on the neighbouring motion B'C so that the change 
of place B'M' is finite. The velocities in every position of the system between B' 
and M' are of the order 8q', and hence the semi vis viva T is of the order {Sq')^. 
But the time of transit from B' to M' varies inversely as the mean velocity, hence 
the jTdt, i.e. the action from B' to M', is of the first order of small quantities, 
viz. Sq'. This action is essentially positive, and we have just proved that it is 
infinitely greater than the difference of actions along AB and AB'. Hence the 
action along AM' is greater than that along AB. 

In the same way if N' be a position of the system properly chosen on the neigh- 
bouring course nearer C, we may show that the action along N'D is greater than 
that along CD. The action along M'N' is also greater than that along BG. It 

* Exceptional cases, similar to these, occur in the theory of maxima and minima 
in the differential calculus. When the independent variable is not capable of 
unlimited increase, but is bounded in one or both directions, its value at either 
boundary sometimes corresponds to a maximum or minimum value of the dependent 
variable, though this is not found by making the differential coefficient equal to 
zero. 

In the calculus of variations some instances in which the variations at the 
boundaries are not susceptible of every sign are given in De Morgan's Differential 
Calculus, 1842, page 460, &c. These appear to have been rediscovered by Dr Tod- 
hunter in his Researches in the Calculus of Variations, 1871, Art. 18. See also 
Chap. VIII. of his Researches (&c. 
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follows therefore that so long as the separation in space between the positions B 
and C is finite, the action along ABCD is less than that along any neighbouring 
course. 

457. Ex. If we use the principle of least action in the manner explained in 
Art. 453 we virtually remove the restriction on the variation of the co-ordinates. 
Show that in the discontinuous course the first variation of jWdt is zero if we 
regard X as a discontinuous function which is equal to - J along the courses AB, 
CD and equal to zero along the course BC. 

458. Is the Action an actual minimum ? To determine 
whether an integral is a maximum or a minimum or neither, 
we must examine the terms of the second order in the variation 
of the integral to ascertain if their sum keeps one sign or not for 
all variations of the independent variables. This is a very trouble- 
some process, but it is unnecessary to discuss it. It will be 
sufficient to remind the reader of some remarks of Jacobi, given 
in the seventeenth volume of Grelle's Journal, 1837, and trans- 
lated in Dr Todhunter's History of the Calculus of Variations, 
page 250. 

Suppose a d3mamical system to start from any given position 
which we shall call A, and to arrive at some position B. If the 
time be given, the motion is found by making SJLdt = ; if the 
energy be given, by making hjTdt = 0. The constants which 
occur in integrating the differential equations supplied by the 
calculus of variations are to be determined by means of the 
given limiting values ; but as this involves the solution of equa- 
tions there will in general be several systems of values for the 
arbitrary constants, so that several possible modes of motion from 
A to B may be found which satisfy the same differential equation 
and the same limiting conditions. Let us suppose that when B 
and A are near each other there is but one mode of motion from 
A to B, then by Art. 448 that mode makes ^Tdt a minimum. 
Now let the position B recede from A so as always to be on this 
one mode of motion. Suppose that when B reaches the position 
another possible mode of motion from J. to -B is indefinitely near* 
to the former motion. We deduce from Jacobi's criterion that C 
determines the boundary up to which or beyond which the 
integration must not extend if the integral is to be a minimum. 

Jacobi illustrates his rule by considering the principle of least 
action in the elliptic motion of a planet. Let 8 be the sun, and 
let the particle start from A towards aphelion to arrive at a point 
B. The path is known to be an ellipse with S for focus. Since 
we use the principle of least action, the energy of the motion is 
given : hence the major axis of the ellipse is known, let this be 2a. 
The other focus H of the ellipse is the intersection of two circles 
described with centres A and B and radii la — SA, 2a — SB re- 
spectively. The two intersections give two solutions which only 
coincide when the circles touch, that is when the line AB passes 
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through the focus H. Thus if we draw a chord AG through H 
to cut the ellipse described by the particle in G, then the terminal 
position B must fall between A and G if the integral which occurs 
in the principle of least action is really to be a minimum for this 
ellipse. If B coincide with G, then the second variation cannot 
become negative, but it can become zero, so that the variation of 
the integral is then of the third order, and may therefore be either 
positive or negative. If B be beyond G the second variation itself 
can become negative. 

If the particle start from A towards perihelion, then the ex- 
treme point G is determined by drawing a chord AG through the 
focus 8 to cut the ellipse in G. For if A and G are the limits we 
can obtain an infinite number of solutions by the revolution of 
the ellipse round A G. If in the last case the second limit B fall 
beyond G, Jacobi considered that there would be a curve of double 
curvature between the two given points for which the action is 
less than it is for the ellipse. But this supposition is unnecessary, 
for the discontinuous course spoken of in Art. 456 supplies the 
minimum for this case. 

Examples. £x. 1. A particle, nnder the action of a centre of force at whose 
attraction varies as the distance, is projected from a given point A with a given 
velocity in sueh a direction as to reach another given point B. If G be the first 
point on the elliptic path at which the tangent is perpendicular to the direction of 
projection at A, prove that the " action " from 4 to JS is or is not a minimum 
according as £ is between A and C or beyond G. 

If B lie within a certain ellipse having its centre at and one focus at A, prove 
that there are two directions in which the particle can be projected from A to reach 
B and that the action is a minimum for one of these and not for the other. If B 
lie ontside this bounding eUipse, the particle cannot reach B. If OA be produced 
to X), where D is such that the velocity of projection at 4 is equal to that acquired 
by a particle starting from rest at D and moving to A xmder the action of the 
central force, prove that the major axis of the bounding ellipse is equal to twice the 
distance CD. 

If the point B be without the bounding ellipse, the particle can reach B only if 
« properly conducted thither by some curve of constraint. The curve of minimum 
action can be found by the following construction. Produce OA, OB to meet the 
auxiliary drole of the bounding ellipse in B and F. The required path is in- 
definitely near to AEFB. 

To prove these results, let us find the direction of projection from A that the 
particle may pass through B. We notice that if OD = k, the sum of the squares of 
any two semi-conjugate diameters is kK Bisect AB in N and let ON=x, 
NA=NB=y. Let the required direction of projection from A cut ON produced 
in T. Then from the equation to the ellipse we have a quadratic to find OT, 
showing that there are in general two elliptic paths which may be described in 
passing from A to B. Let the tangents at A to these intersect ON produced in 
T and U ; we deduce from the quadratic that OT . OU=k' and NT . NU=yK 
These equations determine T and U. 

We see at once that the two directions of projection coincide when OT=k, i.e. 
when the tangents at A and B, viz. AT and BT, are at right angles. 
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Describe two circles with centres and N and radii equal to k and ;/ respectively. 
Describe a third circle on TU as diameter. Since OT . OU=k^ this third circle 
cuts the circle with centre at right angles. Similarly it outs the circle with 
centre N at right angles. The tangents from the centre jR of this third circle are 
therefore equal. The centre R is therefore on the radical axis of the circles whose 
centres are and N. This gives an easy geometrical construction to find T and U. 

The points T and U wiU be imaginary unless the radical axis lie outside the 
circles. The circles must therefore not intersect. Hence ON+NA must be less 
than k. Produce AO to A' so that OA' = OA. Then we see that AB + BA' must be 
less than 2k. Hence unless B lies within an ellipse whose foci are A and A' and 
major axis 2i, the particle cannot be projected from A to pass through B. 

Ex. 2. A particle is projected from a given point A under the action of gravity 
and AG is a focal chord of the parabola described. Prove that the action from A 
to B is not a minimum unless B lies on the parabola between A and G. If B lies 
beyond C, find the path which makes the action a minimum. 

The first result follows at once from Jaoobi's example. To answer both these 
questions, we notice that there are two directions (if any) in which a particle may 
be projected from one given point A to pass through a second given point B. These 
have their foci S, S' one above and the other below the chord AB, so that SS' and 
AB bisect each other at right angles. These paths coincide when B is at G, and 
wherever B may be one of these has its focus below AB. This parabola is the 
path required. 

Ex. 3. A particle, projected from a given point A with a given velocity, describes 
a circle about a centre of force on the circumference whose attraction varies in- 
versely as the fifth power of the distance. If B be any other position on this circle 
through which the particle will pass before arriving at the centre of force, prove 
that the action from ^ to 5 is a minimum according to Jacobi's condition. 

459. Tbe inversion of dyneimleal problems*. Since the equations of motion 
can be deduced from the principle of least action, it is clear that, if in applying 
the principle to two different problems we have to make the same expression a 
minimum under the same conditions, the general integrals of these two problems 
can be inferred the one from the other. 

Consider the case of a single particle moving with a force function U+G along 

a path APB beginning at one given point A and ending at another B. If s=AP, 

and V is the velocity of the particle, the path is such that jvds is a minimum. If 

ds' 
we invert the curve with regard to any point 0, it follows that k^jv -;;j is a 

minimum for the inverse curve from A' to B', where accented letters refer to the 
inverse curve and k is the constant of inversion. It follows from the principle 
of least action that this curve will be the path of a free particle moving with 
such a force function U'+G' that v' = k^vlr'^. We have therefore from the 
principles of dynamics 

/•V=n) and .: r'^{U' + G') = r^{U+G) (1). 

Since the radial angles are equal in a curve and its inverse, the first of these 
equations shows that the angular momenta about any axis through the centre of 
inversion at corresponding points in the two motions are equal. 

* The substance of this article is taken from a paper by Larmor in Vol. xv. of 
the Proceedings of the London Mathematical Society, 1884, 
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We have therefore the following theorem : — if a particle describe a path APB 
with a force function U+G, then a particle can describe the inverse path A'P'B' with 
a force function V'+C given by (1), provided that at one set of corresponding points 
the velocities are related to each other by the equation r'v'=rv. 

Ex. 1. A particle, constrained to move on a smooth sphere and acted on by 
no forces, is Imown to describe a great circle. By inverting this theorem show 
that a particle, constrained to move on a smooth given sphere and acted on by a 
central force varying inversely as the fifth power of the distance from a point O, 
describes a circular path. Show also that this circle is the intersection of the 
given sphere with another sphere passing through and a point 0' which is 
the foot of the perpendicular from on its polar plane. 

Ex. 2. Prove that in a plane field of force of which the potential referred to 

,. ^ . a Bil + SBin^e) ^. , ., .,-,.,, 

polar co-ordinates is -5 + — ^ 7,5 -, a particle u projected in the proper direc- 
tion with the velocity from infinity will describe a curve of the form 

{r-a sin 6) (r- b sin d) = ab, 

2 4 fl 

provided — -1- + -=0. [Math. Tripos, 1886. 

Ex. 3. A particle, constrained to move on an anchor ring of evanescent 
aperture, is acted on by a central force varying inversely as the fifth power 
of the distance from the aperture, prove that the path cuts all the meridians 
at the same angle. 

We may also transform dynamical theorems by the help of conjugate functions. 
This method is analogous to that used in Chap. xrv. of this treatise to deduce the 
motion of a heterogeneous membrane from that of a homogeneous one. A list of 
the theorems required on these functions is given in that chapter. 

Let (x, y), ({, 17) be the co-ordinates of two points P, II, moving in corresponding 
or conjugate planes, and so related that ^+7)^/ -l=f {x+ysj -1). If /i be the 
modulus of transformation, then 



'HtHihm<^' <«■ 



Let ds, da be corresponding arcs of the paths described by the two points P, II, 
then da = lids. The motion of the particle 11 in the plane (|, 17) being given by 
S\v'da=0, that of P in the plane xy is given by S^v'iids=0. The particles P and 
n therefore move freely with velocities v and v' under force functions TJ+ and 
f/' + C, provided 

v=v'ij. and .-. U+G=ij?(V' + C') (II). 

Ex. 4. A particle 11 describes a central orbit whose polar equation is /(p, ^) =0 
with a velocity v' such that v'=F(p). Prove that a particle P can describe the 
central orbit /(r", nd) = (i with a velocity v = nr'^~''^ P if^) under a central force equal 
to ^dv^jdr. Show also that the ratio of the angular momenta of P and II about the 
centres of force is equal to n and that the times of describing corresponding elementary 
arcs are in the ratio 1 : 7iV"~". 

460. Iiagrange'B txansformatloii. Lagrange has given a general view of his 
transformation from Cartesian co-ordinates which seems worthy of notice. Let L 
be any function of x, x', &c., y, y', &o. and of t, not restricting ourselves to dif- 
ferential coefficients of the first order. Let the variables x, y, &c. be transformed 
to others q^, 33, &c. by writing for x, y, &o. any functions of jj, q^, &c. and of f. 
The function L is thus expressed in two ways. By comparing the two values of 
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SjLdt, given by the Calculus of Variations when the time is not varied, we see that 

is equal to the difference of the integrated portions of the two variations. Hence the 

expression under the integral sign must be a perfect differential with regard to t, 

quite independently of the operation S. But this cannot be unless the expression 

is zero, because it contains only the variations Sx, dq, &c. and not the differential 

coefficients of these variations. We have therefore the general equation of trans- 

, ,. ^fdL d dL „ N^ „/di ddL . \, 

formation S (^- - ^^^, + &c.] «^ = S (^^ - ^^-, + &e.) Sg, 

where the S implies summation for all the variables x, y, &c., qi, q^, &c. 

If X, y, &B. be Cartesian co-ordinates and if L be of the usual form Smx'^ + U, 
the left-hand side of this equality vanishes by virtual velocities. Hence the right- 
hand side must also vanish. The g's being all independent, we are led to Lagrange's 
equations. 

Ex. Supposing the Lagrangian function i to be a function of the typical 
variables q, q', q" and that the differential equations have the type 
dL _ddL ^ dL 
dq dtdq'^ dt^dq"~ ' 
show that the corresponding Hamiltonian forms are 

„ dH d dS , ,, dH 
'■^ = d^- did?' ="^2 =17' 
where r^dLjdq" and H is a function of q, q', r. 

Let H be the reciprocal function of L with regard to g", then L + H=1,rq". By 
Vol. I., Art. 410, dLldq= - dHldq, dLldq'= -dHjdq'. The first result follows by 
substitution in the Lagrangian equation of motion and the second follows from the 
definition of a reciprocal function. 

461. Cyclicsa Motions. When the geometrical equations do not contain the 
time explicitly the symbol if or ft may be used to express the energy of the system. 
If we represent the energy by E, Sir W. E. Hamilton's fundamental equation may 

bewritten IS i* Tdt=tSE + V-2 ^SqY (1). 

This equation has been applied to the motion of a system of bodies oscillating 
in such a manner that the motion repeats itself in all respects at some constant 
interval. Let this interval be i. Suppose that some disturbance is given to the 
system by the addition of a quantity of. energy SE. Let the system be such that 
the motion stiU recurs after a constant interval, and let this interval be now 
i + Si. The symbols of variation in Hamilton's equation may be used to imply a 
change from one kind of motion to the other. If the time t is taken equal to the 
period i of complete recurrence, the initial and terminal states of motion are the 
same and therefore the last term vanishes when taken between the limits. The 
equation reduces to iS p Tdt=iSE. Let T^ be the mean vis viva of the system 
during a period of complete recurrence of the motion, then J^ Wi=ir^. We 
therefore have ^=2 ^f^^*??. 

This equation may be put into another form. Let P^ be the mean potential 

energy of the system during a period of complete recurrence ; then we have 

Si 
SP^+ST^=SE, SP^-ST^=2T^^ (2), 

R. D. II. 19 



290 THE CALCULUS OF VARIATIONS. [CHAP. X. 

which serve to determine the change in the mean potential and kinetic energies when 
any additional energy SE is added to the system. 

If the system is not performing a principal oscillation the motion does not recur 
at a constant interval i. Let us suppose that the motion is compounded of several 
principal oscillations or more generally let the motion be of the kind called stationary 
motion in the chapter on vis viva in Vol. i. If the means are now taken for any very 
long time i, the equations just arrived at are stiU true. To show this we recur to 
Hamilton's equation (1). Dividing by t=i, the last term on the right-hand side 
becomes very small because the motion is such that the Sq'a in that term do not 
continually increase with the time. We therefore have 2S [iT^ji= SE, and the rest 
of the proof is the same as before. 

These or equivalent equations have been applied by Bolzman, Clansins and 
Szily to the Dynamical Theory of Heat. The papers of the two latter are in 
various numbers of the Philosophical Magazine extending from 1870 onwards. 
The second of the equations (2) may be called Clausius' equation. The reader 
may also refer to a work by Prof. J. J. Thomson on the Applications of Dynamics 
to Physics and Chemistry, 1888. 

462. Ex. 1. If the period of complete recurrence of a dynamical system is not 
altered by the addition of energy, prove that this additional energy is equally dis- 
tributed into potential and kinetic energy. See Art. 73. 

Ex. 2. A quantity of energy dE is communicated to a system whose mean 

semi vis viva during a period of complete recurrence is T^. This is repeated 

continually, so that at last the mean vis viva and the period of complete recurrence 

f dE 
are the same as at first. Prove that / -=- = 0. This example is due to M. Szily, 

J ^m 

and is important in the Dynamical Theory of Heat. 

On the Solution of the General Equations of Motion. 

463. Hamilton's Solution. Sir W. R. Hamilton has ap- 
plied his fundamental theorem expressing the variation of the 
Principal and Characteristic functions to obtain a new method of 
solving djmamical problems. 

Let (^1, ;8i', ^82, /S/, &c.) be the values of {q-^, q(, q^, qi, &c.) 
when t=ta, and let To be the same function of (iSj, /S/, &c.) that 
T is of (gi , qi, &c.). We have then by Art. 442 when t is written 
for the upper limit 

l8 = ^^^lq-%^M-mt^HM., 
rIT tIT 

BV=2^,Bq-l^E^ + tBH- toBH,. 

It is clear that both S and V may be regarded as functions of 
the time and the initial conditions of the system of bodies, i.e. we 
may regard either of these quantities as a function of t^, t, j3i, ^83, 
&c., /Si', /Sj', &c. Also the co-ordinates q^, q^, &c. are functions of 
to, t and the same initial conditions. Though these functions are 
in general unknown, yet we can conceive the initial velocities 
/3i', yS/, &c. eliminated, so that S and Fare now functions of <„, t, 
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and /8i, 0.2, &c., q^, q.^, &c. the co-ordinates of the system at the 
times ta and t. 

Let S be thus expressed, then, by the equation for SS, we have 
the typical equations 

dS_dT dS__dTo 

dq dq" d/3~ d^' ^^' 

Since T is not a function of q", the first of these equations 
contains no differential coeflScient of a co-ordinate higher than the 
first. This equation, therefore, represents typically all the first 
integrals of the equations of motion. 

Since T^ contains only the initial co-ordinates and the initial 
velocities, the second equation has no differential coefiici'ent of 
any co-ordinate in it. This equation, therefore, represents typically 
all the second integrals of the motion. 

Besides these we have the two equations 

t'-"- t'=- ; ■;<^'- 

where, if the geometrical equations do not contain the time ex- 
plicitly, we may put h for H, h being a constant. In this case 
these integrals may be used to connect the constant of vis viva 
with the constants (/3, 0', &c.). 

Comparing Art. 447 with these results we see that S is such 
a function, that all the equations of motion and their integrals are 
included in the statement that hS is a known function of the 
variation of the limits. If we keep the limits fixed, we get 
Lagrange's equations ; if we vary the limits we get the integrals. 

464. In just the same way, if we regard g/, q^, &c. as 

functions of t, the initial co-ordinates and their initial velocities, 

we may eliminate t also by means of the equation 

dT 
H=-U-T+l, J^(i. 
dq^ 

We may eliminate t^ also by means of a similar equation 
giving Ha in terms of the initial conditions. Both these reduce 
to H=Ho=T— Uyfhen the geometrical equations do not contain 
the time explicitly. 

Let us suppose V to be expressed in this manner as a function 
of the initial co-ordinates, the co-ordinates at the time t, and of H 
and Hg. Then, by the equation for 8V, 

dV_dT dV__dTo dV_ dV _ 
dq~d^' d0~ d0" dH~*- dH~ *- 

Supposing V to he known, the first of these equations gives in 
a typical form all the first integrals of the equations of motion. 
The second supplies as many equations as there are co-ordinates 

19—2 
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(gi, q^, &c.). When the geometrical equations do not contain the 
time explicitly these do not contain t, but they all contain h. 
One of them, therefore, reduces to the relation between this 
constant and the constants {fi, /8', &c.). The two last equations 
become dVjdh = t — t^. This will give another second integral of 
the equations of motion containing the time. 

465. The typical expression dT/dq" has been called in Vol. i. 
the momentum corresponding to the co-ordinate q or, more briefly, 
the q component of the momentum. We may therefore say that 
the q component of the momentum is given by dS/dq or dV/dq 
according as we are using S or V. 

The momenta corresponding to the co-ordinates q^, q^, &c. will 
be represented by the symbols pup^, &c., or typically by the single 
letter p. 

By Lagrange's equations dp/dt = dLjdq, we may therefore also 
say that the rate of change of each momentum is equal to ihe 
- differential coefBcient of a single function, viz. L with regard to 
the corresponding co-ordinate. 

466. If Q=l {2qp'+H)dt, where P = j-i< prove that SQ=VHSt + SqSp't. 

Thence show that if Q he expressed as a function of the initial and terminal 
components of momentum, viz. {a^, a^, &o.) and (PitP^, &c.) and of the times tg 

and «, then -^ = g, -P=~B, ^=H. This result is due to Sir W. B. Hamilton. 
dp da, '^ dt 

467. Examples. Ex. 1. A homogeneous sphere of unit mass rolls down a 
perfectly rough fixed inclined plane. If the position of the sphere is defined by the 
distance q of the point of contact from a fixed point on the inclined plane, show that 

where g is the resolved part of gravity down the plane and fo=0. 

Thence obtain by substitution the Hamiltonian first and second integrals of the 
equation of motion. 

We easily find, as in Vol. i., that g = /S + j3'« + 1^ gt^. Aigo T=^q'\ V=gq. 
To find S, we substitute in S=\* {T+U)dt. After integration we must eliminate 
/3' by means of the equation for q. 

Ex. 2. Taking the same circumstances of motion as in the last example, show 

that F=5-V^{(sg + ft)^-(<7/3 + A) }. Thence also deduce the Hamiltonian first 
ig 

and second integrals. 

Ex. 3. Show how to deduce the equation of vis viva from the Hamiltonian 
integrals. 

We have V a function of g, , g,, &c. and H. Hence ^- = S-;-g'+ -r^-r- . 
^'^ ^^' dt dq^ dHdt 

which becomes by Hamilton's integrals 27=2 {dTldq') g'+ { (dHldt). When T is a 

homogeneous quadratic function of (gj', q^', &c.) this gives dnjdt=0, or ir=eon- 

stant. The equation of vis viva may also be deduced from Hamilton's principal 

function. 
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Ex. 4. When the geometrical equations do not contain the time explicitly, 
show that no two of the Hamiltonian integrals can be the same and that no one 
can be deduced from two others. 

If it were possible that two could be the same, the ratio of dT/dg/ to dTjdq^ must 
be some constant m. Integrating this partial differential equation, we find T to be a 
homogeneous quadratic function of q-^ + mq^, q^, &c. It would, therefore, be possi- 
ble to set the system in motion, with values of g/ and q^ which are not zero, and 
yet so that the system is without vis viva. 

Ex. 5. In any dynamical system, if the co-ordinates q^, q^, q^ and their corre- 
sponding Tnomenia, pj^, p^, pg are expressed in terras of their initial values and the 
time elapsed, prove that the Jacobian of p^, p^, p^, qi, q^, 53 with regard to their 
initial values is equal to unity. 

Ex. 6. A system whose co-ordinates are q^, q^, &e. is making small oscillations 
about a, state of steady motion determined by ji=0, 32=0, &c. The Lagrangian 
function, as in Art. Ill, is given by L^L^ + liAq' + L^, where L^ is a homogeneous 
function of the second order of the co-ordinates and their velocities. Prove that 

S=Lo («- g + S4 (q-p) + il^qdL^ldq'], 

where the last term is to be taken between the limits t^ and t. Here the in- 
tegrations have been effected, but in order to express S (Art. 463) as a function of 
the ^:o-ordinates we must finally substitute for g' and /S' in terms of these quantities. 
Ex. 7. The position of a system making small oscillations as in Ex. 6 is 
defined by one co-ordinate q, so that 

L = L„ + A^q' + Uiil"' + iGni^ + GuSS'. 
where the coefficients are all constants. Prove that when t„=0 

S=L,t^A,iq-p).HO.,iq^-^^Hir.Ajt±m^.^tlM, 
where m'= G^^jA-^y 

Ex. 8. A particle oscillates in a straight line about a centre of force which 
varies as the distance, show that the Hamiltonian function 

g_\/M (V+a;^) cos s/(i^) (t - %) - ^xxp 
2 sin^(yu)(j-t„) 

Verify this by deducing the Hamiltonian Integrals. 

468. Hamilton's Differential Equations. By the pre- 
ceding reasoning all the integrals of a dynamical system of equa- 
tions can be expressed in terms of the differential coefficients of 
a single function. But the method supplies no means of discovering 
this fiinction cb priori. We shall now show that this function must 
always satisfy a certain differential equation, so that the solution of 
all dynamical problems may he reduced to the integration of one 
differential equation. 

To construct this dijBferential equation we first form the 
reciprocal of the Lagrangian function L = T+ U according to the 
rule given in the first volume of this treatise, Arts. 410 and 414. 
Briefly the rule is as follows, we put dT/dqi = pi, dT/dq^' =Pi, &c. 
as in Art. 465 of this volume ; also putting 

T+T,= lpq', 
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we eliminate the velocities g/, g-/, &c. and express 2^ as a function 
of the co-ordinates qi, q^, &c. and the momenta pi, p^, &c. The 
reciprocal fimction of i = 2'+ ?7 is then H=Ti— U. 

If the geometrical equations do not contain the time explicitly, 
the vis viva 2T is a homogeneous quadratic function of the 
velocities. If this function be 

27 = ^n?i'' + "^.A^qxq^ + &c., 



we have 2^2 = — ^rr 



1 

2A 



pi p., 



where A is the discriminant of T; see Vol. i. Art. 413. Thus H 
is a quadratic function of the momenta p^, p^, Smc. We may 
shortly write this in the form 

S = ^BnPr' + B^p,p, + ...-U. 

But pi = dV/dqi, p2 = dV/dq^, &c. and the equation of vis viva 
gives H=h. Hence Fmust satisfy the equation 

, J, (dVy „ dVdV . TT L /T\ 

In just the same way pi = dS/dqi,p2 = dSjdq^, &c. and H= — dS/dt. 
Hence jS must satisfy the equation 

, „ fdSy r. dSdS „ „ dS ,„n 

^HdqJ^^-d^:d^. + ^'--^=-^t ^^^- 

Here the coefficients B^, B^^, &c. are all known functions of the 
co-ordinates q^, q^, &c. 

We have supposed V to be expressed as a function of the 
co-ordinates at the time t, the initial co-ordinates and the energy 
h. But in this equation we may also regard V to he a function of 
the co-ordinates at the time t, the energy h, and as many arbitrary 
constants as there are co-ordinates. In this case these constants 
are really functions of the initial co-ordinates which we do not 
care to determine. The equations giving the momenta pi, p^, &c. 
at the time t as the differential coefficients of V with regard to 
q^, q^, &c. will still be true; but the equations expressing the 
initial momenta are supposed not to be wanted. 

If we take as these constants the actual co-ordinates at any 
epoch t = fo we may form another equation of a form similar to (I) 
with /Si, /Sa, &c. written for q^, q^, &c. and i„ for t. It is then 
necessary that V should satisfy both these equations. 

Summing up, we may form the Hamiltonian equation (I) by 
the following process. We first form the Lagrangian function 
L = T + U and thence its reciprocal function H=T— U by the rule 
given in Vol. I. Art. 410. Equating this to a constant h, we have the 
equation of vis viva expressed in terms of the m,omenta. Lastly, we 
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write for the momenta the differential coefficients of V with regard 
to the corresponding co-ordinates. 

469. When the equations contain the time explicitly, the vis viva 2T contains 
both first and second powers of the velocities. Let this be 

2r=4ngii'H24„(?i'ga' + + 2A,q^' + 2A^q^' + .... 

Then the reciprocal function T^ contains both first and second powers of pj, p^ Ac, 
and may be written 

Pi-A^ p^-A^. 



-'2- 2A 



where A is the minor of the leading constituent in this determinant. Thus 
H=T^-U when expanded takes the form 

We then substitute ^i=dF/(ig'i &o. and obtain the equation 



»»"(iy--«4>-— 



.(III). 



Since the time t here occurs explicitly we suppose its value dVjdH to have been 
written for it. We have thus a partial differential equation to find F as a function 
of ji , 92 &c. and H. Supposing V to be properly found from this partial differen- 
tial equation, the formulae given in Art. 463 would determine all the integrals of the 
dynamical equations. 

Ex. If the expression for T were of the form 

r=ro+2'i+2'2+-=sr„ 

where T^ is a homogeneous function of ji', q^' (See. of the mth degree, show that the 
reciprocal function of T is S (« - 1) T„, which must of course be expressed in terms 
of the momenta. It may be noticed that T^ is absent from the formula. 

470. Jacobi's Complete Integral. We thus have, in 
general, a partial differential equation to find V or S. This 
equation admits of many forms of solution, but Sir W. R. Hamilton 
gave no rule to determine which integral is to he taken. This 
defect has been supplied by Jacobi in the following proposition. 

Let there be n co-ordinates in the system. Suppose a complete 
solution to have been found containing n — 1 constants (besides h) 
and the constants which may be introduced by simple addition to 
the function V. These constants need not be the initial vahies of 
qi, qi, &c., but may be any constants whatever. Let them be denoted 
by bi, 62.--6b-i. so that 

y=f{<li>1i---<ln, &1. 62---&»-i)+6„ (1). 

Then the integrals of the dynamical equations will be 

where Oi , a^... a,i_i and e are n new arbitrary constants, and the 
first integrals of the equations may be written in the form 

df^ dT df^d^ di;c=&c (3) 

dqi dqi ' dq^ dq./' 
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It appears from Jacobi's proposition that any integral, provided 
it is complete, will supply a solution to the dynamical problem. 
We have also a sufficient number of constants, viz. 61 ... hn^i, h, e 
and Oi . . . an-i to satisfy any initial conditions. 

An integral of a partial differential equation has been called by Lagrange 
"complete," when it contains as many arbitrary constants as there are independent 
variables. It is implied that the constants enter in such a manner into the inte- 
gral that they cannot by any algebraic process be reduced to a smaller number. 
For instance, if two of the constants enter in the form 61 + 62, they amount on the 
whole to only one. 

471. To prove these results we must show that, if the form of 
V given by (1) satisfies identically the equation 

H=^Bnpi'+B,,p,p,+ ...-U = h (I), 

where p stands for dV/dq, then the relations (2) will satisfy iden- 
tically the two typical Hamiltonian equations 

dH , dS , ,TT\ 

d^ = ^' -d^=P ^^^- 

It will immediately follow, since H and T+ U are reciprocal func- 
tions, that the relations (2) will also make 

"-'^ (m)- 

Since (I) is identically satisfied, we may differentiate it partially 
with regard to each of the n constants 61 . . . 6„_i and k. We thus 
obtain, after substitution from (1), n — 1 equations of the form 

dH dpi dHdpi _ 

dpi dh dpi dh '" ' 

and an nth equation derived from this by writing h for h and 
unity for the zero on the right-hand side. We shall use these n 
equations to find dH/dpi, dHjdpi, &c. 

But if we differentiate Jacobi's integrals (2) with regard to t 
we have n — \ equations of the form 

dt dbdqi dt dbdq^ '" ' 

and an nth. equation derived from this by writing h for b and 
putting unity on the right-hand side. We shall use these n equa- 
tions to find dq/dti, dqjdt, &c. 

Comparing these two sets of equations, we see that, when we 
substitute for the typical p its value derived from p = dfjdq, the 
equations become identical. Hence, 

dH _ dqi dH _ dq^ „ 
dpi dt ' dpi dt ' 
Again, if we differentiate the identical equation (I) with regard 
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to each of the co-ordinates 51 . . . q^ in turn, we obtain after sub- 
stitution from (1) the typical equation 

dH^ dHdpi dHdpi _ 

dq dpi dq dp^ dq '" ~ ' 

dH _ dq^ d^f dq^ df 

' ' dq dt dqidq dt dq^dq 

But since p = d/jdq, the right-hand side is the same as dp/dt, we 
therefore have 

dH _ dpi dH _ dp^ ^ 

dqi dt ' dq^ dt ' 

472. When the geometrical equations contain the time explicitly the enuncia- 
tion is slightly altered. Since the partial equation, as explained in Art. 469, has 
nown + 1 variahles, viz. }x,...g„ and H, the complete integral has n + l constants 
and may be written in the form 

l^=/(?l-2n. H, i,...h„) + b^, (1). 

Then the n integrals of the dynamical equations are 
if . df 

sb = -'^' *"•■ dr„=-"» (^)' 

where Oj . . . a„ are n new arbitrary constants. These integrals contain 2i . . . 2„ and 
H, but H may be eliminated and t introduced by using the equation dVldH=t. 
The n first integrals are 

^_dT df _dT 

dq.-'iii" ds„-dsr„' *^'' 

and E may be eliminated as before. 

When the geometrical equations do not contain the time explicitly the partial 
differential equation (III) of Art. 469 contains H but not dVjdH, this last having 
been introduced merely to eliminate t. The complete integral has therefore 
n constants instead of re+1. We now write ft for H and by Art. 464 we have 
dVjdh=t - („. Putting e for - 1^, we see that the place of the missing constant in 
(2), viz. a„, is filled by the constant c. 

473. Oeometrical Bemarks. To simplify the argument let us suppose that 
the dynamical system depends only on two co-ordinates q^, q^. The Hamiltonian 
equation (I) therefore takes the form 



„ (dVy „ dVdV ,„ [dVy „ , 



Let us suppose that a complete integral has been found, viz., 

y=f{ii,i2^h)+h (2)- 

Regarding q^, q^ and V as the Cartesian co-ordinates of a point P, this is the 
equation to a double system or family of surfaces. Let us select any family we 
please, so that the constants bi, b^ axe now related by some equation b^ = <p{bj). 
The characteristics of this chosen family are given by 



h \ <'^' 



0=dfidbi + d<l/ldbi 
where 6; is regarded as a constant. 

The general integral is obtained by eliminating bj between the two equations (3). 
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Here 6^ in the first equation is to be regarded as a function of q^, q^, determined by 
the second equation. This of course is merely following Lagrange's rule to find the 
general integral when any complete integral is known. 

In the same way we find that Lagrange's singular solution is at infinity. 

It appears from this that all the characteristics of all the families of surfaces 
included in the complete integral (1) are used to build up the general integral. We 
choose any set of characteristics we please so that a surface can be made to pass 
through every member of the set. This surface is a particular case of the general 
solution. 

474. According to Jacobi's theorem the path of the dynamical system is defined 
by dfjdbi = - Oj. Looking at the second of equations (3) we see that this is equivalent 
to asserting that d^j/jdbi and therefore 6i is constant. It follows that the possible 
paths of the dynamical system are the characteristics of the families which may he 
chosen owt of the complete integral. 

475. Since Lagrange's method of finding the general integral will give a solu- 
tion whatever ithe form of \j/(b{) may be, we may use that process to obtain other 
complete integrals. If we write (m, 6j) +7i for f(b^ and proceed to eliminate b^ we 
obtain a solution which contains two constants, viz. m and n, and which is therefore 
a complete integral. Here (j> may be any function we please, and ftj is to be regarded 
as a function of q^, q^ determined by the second of the equations (3). 

The paths derived from this new complete integral by Jacobi's method are 
given by (dfldb^ + dxpldbj) dbjdm + d^jdm = - Oj . 

By the second of equations (3) the term in brackets is zero. The path therefore 
is defined by equating to a constant a function of b^ and m. The paths are there- 
fore given by equating b^ to a constant. It foUows that the two fiompUte integrals 
lead to the same set of dynamical paths. 

476. If the HamUtonian equation 

iB,j (dVldq,)^ + By, (dVldq,) {dVjdqJi+B^ {dVldq^^= V+h 
is such that aU the coefficients on the left side and also U are functions of one co- 
ordinate only, say q^, then a complete integral can be found by writing V= W+ b^q^, 
where Wis a, function of q^ only. Substituting this in the Hamiltonian equation 
we have a differential equation with one independent variable, viz. q^ . The solution 
of this can be effected by the ordinary method of separating the variables. Thus 
we easily find by solving a quadratic that dVjdq^ is a known function of q^ and ftj. 
Integrating this we have a value for V with one additional constant. This there- 
fore is a complete integral. 

477. Exeunples. Ex. 1. Taking the same problem as that in Ex. 1 of Art. 467, 
show that Hamilton's differential equation f or F is ^^ (dVjdq)^ - ffS = ''• Integrate 
this equation and thence find the motion. 

Ex. 2. Let us next consider a more complicated case in which there are two co- 
ordinates. The simplest example we can take is that of the motion of a projectile 
under the action of gravity. 

If gi, 52 be its co-ordinates the equation of vis viva may be written 
i(ji'2-|-gj'2)= -gq., + h. Following the rule of Art. 468 we see that the Hamiltonian 
equation is \(dVjdq^- + ^(dVldqj\^= -gq^ + h. To solve this we notice that all the 
coefficients on the left side are constants and that ?7 is a function of q^ only. By 
Art. 476 we therefore assume V= W+ b^q^. Substituting and integrating we find 

W, so that finaUy r= 6i2i - g- (2ft - 6i= - ^gq^)^ + b^ . 
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Following Jaoobi's rule (Art. 470), the motion is given by 

dVldh= -~{2h-bj'-2gq^)i = t + e 

These easily reduce to the ordinary formuloe for the motion of a projectile. 

Ex. 3. A particle describes an orbit about a centre of force which attracts 
according to the law of nature. If r, be its polar co-ordinates referred to the 
centre of force as origin, show that the Hamiltonian equation is 
{dVldrf + {dVlrdey^ = 2/i/r + 2h. 

Show also that a complete integral may be found (as in the last example) by 
putting V=W + be. 

Variation of the Elements. 

478. Lagrange's Theorem. Let the co-ordinates of a 
system be qi, q^, ... qn and let the corresponding momenta be 
Pi,p2, ■■■Pn- If the Hamiltonian function be 

S=f(q^...qn,Pi...pn, t) (1), 

the equations of motion may be written in the typical form 

, dH. , dH ,„, 

^=- dq' ^=df (2>' 

where accents denote differentiations with regard to the time. 

Let two independent variations be given to these letters, which 
we shall represent by the symbols S and A. We may imagine 
these to be produced by varying in two different ways the initial 
conditions. 

.-. 8H=t i^^p + ^k) = ^ (?'¥ -p'k) (3), 

the time t not being varied. Performing the operation A on both 
sides of the equation, we have 

ASH = l,{^q'Bp-^p'Sq + q'^Sp-p'ASq) (4). 

But reversing the order of the operations, we find 

SAH = S (Sq'Ap - Sp'Aq + q'SAp - p'SAq) (.5). 

Subtracting and remembering that BA=AS we have 

2 (A(^Sp - Bq'Ap - Ap'Bq + Sp'Aq) = 0. 
Since both the operations A and S are independent of d/dt, this 
gives 

|s(A?Sp-ApS5) = (6). 

Thus the total differential with regard to t of the quantity 
summed is zero throughout the motion ; that quantity is therefore 
constant. 

Let us suppose that the co-ordinates qn&ac. and their momenta 
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Pi, &c. have been found by solving the equations of motion and 
that each is expressed as a function of t and the constants of 
integration, say a, b, c &c. Let these constants receive any two 
independent variations, represented by Sa, Aa, &c., the time not 
being varied, then the corresponding variations Sq, Aq, &c. may be 
found by simple dijfferentiation in terms of t, the constants a &c. 
and their variations. The theorem asserts that, on substituting these 
in the eaypression 

2 (AgSp - Aphq) (7), 

the time t will disappear from the result, so that the result is a 
function only of the constants and their variations. 

Let to be any time other than t and let tti . . . a„, /Si . . . /3„ be the 
values of pi, &c. q^, &c. at that time. For example we may let ^ 
denote the time of the initial motion, and ai-.-o^, /Si...y3„ the 
initial values of the variables pi &c., q^ &c. We then have 

2 {AqBp - ApBq) = S (A,S8a - AaSjS) (8). 

Lagrange deduces the theorem from his own general equations 
of motion, see page 304, Vol. 1, of the Mdcanique Analytique. 
The proof just given is due to Boole; see Cambridge Mathematical 
Journal, Vol. 11, p. 100. 

479. Extension of Lagrange's Theorem. In Lagrange's theorem the qnantities 
q, q + Aq, q + Sq are contemporary values of the co-ordinate q. It is however 
sometimes convenient to vary the time also, just as in the calculus of variations we 
ascribe a variation to the abscissa as well as to the ordinate. Let then q, q + Aq, 
q + Sq represent the values of any co-ordinate in the undisturbed and varied motions 
at the times t, t + At, t+St respectively, where At and 5J are any small arbitrary 
functions of the time. On this supposition we must alter Lagrange's theorem by 
writing Aq-q'At and Sq-^St &o., for Aq and Sq &c., see Art. 445. In the same 
way, if Atg and Sig be the arbitrary changes in the initial time, we write Aa - a'At &a. 
for Aa &c. 

Let also H„ represent the same function of t„, Oi...a„, /Si.../S„ that H is of J, 
Pi--Pni Si--3ii- Then, maMng these substitutions in (8) and remembering that 

AH=X{q'Ap-p'Aq) + H'At (9), 

with similar expressions for SH, AH„ and SHg , we find 

S (AqSp - ApSq) + AHSt - A{SH= 2 (A/S«o - Aa«/3) + Aff„Sf„ - AtfSH„ . . . (10). 
If the geometrical equations do not contain the time explicitly, H is not a 
function of t and therefore H—HD=h. The equation (10) then becomes 

S (AqSp - ApSq) + AhS (t - *„) - A (t- «„) «A=S (A|3Sa - Aa«;8) (11). 

480. As an example of this theorem, let the symbol A represent simply djdt. 
Then Aq is the difference between the values of the co-ordinate q in the undisturbed 
motion at the times t and t + At, no change being made in the initial conditions. 
It follows that Aa=0, A/3=0, At„=0, AHo=0. Dividing equation (10) by At, we 
have therefore dH=^ {q'Sp - p'Sq) + H'St, 

which is a symbolical method of writing the Hamiltonian equations. 

In the same way we may let A represent differentiations with regard to some 
other letter. For example, we may regard H as the independent variable, and 
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express pj, &e., g, , &o. and t in terms of H and the constants of integration; 
then taking A to represent djdH, the constants not being varied, we obtain the 
Hamiltonian equations with t and H, p and q interchanged. 

481. Ex. 1. Assuming H=^p^-qt, J3'„ = Ja"- jStj, solve the Hamiltonian 
equations of motion and express ;>, q and H in terms of t and the initial values of 
p and q. Thenoe verify by substitution both Lagrange's variation theorem and the 
extension of that theorem. 

Ex. 2. Let 3,, q^-q,, be the oo-ordinates of a dynamical system and let the 
corresponding momenta be p^, p^...Pn- Taking these in pairs, let (Piqi), (i'2?2),... 
be the Cartesian rectangular co-ordinates of n moving points P-^, P^,..., P„ whose 
positions in space at the time t therefore determine the position of the system. 
Suppose that, when any two small arbitrary changes are given to the initial values 
of the j)'s and q's, these points take the positions Qi, Qj,... ; Ri, B^,... at the same 
time t. Prove that the sum of the area of the triangles P^Q^Bj^, P^Q^R^, &c. is 
constant thi-oughout the motion. 

Prove also that, if the Hamiltonian function H be expressed as a function of the 

Cartesian or polar co-ordinates of the points Pj, P^ then H acta as a stream 

function, so that its partial difierential coefficients give the resolved velocities of the 
points Pj, P^,... in any directions. 

Ex. 3. Brassinne's extension of Lagrange's variation formula. Supposing the 
Lagrangian function L to be a function of the typical variables q, q', q" and the 
differential equations of motion to have the form 

dL _ d^dL ^ dt_ 
dq dt dq' "*" dt^ dq"~ ' 
show that, when the time is not varied, Lagrange's variation formula becomes 

(AqSp - ApSq) + {Aq'Sr - Ardq') + {Ar'dq - AqSr') = constant, 
vihere p = dLldq', r^dL/dq". Liouville's Journal, Tome xvi. 1851. 

Brassinne deduces the result from Lagrange's equations, but it follows more 
easily from the corresponding Hamiltonian forms. Following Boole's method the 
result is arrived at by equating SAH and ASH. 

482. normal Transformations. We have supposed that the constants 
ai...a„, /Si.../3„ are the values of the variables Pi...Pn, ?i--3n ** some time <=«„. 
But iiiis restriction is not necessary. Let the 2n independent integrals of the 
equations of motion be 
fi{Pi-P«, ii-qn, «)=/iK-a». A-/3«. y. /2{&c.)=/2(&c.), &o.=&o....(A). 
It is evident that we may combine these together in an arbitrary manner so 
as to arrive at 2n other independent equations, which may equally serve as 
integrals. Thus supposing, we write 

f,(a,...u„,^,...M = h, 1^2(&o.) = 62, &o.f ^ '• 

where a^, &e., b^, &c. are 2» new constants, the new forms of the integrals are 
obtained by eliminating Oi.,.a„, ft...^„, between (A) and (B). The resulting forms 
contain «„ , but, if desired, we may eliminate *,, also, either by giving it some definite 
value or by properly introducing it into the functions ipi, &o., f^, &e. The former 
course is the simpler of the two. 

The only restriction on the arbitrary functions ^j, &c. which it is necessary to 
make for our present purpose is that the variations of the two sets of constants 
should obey Lagrange's variation formula, viz. 

2(A6Sa-AaS6) = 2(Aj3Sa-AaS/3) (12). 
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Supposing this to be the case, let H„ be expressed in terms of the new constants 
and t(| . The extended Lagrangian variation formula then takes the form 

S (AgSp - ^piq) + A WSt - MSH - S {MSa - AaSb) - AH^St„ + M^SHf, = 0. . . (13), 
where the letters a^, &a., \, &a. are either the values of the elements at some 
arbitrary time %, or some constants derived from them by a normal transformation ; 
the terms containing 5fo and 5H(, being omitted if the arbitrary time t^ is not 
varied. 

There are many ways of so choosing the relations between the two sets of 
Constanta that the variation formula (12) may hold. It wiU be presently proved 
that, iiT being any arbitrary function of the quantities a^...a^, j3i...j3„, the equation 
(12) is satisfied if the two sets are so related that each b^dKjda and each a=dKldp. 

When quantities (a^ &c.), (jSj &c.) are changed into others (% &c.), (5i &o.) by 
relations such that each b^dKjda and each a.=dKjdp, the tranxfarmation has been 
called normal by DonMn, see Phil. Trans. 1855. We sliaU however extend the 
meaning of this term to include all transformations which satisfy equation (12). 

483. Conjugate elements. We notice that the elements or letter's used in 
equations (10) or (13) run in pairs, so that in using the theorem it will be 
convenient to write them in two rows, thus : — 

3i.?2.-2„, Ho, 6i, 62,... b^,H, 

Pi,P2'---Pn^ -*o. -«i. -a2....-o„, t, 

where one or both of the columns containing H, t ; II„, t^ are omitted when we do 

not wish to vary t 01 tf,. The letters or elements here placed in any column are 

usually called conjugates. If x, y be any two conjugates the equation (13) may be 

shortly written 2,(Ax5y- AySx)=0 (14). 

We further notice that Lagrange's theorem is not altered by interchanging any 
two conjugates provided we change one of their signs. For instance we may write 
the letters in the order 9i,--?ni ffo' %>•.•«», H, 

Pl'---Pn< -f(i. h---K< t. 
It is evident that the effect of the change of order in (a, 6) is exactly counteracted 
by the change of sign. 

484. Two ways of expressing the solutions. Supposing If to be a given 
function of jJj &c., q^ &e. and t, we can form the Hamiltonian equations of motion ; 
let these be solved and let the constants of integration be expressed in terms 
of either the initial elements at the time *„ or the functions of them represented by 
aj &c. , 61 &c. In this way we have 2n equations connecting the variables pj &e., 
ji &c. with the 2n constant elements and the two times t and f„ . If necessary we 
may join to these the two equations connecting H and H^ with the same letters. 
These 2re+2 equations may be combined together in a great variety of ways and 
(with some exceptions) we may express any 2n + 2 of the letters in terms of the 
remaining 2n + 2 as independent variables. Two combinations are generally used, 
though others may be imagined. 

(1) Suppose the elements written in two rows having conjugate elements in the 
same column, as in Art. 483, then the elements in either row may be regarded as 
functions of those in the other. 

(2) Omitting the columns which contain H, t and H^, «„ and arranging the 
remaining columns so that the p'& and g's are on one side of the middle vertical 
line and the a's and Vs on the other ; the letters on either side of the middle line 
may be regarded as functions of those on the other side together with t and tj. 
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485. Various Potential functions. Writing the letters in the order 

91. ■••3n. *].•■• K' *. h> 

Pi,--.p„, -ai,...-a„, -H, H„, 
let the elements in the upper row be regarded as the independent variables. Let us 
choose the operation A so that the variation of every element in the upper row 
except one is zero ; let this one be q^. The variations of the elements in the lower 
row due to A are not zero, but taking any one of them sayp, Ap^Aq^ . dpjdq,.. In 
the same way, we shall so choose the operation 5 that the variation of every 
element in the upper row, except one, say 5,, is zero, then as before 5p = 5q, . dpjdq,. 
The theorem expressed by equation (14) then becomes 

&q,.dPr-Ap,Sq, = 0. 

It immediately follows that -=-? = ,— . 
dq, dq,. 

By interchanging conjugate elements and changing the sign of one of them we 
may obtain a number of similar equations. In whichever of these orders the rows 
are written, it follows that, if the elements in either row are independent, the 
differential coefficients of any two dependent elements, each taken with regard to the 
conjugate of the other, are equal. 

486. The equality of these differential coefficients expresses the fact that 

Pi^Qi + ■■■ +Pn^in -a^dbj^-&c.- Hdt + H^t„ 
is a perfect differential of some function of the co-ordinates ?i...3„, &i...6„, * and tf,. 
If S be this function we have the typical equations 

dS dS „ dS „ dS 

'^ dq' db' dt' ° dto 

In the same way, if we interchange the conjugate elements (-ff, *), (ffo*o) ^^^ 
give the proper change of sign we see that 

Pjdqj + &a. - a^dbj^ -&C. + tdH - t^dH^ 
is a perfect differential of some function of the co-ordinates q^ &c., b^ &c., H and 
flj. If F be this function we have 

_dV _dV _dV ,_d'^ 

^-d^' ""-db' *-dH' o~dHo- 
To discover the meanings of the functions here called S and V we recall the 
letters X and H as defined in Art. 442. Putting L for the Lagrangian function and 
remembering that H is its reciprocal, (Vol. i. Art. 410), we have L + H=Xpq'. 
From the equation giving the total differential of S we have dSldt=:Xpq' - H=L. 
If the constant elements are the initial values of qi&e., p^ &o., we have in the 
same way, dSldt^= -Lq, where Lq is the initial value of L. We therefore have 
8=jLdt where the limits are {=*„ and t=t. 

Again, comparing the total differentials of 8 and V, we see that 
d(S - V)= - d{Ht) + d{HM, 
whence S = V-Ht + H^t(i. This leads to the same value of V as that given in 
Art. 443. 

487. It is evident that we may obtain a variety of functions besides S and 
V which possess analogous properties. We have only to interchange two con- 
jugate elements, changing the sign of one of thera, and a new function may be 
deduced at once from the new arrangement. The relations between these functions 
may be put more generally as follows. 
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Let any two series of variables be represented by the two rows 

Firstly, let each element f, in the lower row be obtained by differentiating some 

function A^ of the elements in the upper line with regard to the conjugate viz. x,., 

dA 
This series of equations we may write typically J= -=-' . 

Then AA^^S^Ax, 

.: SAAi = 2(Si&.x + iSAx). 

Similarly AS.ii = 2 {A^Sx f ^ASx). 

Equating these results exactly as in Art. 478, we have Z (AxS| - A^Sx)=0, 

which corresponds to Lagrange's theorem. 

It follows by the same reasoning as in Art. 485 that each x is the differential 

coefficient of some function A^ of the elements in the lower line with regard to its 

dA 
conjugate viz. J. Thus x=-^ . 

Since <l4i= Sf da; and dA^^'Sxd^ we have by addition and integration jlj + ilj = Sx|. 

Hence A^ and A^ are reciprocal functions according to the definition given in 
Vol. I. Art. 410. 

Let us next reverse the order of one of the conjugate elements, writing the 
scheme in the form Xi, X2...i„_i, |„, 

we then have (^=dBJdXr foom r=l to r=n-l, and -x„=dBJdi„ where B„ is 
some function of the elements Xi...x„_i and f„. Since 

<*5n=fi«i^»i + •■• +ln-l*t„-i-x„(if„, 
we have B„=Ai - x„|„. Beferring to Vol. i. Art. 418 we see that B„ is the modified 
function of A^ for the conjugate set (x„, f„). 

488. We may now express in a convenient manner the relation between the 
constant elements ai...o„, b^...b^ and the initial values of i>i...p„, Si...S„. Putting 
ai...o„, Pi-.-Pn for these initial values, we have by Art. 482 

S (Aioo - Aa56) - S (AjSSa - S/SAo) - 0. 
If then we write the letters in the order 

Oi,...a„, rtj,... o„, 

bi,--1>nt -ft.-.--^n. 
each letter in either row is the differential coefficient with regard to its conjugate 
of some function. Thus, if E be any arbitrary function of the letters in the upper 
row, wehave6=d£7da and -p=dElda. Other orders of the letters give othef roles. 

489. Canonical elements. We shall now return to Lagrange's equation and 
show how we may arrive at another set of relations by treating it in a different 
manner. 

Writing the letters in the order 

9l. Sa-'-Sn I Oil 02---"n 

we shall regard the elements on one side of the vertical bar as functions of those on 
the other together with t and (,,• As we are about to use Lagrange's variation 
theorem the constants must be either the initial values of the variables or those 
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derived from them by a normal transformation. Since the time will not be varied 
in what immediately follows the presence of t or <„ is not material. 

We shall now prove that the partial differential coefficient of an element in one 
row on one tide of the bar with regard to any element in the other row on the other 
side of tlie bar is eqiial to the partial differential coefficient of the conjugate of tlie 
latter with regard to tlie conjugate of the former. 

To prove this we use Lagrange's theorem. Let the symbol A mean that the 
variation of every letter on the left-hand side except p.^ is zero, so that A represents 
Apr . djdp^ . Let S mean that the variation of every letter on the right-hand side 
except 6j is zero, so that 5 represents 86, . djdb, . We then have Ap,.Sq^ - Aa,db,=0, 

dp^ _ db, 
dag dq^ ' 
which proves the theorem. 

If we interchange the conjugates on the right-hand side of the vertical bar, 

changing the signs of one of the rows, we deduce at once ~ = - rp-? . 

dbg dq^ 

The method of deriving the equality of these differential coefficients from 

Lagrange's theorem is due to Donkin. 

490. We shall now introduce a new symbol due to Poisson. Let u, v be any 
two functions of the variables pj...p„, qi...q„, then 



, ._ f du dv du dv\ 



where the summation is to be taken for all values of i from i = l to i=«. We may 
also include the conjugate elements {H, t) if u, v are functions of H or *, but this 
term is not to be included unless it is expressly mentioned. In using the abridged 
notation («, v) the order of the letters is to be attended to. The first factor on the 
right-hand side is dujdp not dujdq. 

There is another summation which Lagrange has represented by the same 
symbol. To prevent confusion we shall slightly alter its form. Let u and v be 
two quantities of which the variables j); , &c., q^, &o. are functions, then 



\du dv du dv J 



where the summation is to be taken for all values of i, the denominators u, v being 
the same in every term. 

We shall again apply Lagrange's variation theorem with new meanings to the 
operators A and i. Considering the letters on the right hand of the vertical bar as 
the independent variables, Art. 489, let A denote differentiation with regard to 
6, and S differentiation with regard to a, . We then have (Art. 478) 



\dar db, db, da^J 



Oor 1, 



the right-hand side being zero or unity according as a,, b, are not or are conjugate 
elements. 

It has already been shown that 

dp( _ da, dpi dbr dqt db, dqt da, 

db, ~~ dqi ' da^ ~~ dqi ' da^ ~ dpt ' db, ~ dpi ' 

« 1 ... .. .1 * / •. % _ fda,dbr dbr da,\ ^ ■. 

Substituting these values (a,, 6,)=Sj -r- ^ - ^- ^-^ =0 or 1, 
^ ' " '\dpidqi dipidqj 

the right-hand side being zero or unity according aa «,, b, are not or are conjugate 

elements. In the same way (b^, fi«) = 0, (a„ o,) = 0. 

B. D. n. , 20 
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When the dynamical equations have been solved we have 2ra equations giving 
the values of (p, &c.), {q^ &c.) in terms of t and the constants {a^ &o.), (hj Ac.) of 
integration. If these constants are so chosen as to be the initial values of {pi &c.), 
{q-i &e.), or if they are any constants derived from them by a normal transformation, 

we have just proved (a, 6) = or 1 (I). 

But if the constants are merely those introduced at each integration it may happen 
that they do not satisfy the above relations. To distinguish these cases, the 
constants are called canonical when they are so arranged that they satisfy the 
relations (I). 

491. There is another way of proving the relations (I) which has the advantage 
of showing how closely they are connected with those already proved in Art. 487. 
Let two sets of conjugate variables be represented in the two rows 

and let them be connected together by the n relations 

^i(^i-^n. ?i -y = 0, F^=0, &c.=0. 
Then the Jn (m — 1) equations typically represented by df,/<Zx,= (Zf,/Ar, for all values 
of r and s are equivalent to the Jn {n - 1) equations represented by 



"--■-(£f -£©=»■ 



where the 2 implies summation for all values of i. If either of these sets of 

equations is given, the other follows from it. A proof of this theorem is given in 

Forsyth's Differential Equations under the heading JacoM's general method. Art. 211. 

To apply this theorem to our present purpose we let the two sets of variables be 

Pi-.Pn, 6i...6„, 
so that X corresponds to any letter in the upper row and f to any in the lower row. 
Let the 2n relations between these be 

•Fi = ^i-Oi = 0> F^ = 4>2-a^=Q,&c. 

■^n+l = ^n+l - 6l = 0. -^.1+2 = ^n+2 - 63 = 0. &C. 

where each ^ is some function of the variables ?!...?„, Pi---Pn and t. Then 
remembering that the sum {F^, F,) extends over aU the conjugate letters, while the 
sum (0y, (p,) extends only over the p's and g's, we have [F^, F,} = {(p^, (/>,) + ! or 0, 
where r>s and 1 or is taken according as the elements 6,, a, are or are not 
conjugate. Substituting for ^^, ^,, the equation {F,., F,) = may be written in the 
form (5, a) = - 1 or 0. 

It foUows that the two following statements are equivalent to each other, viz. 

{ 1) Pidqi + ... + b^doj + . . . = a perfect differential ; 

(2) the constants are such that (a, b) is unity or zero according as a and 6 are 
or are not conjugate. 

It has also been shown in Art. 487 that the first statement is equivalent to the 
following 

(3) S (Ap5g - AqSp) - S (AaS6 - AbSa) = 0. 

By giving the p's and g's their initial values in the third statement we see that 
when the constants are canonical, i.e. when the second statement holds, they can 
be derived from the initial values by a normal transformation. 

It appears also that, when the constants a, b are any two of a canonical set, the 
summations represented by {a, b) and [a, 6] are equal. 
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492. Ex. Helmlioltz's Theorem. The natural motion of a conservative 
system would carry it from a position ^ to a position i? in a time t ; the system 
would also describe the reversed motion from £ to ^ in the same time. Let its 
co-ordinates and momenta at A and B be respectively 6i..,6„, ai...o„ and ?i...g„, 
Pi--Pn- Suppose that in passing through the position A the system receives some 
small impulse, so that the momentum a, is increased by iar, all the other elements 
being unchanged, and that the co-ordinates after a time t are in consequence 
altered by Sjj,...$9„. Suppose again that, when passing the position B in the 
reversed motion from B io A, a small impulse is given to the system by which the 
momentum p^ is increased by Ap,, and let A&j , . . . A&„ be the corresponding changes 
in the co-ordinates after a time t. Then 5g,/50r = A6r/Ap, . Crelle's Journal, Vol. 100. 

Prof. Lamb in commenting on this theorem gives a number of applications to 
Acoustics, Optics, &e. See Reciprocal Theorems in Dynamics, Vol. xrx. of the 
Proceedings of the London Mathematical Society, 1888. 

493. PolsBon's Theorem. If any two integrals of the equations of motion are 
written in the forms '^i='P\('P\ '^"•i ?i <^<'- *)> "2=02 (Pi '^"•i 1i '^'^- *)> 

t/ien regarding Cj and Cj as functions ofp^, <&c., q^, d:c., t being constant, the quantity 
(Cj , Cj) is constant throughout the motion. 

Since there cannot be more than the proper number of integrals of the equations 
of motion, it must be possible to derive these two from the 2k integrals with the 
initial values for the arbitrary constants. If (oj &c.), (/Sj &o.) be these initial values, 
we have therefore Ci=/(ai &c., ft &o.), C2=JP(ai &c., jSj &c.), 

where (oj Ac), (/3i &c.) are to be regarded as known functions of {p^ &a.), (jj &c.). 

dc, df da, df da, ^ dc„ dF da, dF da„ . 

dp da^ dp da^ dp dq auj dq aa^ dq 

(Zc, dCj dCj dC2_-f df dF df dF\ fda^ da^ doi da.^ 
" dp dq dq dp \da^da^ da^da^J \dp dq dq dp)' 

, „f df dF df dF\ , 

Since the integrals oj , ag &c. are canonical, {a^ , 03) = or ± 1. Also their coefficients 
in this series are all functions of a^ , Oj &e. and are therefore constants. It follows 
that (Cj, C2) is constant throughout the motion. 

It follows from Poisson's theorem that whenever two integrals, say Ci = <p, 62=^, 
of the differential equations are known, the relation Cg=(<p, ^) must be a third 
integral of the equations of motion, or an identity, or deducible from the two integrals 
already known. 

494. Another proof. Since the integral Ci=0i(i'i &e. q^ &o. t) satisfies the 
Hamiltonian equations, we shall obtain an identical result if we differentiate it 
totally and substitute for j)' and q' their values given by the Hamiltonian equations. 

,r, ., ,. • « .„/ dc, dH dc, dH\ dc, ,,, 

We thusobtam 0=S - ^ y- + -^ -^) + -rr W- 

\ dp dq dq dp J dt 

This equation may also be written in the compact form = (H, c^) + dcjdt and 
expresses the condition that Ci = (j> (f&c.) is an integral of the equations of motion. 

Let ^ = 21 -r-'-r-^ - 4^ , M, we have to prove that A, being regarded as a 
\J.q,dp, dp.dqj' 

function oi p^, q^, &c. and t, the total differential coefficient d .Ajdt is zero. Now 
d.A dA ^\dA dA 

20—2 
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The letters p^, q^, &o. enter into the expression for A only through Cj and Cj. 
Let us consider only the part of d. Ajdt due to the variation of Cj , then the part due 
to the variation of c^ may be found by interchanging Cj and c^ , and changing the 
sign of the virhole. The complete value of d . Ajdt is the sum of these two parts. 

The part of d . Ajdt due to the variation of Cj is 

rdc^jd dc^ d'ci dH d?e^ dll\ _dc^\d de, _ ^c^ dU tPCi dm -j 
V.d'pA.dq.dt dpfdqgdqr dqrdq, dp^] dq,\dp,dt dprdq,dg^ dqrdp,dp,f J 
If we substitute for dcjdt its value given by the identity (1), we get 
rdc^fdc,^ cPH _ dc^ ^nr\ _ d^^jd^i d?S dci 'Pg 1 "1 
\_3p,yipr ^iMr dqrdprdq,] dq,\dpr dp,dqr dg, (ip,dp,f J ' 
If we now interchange Cj and Cj we get the same result. Hence when the two 
parts of d . Ajdt are added together, the signs being opposite, the sum is zero. 

495. Examples. Ex.1. If 01=^ is the equation of vis viva and 02=^2 (&c.), 
is any other integral not containing (, prove that (Cj, Cg) is identically zero. But if 
the integral c^ contain t and is written in the form £2= 03 (<&c.) - 1, then {c^ , c^ is 
identically unity. [Bertrand.] 

The results follow from (iff, c) + dc/dt=0. 

Ex. 2. If Ci=^ (&C.) be any integral not containing t, there must be at least 
one other integral C2=02 (*•'•) ^"^"^ ^^^^ ("i' "2) '^ ""* zero. 

For if possible let (Cj, Ci) = for all integrals c^...C2n- This equality may be 
regarded as a differential equation to find c,-, and it must comprehend all the 
solutions of {H, Ct)=0, since this last equation expresses the fact that c,- is an 
integral of the equations of motion not containing t explicitly. But two linear 
equations having the same number of variables cannot have the same integrals 
unless they are identical. Hence Cj or 0j is a function of H and the given integral 
is the equation of vis viva. But if c^ is the equation of vis viva there is an integral 
which, combined with it, gives the result unity, viz. that one in which the constant 
is joined to the time. [Bertrand.] 

Ex.3. If Ci=^ (&c.), 62=^2 (*■"•) ^^ ^^° different integrals and are each 
derived from the same tiKO integrals, Oj, a^, taken from a canonical set, then 
(Cj, Cj) is finite or zero according as a^, a^ are conjugates or not. See Art. 493. 

496. We shall now prove that the constants introduced in JacoM's complete 
integral farm a canonical set. Eeferring to Art. 470, we see that if the elements 
are written according to the scheme 

Pl—Pw I * + «. -<h----'»n-I. 

each element in the lower row is the partial differential coef&cient with regard to its 
conjugate of a function /. It follows therefore that Lagrange's theorem applies to 
this scheme of elements when we treat t + e as one of them. Art. 487. But, when 
the elements on the right-hand side are regarded as functions of those on the left, 
Lagrange's theorem supplies all that is necessary to obtain the relations (a, 6) = or 1. 
Since t and c enter in the form of the sum t + e, these relations reduce to 

(a, b)=0 or 1, (i, e) = 0, (ft, e) = l. 
The constants are therefore canonical. This theorem is given by DonMu. 

Ex. Taking the example of the motion of a projectile given in Art. 477, show 
that the four integrals deduced from Jacobi's complete integral are 

-«i = 9i+i'iWff. h=Pi> 

2ft =Pi^ +p^ + 2(;g2 . f + e = - pjg. 

Verify that these constants are canonical. 
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497. Ex. Bertrand's Theorem. Let a = (p{p^ &a., q^ &o., t) be an integral of 
the equations of motion and let {3, y, S be three others of the same kind. Form the 
determinant in which the first row is dajdp^, dajdq,., dajdp,, dajdq, and the three 
other rows are deduced from the first by writing /3, 7, S for a. Let (a, /3, 7, S) 
represent the sum of these determinants for all values of r and s. Prove that 
(a, jS, 7, S) is constant throughout the motion. [Comptes Rendus, 1852. 

Brioschi gives a short proof of this by expanding (o, /3, 7, 8) in a series of 
determinants each of two rows. The expansion is 

2 (a, ^)(7, «)+2(a, 7) (5, ^) + 2(a, S)(A 7). 
which is constant by Poisson's theorem. If the constants are canonical this 
reduces to 2 or 0, according as there are or are not two pairs of conjugate elements. 
He also shows that 
(o, ft 7, S, V, l) = 3(a, P){yS7, f) + 3(o, 7)(|8Sf 1) 

+ 3(a, 5)((3 7 ^ J) + 3(a, 7,)((S 7 I 5) + 3(a, |)(;8 7 S ,). 

Tortolini, Amiali di Scienze matematiche efisiche, Vol. iv., 1853. 

498. Properties of {u, v). As the symbol («, v) has considerable importance 
in theoretical dynamics, it will be found useful to notice the following properties. 

(1) («, v)= - (v, «). 

(2) (m, u)=0. 

(3) (i)i,gi) = landte, g,)=0. 

(4) Let U=f{Ti^, u^.-.u^, V=F{ti^, Uj. ..«„), where u-^, &c. sue functions of the 
elements {pj, &c.), {q^, &e.). Then 



/,-r Tr. ^fdUdV dU dV\ , 



where S implies summation for all values of r and s. Bertrand, see notes to the 
Mecanique Analytique of Lagrange, 1853. 

(5) The following is a more general theorem. 

Let U=f{pi...pn, qi—qn, "i-.-Mn), 

V=F(pi...pn, qi—q,,, %...«»). 

Then {U, V)={U; n + s{^(»r, V) +^{U, «,)|- +R, 

where {U; V) is partial with regard to p and q, and R stands for the result given in 
Theorem 4. This theorem is given by Imschenetsky, see the translation from 
Russian into French in Grwnert's Archiv, 1869. 

(6) If u and v are functions of {p^ &c.), {q^ &c.) and any letter x, it follows by 
the rule for differentiating determinants that 

Proceeding as in Leibnitz's theorem, we have 

Imschenetsky. 

(7) If u, V, w are three functions of the variables, then 

(k, (V, w)) + (p, (w, u)) + (w, (m, i;))=0. 
Jacobi. Grelle's Journal, lx. p. 42. A proof is given in Forsyth's Differential 
Equations. 
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499. Transfbrmatioii of Co-ordinates. The Hamiltonian equations of 
motion may be written in the typical fonn 

p'= -dHjdq, q'=dHld/p {!)• 

If we now change the co-ordinates gi...g„ to others <3i--.0n connected with the 
former by equations of the form q=f (Qi...Q„), we know from dynamical considera- 
tions that the transformed equations take the typical form 

P=-dH\dQ, Q' = dHjdP (2), 

where Pi...P„ are the momenta corresponding to Qi...Q„ respectively and may be 
derived from the transformed value of the vis viva by the same rules as before. 

In order to generalize this, let us enquire whether we can find any more general 
transformation, such as 

?l=/l(ei- •■««. P^-Pn), &0 (3). J'l = -fl(«l-«n. ^1- -^n). &<= W, 

so that the Hamiltonian equations (1) when transformed wiU take the form (2). We 
suppose that H is any given function of (pj, iSic.), (ji, &c.) and of t, but that the 
formulae of transformation (3) and (4) do not contain t explicitly. 

Since the Hamiltonian equations (Art. 479) may be written in the form 

S (Aj5j)-ApS})-l-AHSi-AtSH=constant (5), 

it is clear that the transformation can be effected if we take 

2(Ag«p-A2)5g) = S(AQSP-AP5Q) (6), 

where A and 5 have the meanings given to them in Art. 478. 
If we write the letters according to the scheme 

i'l-l'n. -•Pi--?n. 

we can infer from Art. 487 the following rule, originally due to Jacobi, (see his 
Dynamik) : assume any arbitrary function, ^ (gi...?„i <3i--.Qn)> of the given co-ordinates 
and of the new set to be introduced, then the required relations (3) and (4) are 
equivalent to the typical relations p=d^jdq and — P=d\jildQ. 

Other rules may be obtained by interchanging the conjugate elements with the 
necessary change of sign. Thus taking the order 

?i- ••«». Pi-P^, 

Pl-Pn, Qi-Q«< 
we may obtain transformation formulae equivalent to (3) and (4) by putting 
q=d\jijdp and P=d^jdQ where \j/ is an arbitrary function of Pi-.-p^t Qi--Qn- 
This rule is also given by Jacobi, see the Comptes Mendus, 1837, Tome v. p. 66. 

500. Examples. Ex.1. Let us choose the arbitrary function ^ to be 

'l'=Pifi(Qi-Qn)+pJAQi-Q^ + (1). 

We then find by Jacobi's second rule that the required formulae of transformation 

are 2.=/i (Qi-QJ (2), Pi=pjdf^ldQ,+pMdQi + (3). 

These are the ordinary formulae of transformation when we change from one set of 
co-ordinates gi...g„ to another Qi-.-Q^. 

By remembering the definition of pj^, p^, Ac. and noticing that Q/, Q^', &o., do 
not enter into (2) we easily find that 

dTldQi'=pjdqi'ldQi' +p^^ldQ; + &c. 
This by differentiating (2) is seen to lead to the right-hand side of (3). It therefore 
follows that in this case Pj is the momentum corresponding to the co-ordinate Qj. 

Ex. 2. A system depends on two psCirs of elements, viz. (pj, g,) (p^, q^; taking 
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Jacobi's arbitrary function to be 2/3i^=((7i- Qi)= + (j3- Qj)^ find the formuliB of 
transformation and examine what they become when /3=0. 

Ex. 3. Donkin's rule. In Jacobi's rule the arbitrary function \j/ is not to contain 
t explicitly. If we suppose ^ to be an arbitrary function of p^ , &c. , Qj , &a. and 
t, prove that the transformation formulae typically written q=d^ldp, P=d\jildQ 
will change the differential equations into others still of the Hamiltonian form but 
with H-d^jdt written for H. [Phil. Tram. 1885. 

Let X be such a function of the variables and t that the equation (6) Art. 499 is 
true after the addition of S (MSx - AxSJ) to its right-hand side. The possibility of 
this assumption is proved by finding the proper form for x. The second scheme is 
then altered by the addition of another set of elements, viz. x to the upper and t to 
the lower line. It then follows by the same reasoning as before \las.\, x=dypldt and 
conversely. The equation (5) then shows that H-x must be written for H in the 
Hamiltonian equations. 

Ex. 4. Mathieu's rule. If the variables (pj, &c.), (ji, &c.) are changed into 
(Pj, &o.), (Qi, &c.) by relations such that SjpS} = SPSQ, prove that the Hamiltonian 
equations when so transformed retain the Hamiltonian form. Thence deduce the 
following rule to obtain a set of transformation formulse. Assume any arbitrary 
function of the old and new co-ordinates say VlJi' *"., Qj, &c.) and equate it 
to zero. The required relations may be typically written p = iid\(/l<iq and 
-P=lj£bjildQ. We thus have2ra-l-l equations to find (Pj, &c), (Qi, &c.) and /i. 
LiouviUe, xix., 1874. 

To prove the first part of this theorem Mathieu remarks that the Hamiltonian 
equations may be written in the form 

3H=S {« (m') - d/dt (2)Sgr)}. 
Hence if we choose 'ZpSq='2,P5Q for all variations the Hamiltonian form is 
unchanged. 

To prove the second part, Mathieu notices that the equation SpSj = SPSQ leads 
to 2n equations which may be typically written 

^>a^^4^*-=^^ ^'■^' ^^%\^^^w^^-=' '^^•'' 

where i has any value from 1 to n. The set (II.) shows, by elimination, that the 
Jacobian of (Zi...g„ with regard to Pi...P„ is zero. Hence the n equations (3) of 
Art. 499 are such that, if we eliminate n- 1 of the P's, the nth will also disappear, 
and leave an equation containing only gi...s„ and Qi...Q„. This is the equation he 
calls f =0. Differentiating ^=0 with regard to P^.-.Pn in turn- 'lie equations (II.) 
show that pi=iidtpldqi. Then, substituting in (I.) it follows that Pi= - ixd^pjdQi. 
It may be noticed that the unknown quantity /a is not restricted to be a function of 
2i-«n. «i-Qn oily- 

501. The use of changing the variables i*! &c., q^ &a. into others Pj &C., ft &o. 
is that if the arbitrary function ^ is properly chosen the expression for H can be 
simplified, while the Hamiltonian form of the differential equations is still retained. 
The letters (Pj, Qj), (Pj, Q-i) &o. retain their dual character so far as the differential 
equations are concerned, but it does not follow that P represents the momentum 
corresponding to Q. Other conditions must be satisfied that this may be true. 

Ex. 1. Supposing H not to be an explicit function of t and the formulae of 
transformation to contain only the old and new variables without t, show that the 
semi vis viva T and the force function U may be expressed in terms of d, Q, &a. 
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and Qi', Q,' &c. Show also that if each P is to be the momentum corresponding to 
each Q, i.e. if P=dLldQ' is to be true, it is necessary and sufficient that 

2pSq = 2PSQ. 

We notice that, if L and M are the reciprocal functions of U with regard to 
(Pi, &c.) and (Pj, &c.) respectively, the typical equations p = dLjdq', P=dMldQ' 
foUow. To prove the second part of the example it is sufficient to make M=L. 
By the definition of a reciprocal this requires 2p}' = SPQ', and, since t does not any- 
where enter explicitly, this leads to Sp5g=SP5Q. 

Ex. 2. Show that in Jacobi's first rule, Art. 499, the P's do not in general 
represent the momenta corresponding to the Q's. 

If they did there would be a relation between the q'e and Q's alone, Art. 500, 
Ex. 4. But Jacobi's formulae do not admit of this. 

502. Hamilton's equations with Indeterminate Multipliers. Let q^.-.q^, 
Pi-.Pn be the co-ordinates and momenta of the system, L the. Lagrangian function 
and H its reciprocal. By the principle of virtual moments we have as in Vol. i. 

^U5?-5?h='' (')• 

for all variations consistent with the geometrical relations. Again by the definition 
of a reciprocal function 

H+L='S(pq' (2). 

Taking the total variation of this as in Vol. i. Art. 410 we have 



5ff=-S^5s + s(-g + p)5,' + Sg'«^. 



.(3). 



Eemembering that p = dLjdq' by definition and eliminating 2{dLldq) Sq by (1), we 
have dH=-2p'5q + 2q'Bp (4). 

If all the p's and q's were independent, we could deduce at once from this the 
Hamiltonian equations. If however there are equations of condition between the 
variables we may use the method of indeterminate multipliers. Let there be r 
equations of condition and let these be expressed by 

fi(PvPn> g'i--2n)=0 (5). 

where i has any value from i=l to r. Differentiating these, and subtracting them 
from (4) after multiplication by Xj, Xa-.-X,, we have 

SH=s|-i,'-Xi^-X,|^^-&o.Jag + s|j'-X.^-&c.[s;, (6), 

where the S implies summation for all the co-ordinates. From this we deduce the 
following n equations : which are typically written 

, dH , df, , df„ ^ \ 

" dq ^dq ^dq I (7)_ 

, dH , df, ^ df, ^ { 

If we put K=H +\fi+\f2 + &e (8), 

we see that the equations (7), by virtue of (5) take the form 

p'= -dK/dq, q'=dKjdp (9). 

The r equations represented by (5) and the 2n equations represented by (7) or (9) are 
sOfficient to determine the r multipliers and the 2n co-ordinates and momenta. 
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503. The values of the )• multipliers \...\. may be found as follows. Differen- 
tiating (5) we have "Zq'dfjdq + ^p'df/dp = 0. 

Substituting from (7) the values of p' and q', we find 

(H, /) + \,(/„ f} + \{f,, f) + ...=0 (10), 

where the symbol {u, v) has the meaning given to it in Art. 490. Writing /j . . ./, 
successively for / in this typical equation, we have )• linear equations to find the 
multipliers. Substituting their Values in (7), we have 2n equations to find the 
co-ordinates. The equations (10) are given by Mathieu in Liouville's Journal, 
1874. 

504. The equations of condition (5) have been taken to contain the momenta 
as well as the co-ordinates, as this supposition made the investigation more 
symmetrical, but in most oases the momenta are absent and the results are 
accordingly simplified. 

505. Variatioii of the elements. Let there be two dynamical problems in 
one of which the Hamiltonian function is H and in the other H+K. Their 
differential equations are therefore respectively 

dH , dH „. , dU dK , dH , dK 

^ = -17' «=^ ^'^' ^ = -^-di' «=^ + # <'>■ 

Let the Integrals of the first problem be 

<'i=/i(i'i, *c., ffi, &c., t), Ci=U(Px, &o., 3i, &c., t), &o (3). 

If we consider Cj, c^, &c., the constants of the solution of the first problem, 
to be functions of p^, &a., q^, &c. and t, we may suppose the solution of the 
second problem to be represented by integrals of the same form (3) as those of 
the first problem. It is our object to discover what functions Cj, Cj, &c. are of 
;Pi, (fee., ji, &a. and t. The function K is called the disturbing function and is 
usually small compared with H. 

Since the equations (3) are the integrals of the differential equation (1) when 
Cj , &c. axe regarded as constants, we shall obtain identical equations by substituting 
from (3) in (1). Hence, differentiating (3) and substituting ion p' and q' their values 
given by (1), we have the typical equation 

dc dH dc dH dc ... 

dp dq dq dp dt 

where c stands for any one of the constants q, Cj, &o. See Art. 494. 

But, when c,, Cj,... are considered as variables, the equations (3) are the integrals 
of the differential equations (2). Hence, repeating the same process, we have 
, dc dH dc dH dc dc dK dc dK 

' ~ dp dq dq dp '" dt dp dq dq dq 
where the differential coefficients on the left-hand side are total, and those on the 
right-hand side partial. 

,. ,„ , , dc,dK dc,dK ,.^ 

Hence, usmg the identities (4), we get Ci'= -3^-j- + J^^ ^ (°)' 

with similar expressions for c.J, &o. 

If K be given as a function of p, q, <&c. and t, we have dcj^jdt, &o. expressed as 
functions oip, q, &a. and t. Joining these equations to those marked (3) we find 
Cj, Cj... as functions of t. 

IfKbe given as a function o/ C; , Cj , . . . and t we may continue thus, 
dK_dKdCi dKdc^ dK^dKdcidKd^ 

dp^dijlp dc^dp '"' dq~dcidq dc.j dq 
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Substituting in the expression for c{, we get 

, _ ^ rdCj dcj (fcj dCj"! AK rdc, dc^ dCi dcf] dK ,„. 

' ~"\_dq dp dp dqjdc.^ \^dq dp dp dqjdc~ ' 

where the S means summation for all values of ^, q, viz. Pi, qi,Pi, q«, &c. 

By using the abbreviated notation explained in Art. 490 this equation may 
be written in the compact form 

Ci' = (e„cO^ + (c3,cJ^ + (7). 

506. The formulas giving the variations of the constants are greatly simplified 
when the elements chosen are canonical. When this is the case the constants 
run in pairs, let these pairs be Cj, c^; Cj, c^; &c., then (Cj, Ci) = l, (Cj, 03)= 
and 80 on. The formulse then take the form 



Cj'=dEldc2 1 c^' = dKjdc^ 1 

c^'=-dKldeJ' c,'=-dKld£j' ^ '■ 



507. Eeturning to the general equation (7) where the constants are unrestricted 
we notice that, when Cj, c^ &e. are expressed as functions of {pi, jj) &c. and t, as in 
(3), the coe£Scients (Cj, Cj) &o. may be found by simple differentiation. It will 
usually be found more convenient to express them in terms of the constants 
Ci, Cj &B. and t, by substituting for {p^, q^) &e. their values given by the 
integrals (3). 

On effecting this substitution it is found that t disappears from the expressions. 
This follows at once from Poisson's theorem given in Art. 494. Thus when the 
disturbing function is given in terms of the time and the constants of the undisturbed 
motion, the variations of those constants produced by the disturbing forces can be 
expressed in terms of the differential coefficients of the disturbing function without 
t appearing explicitly in any coefficient. 

508. As an example consider the case of a, particle or planet describing an 
eUipse about a centre of force. The constants of the elliptic motion are usually 
taken to be the major axis 2a, the eccentricity e, the longitude of one apse a, &o. 
Supposing the motion of the particle to be disturbed by the attraction of some 
other particle, the object of Lagrange's method of treating the planetary theory 
is to find how these constants are altered by the disturbing forces. To effect 
this, the disturbing function K is first expressed in terms of the time and the 
constants a, e, 01 &o., and secondly formulae are found giving a', e', a' &b. in 
terms of dKjda, dKjde &o. These formulae do not contain t except implicitly 
through the disturbing function, and this remarkable characteristic is not restricted 
to these particular constants, but holds true whatever constants are chosen to fix 
the elliptic motion. We may also notice that this property holds when K is a, 
function, not merely of the co-ordinates q^ , q^ &c. bat of both the co-ordinates and 
their corresponding momenta. 

509. The equations (6) given above, expressing Cj', Cj' &o. in terms of the 
difierential coefficients of K, are due to Poisson; the corresponding formulae of 
Lagrange are differently arranged. Begarding £ as a function of the co-ordinates 
and the momenta, we have 

^ = ^p + ^p+&,.+^p + &c (9). 

dCi dqi dCj^ dq^ dci dp^ dc^ ^ 

Taking the differential equations of the undisturbed motion in the Hamiltonian 
form (1), let then- solutions be 

(j'i=Fi(t, ci, o'j <ftc.), 32=&c (10). 
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These if substituted in (1), treating Cj, c^ &o. as constants, satisfy (1) identically. 
Hence, when they are substituted in (2), treating Ci, c™ &c. as functions of t, all 
terms will cancel each other identically except those which contain c/, Cj' &a. 
and the terms dKjdq, dKjdp. The excepted terms which contain c^, c^ &a. 
can enter only through p' and q', we therefore have 

dK dp , dp , . dK da , , ,,,, 

-d^=4"'+4''=+'"'- ¥=4"'"'*" '''>■ 

Substituting these in (9), we find that c/ disappears from the result, and that 

-^=[c,,<:2]c2' + [Ci,Cs]Cs' + (12), 

where [Cj , c^] has the meaning given to it in Art. 490. Similar relations hold for 
each of the differential coefficients dKjdc^ &c., so that we have as many equations 
as there are constants. 

Comparing the equations (7) and (12), we see that in both the disturbing 
function K is supposed to be known as a function of the constants of the 
undisturbed motion and t. To find the coefficients in (7), the integrals of the 
undisturbed motion must be expressed in the form (3), i.e. each constant must 
be given as a function of the variables and the time. To find the coefficients 
in (12), the integrals must be expressed in the form (10), i.e. each variable must 
be given as a function of the time and the constants. Again in (7) Cj', Cj' &c. 
are found directly in terms of dKjdc, &o., but in (12) a system of linear equations 
must be solved to find Cj', Cj' &o. In both (7) and (12) the coefficients (Cj, Cj), 
[C], c^] &o. do not contain the time explicitly. 

510. Lagrange shows that, when the constants are the initial values of the 
variables (p^, q^) &c., these equations reduce to simpler forms like those in (8). 

. Regarding any constants which may be introduced in the integrations as functions 
of these, he proceeds in the Mecanique Analytique to express their variations in 
terms of the differential coefficients of ^ in a form resembling (7). 

511. One peculiarity of the method of the variation of constants is that the 
co-ordinates ?i,...?„ and the momenta Pi,...Pn are expressed by the same functions 
of Cj , (-'2 &c. and t, whether the motion considered is the undisturbed or the varied 
motion. It immediately follows that the velocities qi,...q„' are also expressed by 
the same functions of i;,, e^ &c. and t in both motions. To prove this it is 
sufficient to notice that, since pi = dTldqi', p^ = dTldq^' &a., we can express q^, q^ &a. 
in terms of p^ , p^ &c., q^ , q^ &B. 

512. The subject of Theoretical dynamics is so large that it is impossible to 
discuss it fully in a treatise which contains so many applications of dynamics. We 
can therefore only allude to Donkin's theorem that a knowledge of half the integrals 
of the Hamiltonian system will in certain cases lead to a determination of the rest, 
(Phil. Tram. 1854, 1855), or to Bour's method of reducing the number of variables 
when some of the integrals are known {Liouville's Journal, Vol. xx., 1855). 



CHAPTER XI. 



PRECESSION AND NUTATION. 



On the Potential. 



513. To find the potential of a body of any form at any 
external distant point. 

Let the centre of gravity G of the body be taken as the origin 
of co-ordinates, and let the axis of x pass through S the external 
point. Let the distance G8 = p. Let (x, y, z) be the co-ordinates 
of any element dm of the body situated at any point P and let 
GF=r, then P/Sf^ = p^ -f r'^ - 2pa;. The potential of the body is 



„_ _, dm -IT — -^ '^™ 



^ 2px — r^)~^ 



v^ji 1 ^px-r'' Sf2px-ry 5 / 2px-ry 35 / 2px-r' y I 

■^ p Y'^2 p' '^8\ p- y"^i6V p' /"'■128V p' /^■■■]' 

arranging these terms in descending powers of p, we get 

Let M be the mass of the body, then "Zdm = M. Also since the 
origin is at the centre of gravity, we have Xxdm = 0. 

Let A, B,C\)e the principal moments of inertia at the centre 
of gravity, / the moment of inertia about the axis of x, which in 
our case is the line joining the centre of gravity of the body to 
the attracted point. Then 

•Zdmt'' = \{A+B + G), 
l,dinx^ = tdm(r^-y'-z^)=^iA+B + C)-I. 

Let I be any linear dimension of the body, then, if p be so 
great compared with I that we may neglect the fraction (l/pf of 
the potential, we have 

M A+B + G-3I 
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If we wish to make a nearer approximation to the value of V, 
we must take account oi the next terms, viz. ^^, — 

Let (f, rj, f ) be the co-ordinates of m referred to any fixed 
rectangular axes having the origin at G, and let (a, /8, 7) be the 
angles GS makes with these axes. Then 

x=^cosa-\-ri cos /3 + f cos 7 ; 

.■ . Imsc^ = cos'aSmp + 3 cos^a cos ^Im^^r) + 

If the body is symmetrical about any set of rectangular axes 
meeting at G, we have 2mp = 0, 2mf-77 = 0, &c. = 0, so that the 
next term in the expression for the potential vanishes altogether. 
Thus the error of the preceding expression for V is comparable 
to only the fraction (l/pY of the potential. This is the case with 
the earth, the form and structure of which are very nearly sym- 
metrical about the principal axes at its centre of gravity. 

.514. In this investigation 8 has been supposed to be at a very 
great distance. But the expression for the potential is also very 
nearly correct wherever the point S is situated, provided the body is 
an ellipsoid whose strata of equal density are concentric ellipsoids 
of small elliptidty. 

To prove this, we may use a theorem in attractions due to 
Maclaurin, viz., the potentials of confocal ellipsoids at any ex- 
ternal point are proportional to their masses. Let us first con- 
sider the case of a solid homogeneous ellipsoid. Describe an 
internal confocal ellipsoid of very small dimensions and let a', h', c' 
be its semi-axes. Then, because the ellipticity is very small, we 
can take a', b', c so small that >Si may be regarded as a distant 
point with regard to the internal ellipsoid. Hence the potential 
due to the internal ellipsoid is 

_ :^' A' + B'->rC'-ZT 

^ ~ 9 ^9' 

where accented letters have the same meaning relatively to the 
internal ellipsoid that unaccented letters have with regard to the 
given ellipsoid. The error made in this expression is of the 
order {allpfV. Hence, by Maclaurin's theorem, the potential V 
of the given ellipsoid is 

y_M M A' + B' + G'-Sr 
p'^M' 2/3' 

and the error is of the order (a'/pYV. 

If a, b, c be the semi-axes of the given ellipsoid, we have 
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Similarly, B^-^,B' + ^MX\ a = ^,C' + ^M\'. 

Also if (a, 13, 7) be the direction-angles of the line GS with 
reference to the principal axes at G, we have 

M 2 

7 = ^ cos^ a + 5 cos^ /3 + C cos= 7 = ^ 7' + I JlfX=. 

Hence, substituting, we have F= 1 ^-^ . 

If a, b, c are arranged in descending order of magnitude, we 
can by diminishing the size of the internal ellipsoid make c' as 
small as we please, though in the limit the ellipticities of both the 
sections containing c'a' and c'b' become equal to unity. In this 
case we have ultimately a' = Va^ — c^ Let e be the ellipticity of 
the section containing a and c the greatest and least semi-axes. 
Then a' = as/2e, and the eiTor of the above expression for V is of the 
order 4i{alpfe^V. 

The theorem being true for any solid homogeneous ellipsoid 
is also true for any homogeneous shell bounded by concentric 
ellipsoids of small ellipticity. For the potential of such a shell 
may be found by subtracting the potentials of the bounding 
ellipsoids, A+B+G (see Vol. i.) being independent of the direc- 
tions of the axes. 

Lastly, suppose the body to be an ellipsoid whose strata of 
equal density are concentric ellipsoids of small ellipticity, the 
external boundary being homogeneous. Then the proposition, 
being true for each stratum, is also true for the whole body. 

Ex. Verify this theorem by showing that when the attracting body is a homo- 
geneous ellipsoid the terms of the fourth order given in Art. 513 are of the order 

(a/p)4e=F. 
We first show by integration that the terms of the fourth order are 

r— g 4 [*5 (X^aS + yn^fts + ^2)2 - 20 (X^a^ + /t26« -1- v^c*) 

- 10 (\2a2 + ;i262 + y2(,2) ^g2 + J2 + g2) 4. ((i2 + J3 + (,2)2 + 2 (a« + 6* + C<)], 

where (X, /i, v) are the direction-cosines of GS. If the ellipsoid is nearly spherical 
weput6/a=l-e and cja=\-e'. It is easily seen on substitution that not only 
are all the terms independent of e, e' zero but that the terms containing the first 
powers of e and e' disappear. 

The theorem of Art. 513 is due to Poisson, but it was put into the convenient 
form given in that article by MacCullagh. The fact that this theorem is very nearly 
true even when the attracting body is close to the earth provided that the earth 
is ellipsoidal is given by Laplace, Micanique Gileste, Book v. The proof in Art. 515 
is nearly the same as that of MacCullagh. Transactions of the Royal Irish Academy, 
Vol. XXII. Parts i. and ii. Science. 

515. The following geometrical interpretation of the formula of Art. 513 is 
also due to Prof. MacCullagh. His demonstration and another by the Bev. B. 
Townsend may be found in the Irish Transactions for 1855. 



ART. 517.] THE POTENTIAL. 319 

A system of material points attracts a point S whose distance from the centre 
of gravity G of the attracting mass is very great compared with the mutual 
distances of tlie particles. If a tangent plane be drawn to the ellipsoid of gyration 
perpendicular to GS, touching the ellipsoid in T and cutting GS in U, then the 
resultant attraction on S lies in the plane SGT. The component P of the attraction 

on S in the direction TU= ^ GU . UT. The component of the attraction on 

S in the direction UG= -s- + - ; . 

p2 2 p4 

These theorems are also true if we replace the ellipsoid of gyration by any 

confocal ellipsoid. Let a, b, c be the semi-axes of this confooal, and let p be the 

perpendicular G £7 on the tangent plane. Since (see Vol. i.)A — Ma''+ X, B = Mb" + \, 

&c. where X is some constant, we have V= — I i =-= £- . 

p V 

To prove that the resultant force on S lies in the plane SGT, let us displace 
S to S' where SS' is perpendicular to this plane and is equal to pd^j/. Because V is 
a potential, the force on S in the direction SS' is dVlpdij/. But after this displace- 
ment the tangent plane perpendicular to GS' intersects along TU the former tangent 
plane, hence dpjd^ = 0, and .•. dVjd^=0. 

To find the force P acting at S in the direction TU, let us displace S to S", where 




SS" is parallel to TU and is equal to pd^. Since GU is perpendicular to UT we 

have TU=dpld^i. Hence P=- %-= - -^p . TU. 
^' ' p dy/ pr 

^ „ „ dV M 3A+B + C-3I 
Lastly, ij= __=_ + _ . 

Ex. Show that the product GU . TU is the same for all confocals. 

516. Exsunples on attractions. Ex. 1. Let GP be a straight line through the 
centre of gravity snch that the moment of inertia about it is equal to the mean of 
the three principal moments of inertia at G, then the resolved attraction of the 
body on any point S in the direction SG is, when S lies in GP, more nearly the 
same as if the body were collected into its centre of gravity than when S lies in 
any other straight line through G. 

Show also that the moment of inertia about GP is equal to the mean of the 
moments of inertia about all straight lines passing through G. 

It two of the principal moments of inertia are equal, prove that GP makes with 
the axis of unequal moment an angle equal to cos"' {IjiJS). In the case of the 
earth this line is in latitude 54° . 45'. 

517. Other laws of attraction. Ex. 2. If the law of attraction had been 
- <p (dist.) instead of the inverse square, the potential of a body on any external 
point S would have been represented by 2m0i (PS), where (p) is the differential 
coefficient of ^j (p). In this case, by reasoning in the same way as in Art. 513, we get 

where A, B, C and I have the same meanings as before. 
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If (ic*, y', z') be the eo-ordinates of S referred to the principal axes at G, the 
moment of the attraction of S about the axis of v is= - ^r ^-^ . (G-A) x'z'. 

518. To fitid ike Force-functimi due to the attraction of any 
body on any other distant body. 

Let G, G' he the centres of gravity of the two bodies, and let 
GG' = R. Let A, B, G; A', E, G' be the principal moments of 
inertia of the two bodies at G and G' respectively; /, /' the 
moments of inertia about GG', and let M, M' be the masses of 
the two bodies. 

Let m' be any element of the body M' situated at a point S, 

and let GS = p. Then the potential of the body M at m' is 

AM A+B+G-3I,1 , T ■ .u , f ■ ^- f 

mi 1 TT^ }■ , where i, is the moment oi mertia ot 

.9 ^P ) 

the body M about GS. We have now to sum this expression for 

all values of m'. This gives M'^ 1- Xm j-- . 

The first term by the same reasoning as before gives 
MM' ^^A' + B' + C'-Sr 

^+^ m • 

In the second term, let x', y', z' be the co-ordinates of m! 
referred to G' as origin. Then 

p = iJ ( 1 + p + squares of x , y[, z") , 

7i = / (1 + aa;' + ^y' + yz' + squares), 

where a, /8, 7 are some constants. Substituting these, and remem- 
bering that 2mV = 0, Xmy = 0, 2mV = 0, we get 

„, A +B + C — SI I /terms depending on theN) 
" ^2^^ I V squares of x', y', z )] ' 

Hence the required force-function is 
^^ MM\ ^, A!+B'^C--U\ ^^ A^B^G-M 
^~~Er^ 2B? "^ 2ii^ 

The error of this expression is of the order (U'/BP^yV, where 
I, I' are any linear dimensions of the two bodies respectively. 

519. Moment of the Sun's force. To find the moment of 
the attraction of the sun or moon about one of the principal axes of 
the earth at its centre of gravity. 

Let the principal axes of the earth at its centre of gravity be 
taken as the axes of reference, and let a, /S, 7 be the direction- 
angles of the centre of gravity G' of the sun. Then, if V be the 
potential of the sun or moon on the earth, we have 

V- ¥E ^ .. A' + B' + G'-Sr A + B+G-SI 
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where unaccented letters refer to the earth, and accented letters to 
the sun or moon. Let 6 be the angle which the plane through the 
sun and the axis of i/ makes with the plane of wy, then dVjdO is 
the required moment in the direction in which we must turn the 
body to increase 0. From the above expression, since 6 enters 

only through /, we have ^ = - - ^ ^^ . 

Now I=A cos^ a+ B cos^ jS + C cos^ 7, and by Spherical Trigo- 
nometry, we have cos 7 = sin /8 sin 6, cos a = sin /8 cos 6 ; 

,-. ^ = - 2 (4 - 0) sin=/3sin 6'cos 6'; 

.■. the moment required) ^M' ,„ .. 

1, J. 4.1, ■ \ [ = -S-s:(G-A)cosacosy. 
about the axis 01 y ) Jt* 

In this expression the mass of the attracting body is measured 
in astronomical units. We may eliminate this unit in the follow- 
ing manner. Let n' be the mean angular velocity of the sun 
about the earth, Rg its mean distance, so that if M be the mass 
of the earth, we have (M' + M)/Eo^ = n'K Now M is very small 
compared with M', so small that M/M' is of the order of terms 
already neglected. Hence we may in the same terms put 
M'IR^^=:n'\ and therefore 

the moment of the sun's at-") _ o '2 /r* _ j n „ /^— Y 

traction about the axis ofyj \R) 

Let n" be the mean angular velocity of the moon about the 
earth, so that, if M" be the mass of the moon, R\ the mean 
distance, we have {M" + M)/R\^ = n"K Let v be the ratio of the 
mass of the earth to that of the moon, then M" (1 -t- v)jR'^ = n'"^, 
and therefore, if R' be the distance of the moon, 

the moment of the moon's at-) 3w"^ , „ . > (R'o\^ 

1 , ,1 -J. r = — ;; (C? — j4) cos a cos 7 ^ . 

traction about the axis 01 y ) l + v \±C J 

In the same way the moments about the other axes may be 
found. Putting k for the coeflScient, we have 

moment about axis of a; = — 3a; (5 - 0) cos ^ cos 7, 
moment about axis of ^ = — 3/e {A — B) cos a cos /3. 

520. Examples. Ex. 1. The force-function between a body of any form and 
a uniform circular ring whose centre is at the centre of gravity of the body and 
MM' ,,, A + B + G-iJ 

T~ V 

where J is the moment of inertia of the body about an axis through its centre of 
gravity perpendicular to the plane of the ring, and A, B, C are the principal 
moments of inertia at the centre of gravity. 

Thence show that Saturn's ring supposed uniform will have the same moments 
to turn Saturn about its centre of gravity as if half the whole mass were collected 

K. D. II. 21 



whose mass is M' is V= — ; M j-j 
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into a particle and placed in the axis of the ring at the same distance from Saturn, 
provided that the particle repelled instead of attracted Saturn. 

Ex. 2. If the earth be formed of concentric spheroidal strata of small but 
different ellipticities and of different densities, show that the ratio of C to .4 may be 
found from the equation Cjpd (ah) = (C - A)jpd (a'), where c is the ellipticity and p 
the density of a stratum, the major-axis of which is a ; the square of e being neg- 
lected. It foUowa that if e be constant, tte ratio of C to 4 is independent of the 
law of density. 

If we assume the law of density and the law of ellipticity usually taken for the 
Figure of the Earth, this formula gives {(7-il)/C=-00313593. See Pratt's Figure 
of the Earth. 

Ex. 3. A body free to turn about a fixed straight line passing through the 
centre of gravity is in equilibrium under the attraction of a distant fixed particle. 

Show that the time of a small oscillation is 27r \ oiurir iirt _ 4\tiTf i f ' '''^^^^ the 

fixed straight line is the axis of i/, the plane of xy in equilibrium passes through the 
attracting particle, and {, t) are the co-ordinates of the particle. Also 4, B, G, D, E, F 
are the moments and products of inertia of the body about the axes. If the straight 
line did not pass through the centre of gravity show that the time would be propor- 
tional to p. 

Motion of the Earth about its Centre of Gravity. 

521. To find the motion of the pole of the earth about its 
centre of gravity when disturbed by the attraction of the sun and 
moon, the figure of the earth being taken to be one of revolution. 

Let us consider the effect of these two bodies separately. 
Then, provided we neglect terms depending on the square of 
the disturbing force, we can by addition determine their joint 
effect. 

The sun attracts the parts of the earth nearer to it with a 
force slightly greater than that with which it attracts the parts 
more remote, and thus produces a small couple, which tends 
to turn the earth about an axis lying in the plane of the equator 
and perpendicular to the line joining the centre of the earth 
to the centre of the sun. It is the effect of this couple which 
we have now to determine. It clearly produces small angular 
velocities about axes perpendicular to the axis of figure. We 
shall suppose that the initial axis of rotation so nearly coin- 
cides with the axis of figure, that we may regard the angular 
velocities about axes lying in the plane of the equator to be small 
compared with the angular velocity about the axis of figure. 

Let us take as axes of reference in the earth, GO the axis 
of figure, GA and GB moving in the earth with an angular 
velocity ^3 round GC. Then, following the notation of Art. 10, 
we have hi =Aq)i, h^ =Aai2, h^ = Ceos, 

61= (Uj, 6^= 0)^. 
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The equations of motion are therefore 

A —J- — Aw^dg + OctfsWa = L 



^-jf- Co)3«i + Afo^Oa = M ' 






= 



(1). 



The last of these equations shows that a>s is constant. Let 
this constant be denoted by n. 

The angular velocities eoi and co^ are to be found by solving the 
other two equations. The solution must be conducted by the 
method of continued approximation, aii and a>2 being regarded as 
small compared with n. 

In the first instance let us suppose the orbit of the dis- 
turbing body to be fixed in space. This is very nearly true 
in the case of the sun, less nearly so for the moon. This limi- 
tation of the problem proposed will be found' greatly to simplify 
the solution. We can now choose as our axes of reference in 
space two straight lines GX, OY a,t right angles to each other 
in the plane of the orbit and a third axis GZ normal to the 
plane. 




522. In these equations of motion the quantity ^s is at 
our choice, let it be so chosen* that the plane containing the 

* We might also very conveniently have chosen as axes of reference, GG the 
axis of figure and axes GA', GB' moving on the earth so that GB' is the axis of 
the resultant eonple producM by the action of the disturbing body on the earth. 
In this ease the plane GA' moves so as always to contain the disturbing body S, 

21—2 
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axes OG, OA also contains QZ. Then 63 is the angular velocity of 
the plane ZGG round GO. The velocity of A in the direction AB 
is therefore represented both by 6^ and by sin ZA . dyfr/dt, where ■^jr 
is the angle the plane Z6C makes with some fixed plane ZQX. 
Equating these, as we do in forming the third Eulerian geometrical 

equation, we have 63 = 0036 -^ (2). 

If, as usual, represent the angle ZG, we have also the two 
geometrical equations 

a,, = -sm5j- «,= ^^ (3). 

These follow at once from a mere inspection of the figure, or we 
may deduce them from Euler's geometrical equations (see Vol. i.) 
by putting ^ = 0. 

The terms 63(01 and ^30)2 in the differential equations (1) contain 
the squares of the small quantities" to be found. As it will appear 
that both d0/dt and dyjr/dt are of the same order as the disturbing 
moments L and M, we shall presently neglect these two terms. E,e- 

thuB ^3 is the angular velocity of 05 round G and is therefore a small quantity of 
the order n'. We shall therefore reject the small terms a^^s and ai$3 in equations 
(1). The equations now become 

A-^ + Cm>2=0, A -^-Cnui^Mzz -3k {C- A) cos a cosy, 

where the value of M is at once obtained from Art. 519, and in our case 0=^^-7. 

Eliminatmg wj we have -^ + ( ^ ) ""1= ~ ;31 ■^• 

Since the angular distance 7 of the disturbing body from the pole of the earth 
varies very slowly, the term on the right-hand side is very nearly constant. If 
this be regarded as a sufficient apjirozimation we have 

But in fact these are nearly true when we take account of the periodical term 

provided that S moves slowly. For suppose M=M^ + 'SPem{pt + Q), 

M CnP 

where p is small ; we have in that case u, = - — » - 2 ^=-5 =-= sin {pt+O), 

On Gh^-A?p^ ' 

neglecting the small term p^ in the denominator we have as before u, = . 

' On 

The motion of the axis G in space is therefore simply that due to an angular 

velocity u^ about the axis A'. Since the plane A'G moves so as always to contain 

the disturbing body S, the axis of figure GG is at any instant moving perpendicular 

to the plane containing it and the disturbing body (i.e. in the figure G is always 

moving perpendicular to SO) with an angular velocity equal to ^ ^—^ sin 27. If 

2tc G 
we resolve this in the directions along and perpendiculicr to ZG, we easily deduce the 
equations (7) in the text, and the solution may be continued as above. 



.(4). 
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taining them for the present, to show how they affect the steady 
motion, the equations of motion take the form 

— sm 6 -^ - 2 cos P-T- ,- + -r T- = -r 
dV" dt dt A dt A 

^^,-sm^cos^(J)+-^sm^j:=2^ 

523. We have now to find the magnitudes of L and M. Let 
S be the disturbing body and let it move in the direction X to Y. 
According to the usual rule in Astronomy, we shall suppose the 
longitude lot S to be measured in the direction of motion from 
some fixed line in the plane of XY, say the axis of X. Then 
SN= I - yjr and BS = ^-rr — {I- ^fr). Also y}r — ^Tr is the longitude 
of the ascending node in which the plane of the orbit of S cuts the 
equator. When S represents the sun, this node is called the first 
point of Aries. By Art. 519 we have 

Z = - 3« (5 - (7) cos ;8 cos 7 = - 3a; (-A - C) sin SiV cos <SfiV sin ^ 
= ^K (G -A) sin 0sm2 (I -■ylr) (5). 

M=-3k(G-A) cos acosry = -3K(G- A) cos'> SiV sin ^ cos 

= - ^k{G - A)sin cos {1 + cos2(l - ■f)} (6). 

These values of L and M contain the two small multipliers « 
and (0 — A). They are not the complete values of L and M, but 
only the principal terms (Art. 514). We shall therefore suppose 
that the square of k(G — A) is to be neglected. The mean value 
of /c is n'^ where n' is the angular velocity of the disturbing body. 
The ratio n'/n is very small, being about ^ for the moon and ^ 
for the sun. 

By referring to Art. 519 we notice that « contains the factor 
(Ro/Hy. If the eccentricity e' of the orbit of the disturbing body 
is not rejected, even when multiplied by n''{G — A), we must 
substitute in (5) and (6) for ii.and also for I their values given by 
the theory of elliptic motion. The value of I is known to be of the 

form I = n't + e' + 2e' sin (n't +e'-co') + &c (7), 

and there is a similar expression for the reciprocal of R. In these 
series the coefficients of the trigonometrical terms and the co- 
efficients of t in the arguments are all small compared with n. 

524. To find the steady motion or precession. We 

notice that the quantities L and M contain only one term which 
is not an explicit function of the longitude of the disturbing body. 
We find the steady motion by taking this one term alone. We 
have therefore L = 0, M = — ^k(G — A) sin cos 0. The differential 
equations are satisfied if we put 

= a, difr/dt = fi 
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where a and /i are two constants which satisfy 

sin a {A cos a/i^ — Gn/i — f « ((7 — A) cos a} = 0. 

Since a in the case of the earth is about 23J°, we must have the 

quadratic factor equal to zero. Since n is not small, this gives two 

^K C — A 
values of fi, one nearly equal to — ^ j^ — cos a, and the other 

nearly equal to -jw sec a. 

As in the analogous case of the top, considered in Ai-t. 207, either 
of these values of /i might be the true one if the proper initial 
conditions were given to the earth. 

The latter value of fi gives, by (^, Wi = - {C/A) n tan a, and in 
this case the axis of rotation can not closely coincide with the 
axis of figure. The initial conditions must therefore have been 
such as to give fj. the smaller vi^m. 

The actual steady motioj^Broerefore such that the pole G of 

the earth describes a small circle of radius a about the pole Z of 

the orbit of the disturbing body with a retrograde angular velocity 

,, 3kG-A 
equal to ^ t^ — cos a. 

^ 2m G 

We notice that, if the angular velocity n of the earth about its axis were very 
small or zero, the roots of the quadratic to find /i. would take a different form, so 
that the expression just found for the retrograde motion of the pole of the earth 
would cease to be even approximately true. 

We may also notice that, if the pole of the equator were very close to the pole of 
the ecliptic or very nearly 90° from it, we should have a different state of steady 
motion. As in the case of the top already referred to, the oscillations or nutations 
about this state of motion would have to be treated by a different analysis. 

525. To find the Nutation. We must next consider the 
terms in L and M which contain the longitude I of the dis- 
turbing body explicitly. At the same time to make the differential 
equations linear we might write = a+di, dy}r/dt = fj. + dy}r^ldt, 
where the additional terms 0i and dyfri/dt are so small that their 
squares can be neglected. This substitution is however un- 
necessary, for having now ascertained that the constant part /i 
of d'yjr/dt is of the order k{G — A) we may at once neglect the 
terms ^jWi and 63(0^ in the differential equations (1). They now 
take the linear form 

dcoi 

~dt 



A -^ + Cwwa = L 



Since the motion of the disturbing body is very slow compared 
with the angular velocity of the earth about its axis, I is, and 



..(12). 
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therefore L and M are, very nearly constant. If this be regarded 
as a sufficiently near approximation we have at once 

M L 

These give by (3), (5) and (6) 

de 3kG-A . . „., ,, 

0)2 = J- = s j~— sin a sm 2(1 — yjr) 

dt 2n G . ^ 1'' , 

«! dy{r SkG-A ,, „,, ,.,[■■ 

526. To find the motion of the pole of the earth in space 
referred to the pole of the p-bit of the disturbing body as origin, 
we integrate the equations (9). If we write for I its approximate 
value l = n't + e' we find 

o = a— -. — ; — ^ — sm aicps 2 (i — •ur) 
4nn G ^N^^ 

lir = const. — -^ — , — 7^ — cos a (Z + i sin 2 (? — ■\!r)} 
^ 2nn G i ^ \ . ^^ 

In these equations l — ^fr + ^^^is the longitude of the disturbing 
body measured from the ascending node of the orbit. This, as 
before mentioned, is the first point of Aries when the body is 
the sun. 

If the origin of measurement of I and i/r is such that they 
vanish together, the constant of integration in the second equation 
is zero. 

527. We may measure the degree of approximation of equations (9) in the 
following maimer. If we eliminate u^ between the equations (8) we have 

cPuii GH" 1 dL On 

di^ + 'iT'-'i-J-at A'^- ■ 

Since we reject the squares of k (C - A) we may, in calculating the value of the 
right-hand side from the expressions (5) and (6), put 6 = a and ^=/*f + v. Substi- 
tuting the values of I and B given in (7), suppose we find 

where the constant part of M is given by X=0 and all the other values of X are small. 

Then solving, we find Ui= - S ^j^^— ^^^oos (\t+f). 

Since F and X" are both small we may reject the small term X^ in the denominator, 

wethenhave „,= _ i. sp-eos(X«+/)= - J + -^4^§ (10). 

T J.-U J, 1 LA dM ,,,, 

In the same way we find ""^oh'^cVlT ^ '" 

In this approximation we have rejected terms of the order \^M or X'L. We see by 
(7) that this is equivalent to rejecting terms of the order {n'jn)' M or {n'ln)" L. 

By referring to (5) and (6), we see that the terms dLjdt and dMjdt contain, 
besides the small factor k(G - A), another small factor n' which arises from the 
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differentiation of I. These terms are therefore of the order (ji'/ra) L or {n'jn} M. 
As the first terms on the right-hand side of (10) and (11) give rise to nutations 
which are very small, or only just perceptible, it is unnecessary to take account 
of the second terms. As these are of the same general forms, viz. P cos 21 and 
Q sin 21, as the first terms we notice that they will not be divided on integration by 
any smaU factors which do not also divide the first term (see Art. 337). Eejecting 
then these terms we have the same result as (9). 

528. The integration in Ait. 526 by itself is not altogether satisfactory. For, 
when we substitute for I its full elliptic v'alue given in (7), each of the moments L 
and M assumes the form of a series of terms such as F cos (Xt +/ ), where the 
values of X are small. After integration these terms get magnified by the divisor 
X and if any constant term should occur it would get multiplied by t after inte- 
gration. 

By a slight modification of these equations (suggested by Laplace) we may evade 
this difficulty. Taking for I its value given by the theory of elliptic motion we 

have iJ2— = constant. This constant is evidently iJ„V (l-e'^)*. Substituting for 

K its value given in Art. 519 and taking I as the independent variable, the 

equations (9) assume the form 

de _ PB„ sin 2 {I- yj/) ^-n P'BoOos2{l-<j/ ) 

<*'~ iJ(l-e«')* ' di~^'^ B(l-e'^)i ' 

where P, P' and Q are small constant terms. 

B (1 — e'^l 
From the equation to the ellipse, we have — 5_5_= = = l + e'cos(l-L). 

If this value of B be substituted, the integrations can be effected without difficulty. 
It is clear however that the combinations of the one term cos {I - L) with sin 2 (J - yji) 
and cos 2(l-\f) can produce only periodic terms. These are of the form 

and after integration are divided only by the same small factor n' that divides the 
terms independent of e'. 

Since e' is small, we see that the terms which depend on the eccentricity of the 
orbit of the disturbing body retain always their relative insignificance compared 
with the principal terms calculated in equations (12). 

529. Let us now examine the geometrical meaning of the 

3/e G — A 
equations (12). For the sake of brevity, let us put S = ^ — 7 —^ — , 

A.V. ^ u A ^ K1Q o SC-An' „ 3G-An" 1 . ^ 

so that, by Art. 519, S = ^ — ^^ or S=g — ^ r, accord- 

zi v n z t> n I + V 

ing as the sun or moon is the disturbing body, the orbit of the 

disturbing body being in both cases regarded as circular. 

Let us consider first the term —8 cos 61 in the value of 

yfr. Let a point Co describe a small circle round Z the pole of 

the orbit of the disturbing planet, the distance CZ being constant 

and equal to the mean value of 6. Let the velocity be uniform 

and equal to Sn' cos 6 sin 0, and let the direction of motion be 

opposite to that of the disturbing body. Then Co represents 



ART. 531.] THE NUTATION. 329 

the motion of the pole of the earth so far as this term is con- 
cerned. This uniform motion is called Precession. 

Next let us consider the two terms 

Se = iSsiaecos2l, Syjr = ^ S cos sin 21. 

If we put X = sin dSyfr, y = Zd, we have 

a? y^ _ 

as cos e sin ey "^ (^S sin By ~ ' 
which is the equation to an ellipse. 

Let us then describe round Go as centre an ellipse whose 
semi-axes are ^S cos sin and ^*S sin respectively perpen- 
dicular to and along ZO; and let a point Oj describe this ellipse 
in a period equal to half the periodic time of the disturbing 
body. Also let the velocity of G^ be the same as if it were 
a material point attracted by a centre of force in the centre 
varying as the distance. Then G^ represents the motion of the 
pole of the earth as affected both by Precession and the principal 
parts of Nutation. 

If we had chosen to include in our approximate values of 
and yjr any small term of a higher order, we might have repre- 
sented its effect by the motion of a point G^ describing another 
small eUipse having Gi for centre. And in a similar manner by 
di-awing successive ellipses we can represent geometrically all the 
terms of and i|r. 

530. Numerical results. The preceding investigations are 
of course approximations. In the first instance we neglected in 
the differential equations the squares of the ratios of coi and co^ 
to n, and afterwards some periodical terms which are an (n'/n)th. 
of those retained. We see by equations (3) and (12) that the 
second set of terms rejected is much greater than the first, and 
yet when the sun is the disturbing body these terms are only 
about 5^th part of those retained, and when the moon is the 
disturbing body they are only ^th part of terms which them- 
selves are imperceptible. 

We have also regarded the earth as a solid of revolution so 
that A — B may be taken zero, a supposition which cannot be 
strictly correct. 

3 G — An' 

531. In the case of the sun we have 8 = ^ — ?? > so that 

2 G n 

the precession in one year is ^ ^^ ^°^ ^^'"'^ ■'■* ^^ shown in 

treatises on the Figure of the Earth that there is reason to sup- 
pose that (G— A)/G\ieB between '0031 and 'OOSS. Also we have 
n'/n = ^, and = 23° . 8'. This gives a precession of about 15"-42 
per annum. Similarly the coefficients of Solar Nutation in i/r 
and axe respectively found to be 1"'23 and 0"'53. If we sup- 
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posed the moon's orbit to be fixed, we could find in a similar 
manner the motion produced by the moon referred to the pole 

of the moon's orbit. In this case S = - — ^ t; . The 

2 C n 1 +v 

value of varies between the limits 23" + -5°. Putting n'/n = ^, 

1/ = 80, ^ = 23°, we find a precession in one year a little more than 

double that produced by the sun. But the coefficients of what 

would be the nutations are about one-sixth of those produced by 

the sun. 

532. The complementary functions. In this solution we 
have not yet considered the complementary functions. If we 
abstract all the disturbing forces and regard the earth as simply 
set in rotation and left to itself, the equations of Art. 525 take the 
form Acoi + Cna>2 = 0, Ao)^' — Cna^ = 0. 

We easily find 

toi = jff sin {qt + K), a>2 = — H cos (qt + K), 
where q — GnjA, and H, K are two arbitrary constants. The 
effect of these terms, if of sensible magnitude, would be to produce 
a small oscillation in the earth's axis. This is sometimes caUed the 
Etderian nutation. 

As the initial values of ©i and m^ are unknown, the magnitude 
of H must be determined by observing the changes produced in 
the position of the pole of the earth. Since the latitudes of places 
on the earth are very nearly constant we conclude that the magni- 
tude of H is nearly insensible. 

533. The effect of these complementary functions on the motion of the pole of 
the earth has been already considered in Arts. 180 — 182. Let i and y he the 
inclinations of the instantaneous axis GI and the invariable line GL to the axis of 
figure GO. Then tani=H/n and iaa y =taji i . AjG. In the case of the earth A 
and C are very nearly equal and 1-AjC has been variously estimated to lie between 
•0031 and "0083. Thus y and i differ at most by ^^th part of either and must 
therefore be regarded as very nearly equal. 

As explained in the articles just referred to, the instantaneous axis GI describes 
a right cone in space whose axis is GL and whose angular radius is equal to i - 7, 
the time of a complete revolution being nearly equal to a. sidereal day. The 
instantaneous axis is therefore nearly fixed in space and coincident with GL. 

The instantaneous axis and the invariable line describe right cones in the body 
whose common axis is the axis of figure, the time of a revolution being 
sin7/sin(i-7)th part of a day. The period is therefore 306 to 325 days according 
to the value taken for AjG. This is often called Euler's ten monthly period. 

534. The common method of finding the latitude of a place P depends on 
observations made on a star at an interval of half a day. The latitude found is 
therefore the angle between GP and the invariable line. 'As the invariable line 
travels in the body round the axis of figure, the latitude should have a ten-monthly 
period whose magnitude is H. For the purpose of detecting tlje possible changes of 
latitude special methods have been used, but they cannot be described here. 

A series of observations made at Berlin in 1884 — 86, to determine the coefficient 
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of aberration, led to the result that the latitude had decreased 0"'2 in one year. 
Afterwards, at Berlin, Potsdam and Prague, observations made in 1889 — 90 showed 
that small periodic changes of latitude do occur amounting to half a second. As 
the changes at these three places have all the same sign and follow very nearly the 
same law it is impossible that they could be due to purely local causes. They 
appear to indicate a yearly inequality. We learn from No. 3055 of Ast. Nach. that 
the observations have been continued in 1891 and that these confirm the previous 
results. The latitude of a place can be observed, by using the best instruments and 
taking the utmost care, to within a tenth of a second. This corresponds roughly 
to three yards on the surface of the earth, so that a change of place of the 
instrument in the same room can be detected (Flammarion, Astronomie, April 1891). 
When so much can be done we may expect that before long the uncertainties 
remai nin g in this problem will be removed. In a paper, read to the Geographical 
Society at Berlin 1891, Prof. Forster stated that simultaneous observations were 
to be made for this purpose at Berlin and Honolulu continuously for a year. 

These places being nearly on opposite meridians, their latitudes should be 
altered by equal but opposite quantities if the changes are caused by movements of 
the instantaneous axis. We now learn from the presidential address of Sir W. 
Thomson that the results of the first three months of observation at Honolulu 
show that movements of the instantaneous axis do occur sufficiently great to cause 
sensible changes of latitude at that place in the direction expected. 

535. These changes of latitude may be due to other causes acting jointly with 
the Eulerian nutation, and amongst these we must include the yearly meteorological 
changes of the earth. The consequence is that the change of latitude appears to 
have a double oscillation, the period of one being ten months and of the other a year. 
The least common multiple of these is five years, so that the changes should repeat 
themselves in this time. Again, when the two oscillations are compounded together, 
the rate at which the latitude changes is not uniform. At one time the magnitudes 
of the two oscillations are both increasing and their rates of change are added 
together, at another time they are subtracted from each other ; see Art. 89 on the 
transference of oscillations. It follows, as Prof. Forster remarks, that one series of 
observations may be favourable to exhibit the change of latitude, while another 
series made at a different time may show but faint traces of change. 

In coimection with this double oscillation the problem of Helmert given at the 
end of Art. 23 is interesting. It should also be noticed that the displacement of 
the instantaneous axis has been magnified by the nearness of the period of Euler's 
nutation to that of the meteorological disturbance. 

536. We should notice that the complementary functions are not strictly 
represented by the Eulerian nutation. Taking only the forces which produce 
precession, the equations of motion are, by Art. 522, 

-ABijie<j/"-2A cos e$y + Cne' = 0, 

Ae" -Asm Byj/'^ + Gn&va.ef = -^k(G- A) sin 9 cos 8, 
where accents denote diSerentiatious with regard to the time. The precession 
being determined by writing 8=a and ^'=/t, we substitute 8=a + x and ^ =/*«+!/ to 
find the nutations. We shall evidently find on the right-hand side terms which 
contain the first power of x, and, though these are of the second order of small 
quantities, they should be examined into for the reason given in Art. 356. Like the 
terms in the Lunar theory of the form c9 - a, they modify the first approximation. 
Art. 359. 
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Making these substitutions we find that one effect of these terms is to alter the 
Eulerian period. If iir/qi is the altered period, we have 

Gn C-A 3k , , , . n , 

0, = — r + — : (cos^a-isin-'a). 

^^ A A n ^ * 

The value of q^ differs very slightly from that defined by g in Art. 530. Since 

the Eulerian period is not yet known with sufficient accuracy to make this difference 

of importance (Art. 532), it is unnecessary to discuss at length the effects of these 

small terms. 

537. Ezamples. Ex. 1. If the earth were a homogeneous shell bounded by 
similar ellipsoids, the interior being empty, the precession would be the same as if 
the earth were solid throughout. 

Ex. 2. If the earth were a homogeneous shell bounded externally by a spheroid 
and internally by a concentric sphere, the interior being fiUed with a perfect fluid 
of the same density as the earth, show that the precession would be greater than if 
the earth were solid throughout. 

Let (a, a, c) be the semi-axes of the spheroid, r the radius of the sphere. Then, 
since the precession varies as (G -A)jG by Art. 529, the precession is increased in 
the ratio a*c : a^c-r^. 

Ex. 3. If the sun were removed to twice its present distance, show that the 
solar precession per unit of time would be reduced to one-eighth of its present 
value ; and the precession per year to about one-third of its present value. 

Ex. i. A body turning about a fixed point is acted on by forces which tend to 
produce rotation about an axis at right angles to the instantaneous axis, show that 
the angular velocity cannot be uniform unless the momental ellipsoid at the fixed 
point is a spheroid. 

The axis about which the forces tend to produce rotation is that axis about 
which it would begin to turn if the body were placed at rest. 

Ex. 5. A body free to turn about its centre of gravity, which is fixed, is in stable 
equilibrium under the attraction of a distant fixed particle. Show that the axis of 
least moment is turned toward the particle. Show also that the times of the 

prinoipaloscillationsarerespectively 27r|g^g^^^— jl and 2a- j g^^^_^ i . 

If the body be the earth and M' be the sun, show that the smaller of these two 
periods is about ten years. 

538. Unequal moments of Inertia. The method used in Art. 521 is well 
adapted to find the precession and nutation of the earth both to a first and to 
higher degrees of approximation when we regard the earth as a uniaxal body. 
Though the method may be used when A is not equal to B, yet it loses much of its 
brevity. We shall therefore adopt a different method to determine how the 
precession and nutation are altered when we regard aU the three principal moments 
of inertia as unequal, though of course their ratios are supposed not to differ much 
from unity. 

Referring the motion to the principal axes, the Eulerian equations become 
Ao>i' ~(B-G) W2<.>3= L = -Sk{B-C) oos^ cos 7"| 

Bu^' - (G - A) UiWg= M= -3k{C - A) aos aooByS- (1), 

Cuj' -{A-B) WiW2= N= -3k(A-B) cos a cos jSj 
8' = uj sin (P + U2 cos ■» 

- sin 9^' = uj cos 0-11)2 sin I- (2). 

cos 6<l/' + <p' =01^ J 
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We see by (1) that Ui, a^ are of the order of the constant of precession, i.e. 
k{G- A)IG ; hence, as we reject the square of this quantity, we shall reject the 
second term on the left-hand side of each of the equations (1). To find Au-^, Boi^, 
Cmj we have therefore merely to integrate the right-hand sides of these equations. 

Proceeding as in Art. 523 we find 

cos o = sin (i - ^) sin -1- COB (J - ^) cos e cos 0"! 

cos/S=sin(J-^)oos0-cos(J-^)cos9sin0 V (3). 

cos 7 = cos (2-^) sin ff J 

The third of equations (2) shows that 0' differs from a constant, viz. n, by 
quantities of the order of the precession, hence, if we reject the product of this 
quantity by n'ln, we may on the right-hand sides of (1) put <p=nt + e, and in the 
integration treat I, d, and ^ as constants. We therefore see that njaos ^dt and 
- njcos adt differ from cos a and cos /S only by constant terms. These constant 
terms may be omitted, as they represent the complementary functions which are 
considered separately; it is also evident from (2) that small constant additions to w^ 
and wj only give rise to small daily periodic terms in 6' and i)/'. 

We therefore have 

3kG-B 3k C- a 
Uj= — cosaCOS7, 102= 5 — 00BJSCOS7. 

Since we have rejected the squares of (G-B)jA and (G-A)IB, we may to the same 
degree of approximation write C for A and B in the denominators of these 
expressions. 

Substituting these values of «j, uj in the equations (2) we find 

e'=|| ^^~^."'^ sin9sin2(;-^) + ii„ 

where iJi and iJj contain only terms whose period is about half a day and whose 
coefficients contain the small factor k{A-B)IG. The value of {A - B)IG has not been 
determined but it is known to be very much less than (G-A)\G. As only terms of 
long periods can rise into importance after integration with regard to t, R-y and ijj 
may be altogether rejected. 

Omitting the terms JJi and iJj as being quite insensible, we see that hoth the 
p-ecession and nutation of the earth, with unequal principal moments of inertia 
A, B, C, are the same as those for a uniaxal earth with principal moments of inertia 
l(A + B),i(A+B) andG. 

539. Let us now consider the third of equations (1). As the constancy of the 
angular velocity Wj is a matter of great importance, it may be proper to examine it 
to a higher degree of approximation. This equation as it appears in (1) is accurate 
except that on the right-hand side we have rejected some small terms depending on 
the higher inverse powers of the distance of the disturbing body; see Art. 513. The 
values of Wj and uj have been found rejecting terms of the order k(G- A)jG when 
multiplied by n'jn. Substituting these in the small terms we have 

Cwj' - (^ - B) (— y ^^^^^^^— ^^ cos" 7 cos a cos (3 = - 3k (4 - B) cos a cos /3. 

If we now write for cos a, cos^, cos 7 their values given by (3) we obtain only a 
long series of trigonometrical terms whose periods are about half a day and whose 
coefScients are very small. It is unnecessary to calculate these at length, it being 
sufficient to notice that the periods are not such that the coefficients are magnified 
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by integration. We infer that tJie attractions of the sun or moon cannot produce 
sensible changes in the period of rotation of the earth. 

It is possible that the angular velocity of the earth might be altered by other 
causes such as its gradual refrigeration, tidal friction, &o., for these have not been 
included in the above discussion. 

540. Ex. If the principal axes of the earth remain fixed in position but 
the magnitudes A, B, C alter slowly and become equal to A + at,B + ht, G + ct after 
a time t, show that the secular inequality in the obliquity is given by 

de P a + h-2c . „ 
-t:=5-. -pj — -r—sva.e, 
dt 2m G~A 

where P is the precession of the equinoxes, i.e. 50"- Darwin, Phil. Trans. , 1876. 

To prove this, we may begin with the equations used in Art. 24, Ex. 2 and 
proceed as in Art. 538. 

The existing difference C-A between the moments of inertia of the earth 
corresponds to an excess of the equatorial over the polar radius of thirteen miles. 
Unless we can suppose that geological changes could produce alterations of level 
comparable with this, it is clear that the coefficient of sin 6 in the expression given 
above wiU be a small fraction of P. 

541. To give a general explanation of the manner in which 
the attraction of the Sun causes Precession and Nutation. 

In order to explain the eifect of the sun's attraction on the 
earth it will be convenient to refer to Poinsot's construction for 
the motion of a body, described in 140 and the following articles. 

If a body be set in rotation about a fixed point under the 
action of no forces, we know that the momenta of all the particles 
are together equivalent to a couple which we shall represent by G 
about an axis OL called the invariable line. Let T be the vis 
viva of the body. If a plane be drawn perpendicular to the axis 
of G' at a distance e" ^/MTjG from the fixed point, then the whole 
motion is represented by making the momenta! ellipsoid whose 
parameter is e roll on this plane. In the case of the earth, the 
axis 01 of instantaneous rotation so nearly coincides with OG, the 
axis of figure, that the fixed plane on which the ellipsoid rolls is 
very nearly a tangent plane at the extremity of the axis of figure. 
This is so very nearly the case that we shall neglect the squares 
of all small terms depending on the resolved part of the angular 
velocity about any axis of the earth perpendicular to the axis of 
figure. 

Let us now consider how this motion is disturbed by the action 
of the sun. The sun attracts the parts of the earth nearer to it 
with a slightly greater force than it attracts those more remote. 
Hence, when the sun is either north or south of the equator, its 
attraction will produce a couple tending to turn the earth about 
that axis in the plane of the equator which is perpendicular to 
the line joining the centre of the earth to the centre of the sun. 
Let the magnitude of this couple be represented by a, and let us 
suppose that it acts impulsively at intervals of time dt. 
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At any one instant this couple will generate a new momentum 
adt about the axis of the couple a. This has to be compounded 
with the existing momentum G to form a resultant couple Q'. 
If the axis of a were exactly perpendicular to that of Q we should 
have G' = VG^" + {oMf = G ultimately. 

Let 6 be the angle that the axis of G makes with OC, then 
is a quantity of that order of small quantities whose square is 
to be neglected. Taking the case when OC, the axis of G, and 
the axis of a are in one plane, for this is the case in which G' will 
most dififer from G, we have 

G'^ = {G cos ey + (G sin 6 + adtf 

= (G' + 2Gasinedt (1). 

Then a and 6 being of the same order of small quantities, the 
term a sin 6 is to be neglected. Hence we have G' = G. But the 
axis of G is altered in space by an angle adt/G in a plane passing 
through it and the axis of a. 

Next let us consider how the vis viva T is altered. If T' be 
the new vis viva, we have 

T' — T= twice the work done by the couple a, 
= 2a (o) cos B)dt (2), 

where co cos ^ is the resolved part of the angular velocity about 
the axis of a. For the same reason as before the product of this 
angular velocity and a is to be neglected. Hence we have T' = T. 
It follows from these results that the distance e'vMT/G of the 
fixed plane from the fixed point is unaltered by the action of a. 

Thus the fixed plane on which the ellipsoid rolls keeps at the 
same distance from the fixed point, so that the three lines OG, 
01, OL, being initially very near each other, will always remain 
very close to each other. But the normal OL to this plane has 
a motion in space, hence the others must accompany it. This 
motion is what we call Precession and Nutation. 

Lastly the small terms which have been neglected will not 
continually accumulate so as to produce any sensible effect. As 
the earth turns round in one day, the axis OG will describe 
a cone of small angle 6 round OL. The axis about which the sun 
generates the angular velocity a is always at right angles to the 
plane containing the sun and OG. Hence, regarding the sun as 
fixed for a day, the angle 6 in equation (1) changes its sign every 
half day. Thus G' is alternately greater and less than 0. Simi- 
larly, since the instantaneous axis describes a cone about OL, it 
may be shown that T' is alternately greater and less than T. 

54i2. Solar Precession and Nutation. The three axes in 
the earth which are the most important in our theory are (1) the 
axis of figure OC, (2) the instantaneous axis of rotation 01, (3) the 



336 



PRECESSION AND NUTATION. 



[chap. XI. 



invariable line OL. It has just been proved in the last article 
that, if these three be at any one instant very nearly coiacident 
with each other, they will, notwithstanding the sun's attraction, 
always remain very close together. It will therefore be sufficient 
for our present purpose to find the motion in space of any one of 
the three. 

Let OA, OB be two perpendicular axes in the earth's equator 
and let the earth turn round 00 in the positive direction AB. 
Let the sun S at the time i be in the plane GO A and on the 
positive or north side of the equator. The sun's attraction during 
the time dt generates a couple adt about the axis OB, which acts 
in the negative direction AG. It follows fi-om the last article 
that OL (which is very nearly coincident with OG) moves in space 
in the plane BOG with an angular velocity equal to ajO in the 
direction BG. Since the sun moves round in the same direction 
as the earth turns round its axis 0(7,, it follows that, when a is 
positive, the axes OL and OG move very nearly at right angles to 
the plane COS in a direction opposite to the sun's motion. 

Knowing the motion produced in these axes by the sun in the 
time dt, we now proceed to sum up the whole effects produced by 
the sun in one year. For simplicity we shall speak only of the 
axis of figure, viz. OG. 

Describe a sphere whose centre is at 0, and let us refer the 




motion to the surface of this sphere. Let K be the pole of the 
ecliptic, and let the sun S describe the circle DEFH of which K 
is the pole. Let BF be a great circle perpendicular to KG, then 
since OG and the axis of figure of the earth are so close that we 
may treat them as coincident, D and F will be the intersections of 
the equator and ecliptic. When the sun is north or south of the 
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equator, its attraction generates the couple a, which will be 
positive or negative according as the sun is on one side or the 
other. This couple vanishes when the sun is passing through the 
equator at D or F. If the sun be anywhere in DEF, i.e. north 
of the equator, G is moved in a direction perpendicular to the 
arc GS towards D. If the sun be afiywhere in FHD, a has the 
opposite sign, and hence G is again moved perpendicular to the 
instantaneous position of G8 but still towards D. Considering 
the whole effect produced in one year while the sun describes the 
circle DEFH, we see that G will be moved a very small space 
towards D, i.e. in the direction opposite to the sun's motion. 
Resolving this along the tangent to the circle, centre K and radius 
KG, we see that the motion of G is made up of (1) a uniform 
motion of G along this circle backwards, which is called Preces- 
sion and (2) an inequality in this uniform motion which is one 
part of Solar Nutation. Again, as the sun moves from D to E, G 
is moved inwards so that the distance KG is diminished, but, as 
the sun moves from E to F, KG is as much increased. So that 
on the whole the distance KG is unaltered, but it has an in- 
equality which is the other part of Solar Nutation. 

It is evident that each of these inequalities goes through its 
period in half a year. 

543. Lunar Nutation. To explain the cause of Limar 
Nutation. 

The attraction of the sun on the protuberant parts at the 
earth's equator causes the pole G of the earth to describe a small 
circle with uniform velocity round K the pole of the ecliptic with 
two inequalities, one in latitude and one in longitude, whose period 
is half a year. These two inequalities are called Solar Nutations. 
In the same way the attraction of the moon causes the pole of the 
earth to describe a small circle round M, the pole of the lunar 
orbit, with two inequalities. These inequalities are very small 
and of short period, viz. a fortnight, and are therefore generally 
neglected. All that is taken account of is the uniform motion 
of G round M. Now K is the origin of reference, hence if M 
were fixed the motion of G round M would be represented by a 
slow uniform motion of G round K, together with two inequalities 
whose magnitude would be equal to the arc MK, or 5 degrees, 
and whose period would be very long, viz. equal to that of G 
round K produced by the uniform motion. But we know by 
Lunar Theory that M describes a circle round K as centre with 
a velocity much more rapid than that of G. Hence the motion 
of G will be represented by a slow uniform motion round K, 
together with two inequalities which will be the smaller as the 
velocity of M round K is greater, and whose period will be nearly 
equal to that of M round K. This period we know to be about 
19 years. These two inequalities are called the Lunar Nutations. 

R. D. n. 22 
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It will be perceived that their origin is different from that of 
Solar Nutation. 

544. Motion of the plane of the disturbing body. In 

the reasoning in Art. 521 the plane of the orbit of the disturbing 
body was treated as if it were fixed in space. In order to discuss 
the Lunar Nutations it will be necessary to determine how far its 
motion affects the precession. We shall continue to take the 
principal axis OA so that the plane OCA is perpendicular to the 
instantaneous position of the orbit at the moment under con- 
sideration. The quantity 6^ will not be the same as before* but, if 
the motion of the orbit in space be very slow, ^3 will still be very 
small. We may therefore neglect the small terms 63(01 and ^36)2 
as before. The dynamical equations will not therefore be materially 
altered. With regard to the geometrical equations (3), it is clear 
that &)2, (Bj will continue to express the resolved parts of the 
velocity of C7 in space along and perpendicular to the instantaneous 
position of ZG. These velocities are therefore expressed by the 
values of dOjdt and — sin Od^^jdt given in equations (9). To this 
degree of approximation, therefore, all the change that will be 
necessary is to refer the velocities as given by equations (9) to 
axes fixed in space, and then by integration we shall find the 
motion of G. This is the course we shall pursue to find the lunar 
nutation. 

545. To calculate the Lunar Precession and Nutaticm. 

Let K be the pole of the ecliptic, M that of the lunar orbit, 
G the pole of the earth. Let KX be any fixed arc, KG = 6, 
XKG = i/r, then we have to find 6 and i/r in terms of t. In 
calculating the lunar precession and nutation we are, by Art. 543, 
to take account only of one part of the motion of G, viz. that called 
the uniform motion of G round M. By Art. 529 we know that 
this motion is represented by a velocity equal to — Sn"sin MCcos MG 
in a direction perpendicular to the arc MG. Substituting for 8 its 
value given in that Article, it follows that the velocity of G in 
space is at any instant in a direction perpendicular to MO, and is 
equal to 

— -s >r- ^ — — cos MG sin MG. 

In G 1 +v 

For the sake of brevity let the coeflScient of cos MG sin MG 

* The value of 6^ may be found in the following manner. The orbit at any 
instant is turning about the radius vector of the planet as an instantaneous axis. 
Let u be this angular velocity, which we shall suppose known. Let Z, Z'; B, B' be 
two successive positions of the pole of the orbit and the extremity of the axis of B 
respectively. Then ZB = a right a,ngle= Z'B'. Hence the projections of ZZ', BB', 
on ZB are equal. This gives, since ZB is at right angles to both CZ and SB, 
BSB'BinBS=ZCZ'BmZG. Now the angle ZCZ'= -863 and the angle BSB'=u, 
hence 36^ .aiae= -uainl. The value of 8^3 must be added to the former value of 6,. 
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be represented by P. Then resolving this velocity along and 
perpendicular to KG, we have. 

deidt = - P sin MG cos MG sin KGM \ 

sin e d^jr/dt = - P sin MG cos MG cos KGM J " 

By Lunar theory we know that M regredes round K uniformly, 
the distance KM remaining unaltered. Let then KM = i, and 
the angle XKM = — mt + a. Now, by spherical trigonometry, 

cos MG = cos i cos + sin i sin cos MKG, 

• Ti/rn T^rmr COS i - COS MG cos 9 

sm MG cos KGM = : — -, 

sin 

= cos i sin — sin i cos cos MKG, 
sin MG . sin KGM = sin i sin MKG. 
Substituting these values, we have 
d0/dt = - P {sin i cos i cos sin MKG+ 1 sin^ i sin sin 2MKG\, 
sin 0dylr/dt = — P {sin cos ^ (cos^ *' ~ i sin^ i) 

— sin i cos i cos 2^ cos MKG — ^ sin^ i sin cos ^ cos 2MKG}. 
For a first approximation we may neglect the variations of 
and yjr when multiplied by the small quantity P. Hence d0/dt 
contains only periodic terms, and the inclination has no per- 
manent alteration. But d'^/dt contains a term independent of 
MKG ; considering only this term, we have 

yjr = constant — P cos (cos^ i — -k sin" *) t. 

This equation expresses the precessional motion of the pole 
due to the attraction of the moon. We may write this equation 
in the form ■\jr = tjro — pt. 

To find the nutations, we must substitute for MKG its ap- 
proximate value MKG = {—m+p)t+a. — '>^„. 

We then have, after integration, 

. , P sin t cos i cos ^ ,«-t7-^ PsVD?ism0 cMtrrrr^ 

= const. cos MKG - -^, ^ cos 2MKG. 

^(m — p) 




y 

The second of these two periodic terms, being about one- 

,22—2 
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fiftieth part of the first, which is itself very small, is usually 
neglected. Also p is very small compared with m, hence we have 

. . P sin i cos i cos ^ mz?'/^ 

d = 6^ cos MKV. 

m 

This term expresses the Lunar Nutation in the obliquity. 
The coefficient of the periodical term cos MKG lies between 8" 
and 9". 

In the same way by integrating the expression for ■yfr, and 
neglecting the very small terms, we have 

^ ^ , . , . .^ „ sin 2i cos 26 . , . „„ 
^fr = -fo -P COS ^(cosH -i sm^i) t - -P-2^ • -^^ sin MKG. 

The angle MKG is the longitude of the moon's descending 
node, and the line of nodes is known to complete a revolution 
in about 18 years and 7 months. If we represeut this period by 
T, we have MKG =-2irt/T+ constant. The coefficient of sin MKG 
lies between 16" and 17". 

The pole M of the lunar orbit moves round the point of re- 
ference K with an angular velocity which is rapid compared with p, 
but yet is sufficiently small to make the Lunar Nutations greater 
than the Solar. We may also notice that, if M had moved round 
K with an angular velocity more nearly equal to p, the N utations 
would have been still larger. 

546. We may also make some allowance by this method for the effect of the 
motion of the ecliptic. We now let If he the pole of the moving ecliptic at any time 
t, K that of some fixed circle of reference. Assuming that the chief effect of the 
solar precession is to make the pole C of the earth move perpendicularly to the arc 
CM with a velocity equal to P cos MG . sin MG, we find the same values for dBjdt 
and sin BdAJ/jdt as before. The motion of the ecliptic is so slow that, if we take as 
the fixed point K the pole of the ecliptic at some not very remote date, we may 
neglect the squares of i. We thus have 

dejdt= -Pi cos e sin MKG, 

sin edfldt= - P (sin 9 cos 9 - i cos 29 cob MKG), 

where KG =6 and the angle GKX=\j/. 

Since the pole of the lunar orbit describes very nearly a small circle with a 
uniform motion we were able in Art. 545 to substitute for the angle MKG 
its value (p-m) t + &c. In the case of the ecKptic we proceed otherwise. 
Let t=0 be the time at which the pole of the ecliptic is at K and let the arc KX 
join K to the pole C,, of the equator at the same time. Let the resolved velocities 
of K along and perpendicular to KX be g' and g. Assuming that the time t is not 
so long that the direction and velocity of K has had time to change sensibly, we 
may regard g't aild gt as the co-ordinates of M referred to KX as axis of x. Hence 

i sin MKG =gt cos \j/ - g't sin ^, i cos MKG = g't cos \j/+gtsm xj/. 

Now tp is zero when t=0 and increases at about 50" per year, so that in a, hundred 
years ^ amounts to a little over one degree. Since P, g, g' and <// are all small 
quantities, we shall write in the small terms i sin MKG=gt and i cos MKG = g't. 
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Substituting these in the above expressions tad integrating we have 
e=e„-iPoose„gt', ^l/= -P(oos9ot-ioos2e„ooseoff„3'«2), 
where fl^ is the angular distance of the pole Cj of the earth from the pole K of the 
ecliptio at some chosen epoch, and B, \j/ are the co-ordinates of G after a time t 
referred to the same point as origin. 

547. It is sometimes more convenient to refer the motion of C to the pole M of 
the ecliptic at the time t. Putting MC=d^ and the angle CMC„=tj/i we evidently 
have 8^=6 -g't. Eememberiug that KM is less than one degree while the four 
arcs CK, CM, C^, C^M are each about 23°, we have ^j sin d^ and ^ sin 9 each nearly 
egual to C^G. We therefore have ^i= \j/ (1 + g't oot 8). Thus, when 8 and \f/ are 
known, the values of 8,. and ^j follow at once. 

Ex. If the pole M of the ecliptic, starting from K, describe a great circle KX 
with a constant angular velocity v, prove that the motion of the pole G of the 
earth is given by dff/dt = -v ooaxj/, d^jdt = v cot 8 sinf-P cos 8, 
where 8=MG, \ji= CMX and P has the meaning given to it in Art. 546. Show also 
that, if the square of vjP is neglected, these equations are satisfied by 
e = a - (u/P) sec a sin (P cos at), - ^ = P cos a J - (w/P) seo'^ a oosec a cos (P cos ot) . 

If there were no precession, i.e. if P were zero, the changes in the obliquity due 
to the motion of the ecliptic would be nearly given by e = a-vt, but we see that 
here one effect of the precession is to bring the possible changes of the obliquity 
within narrow bounds. 

The actual motion of the pole of the ecliptic is very different from that supposed 
in this example, but Laplace has shown that, when we take the co-ordinates of K 
supplied by the planetary theory, a similar theorem is still true. One effect of the 
precession is to cause the plane of the equator to move with the plane of the 
ecliptic so that the possible change of obliquity is less than it would be if there 
were no precession; Mecanique Geleste, Vol. ii. p. 367. 

548. Nmnerical restUts. Let BDE and DA be the positions of the ecliptio 
and equator at some fixed epoch, say Jan. 1, 1850; GAE and BGF their positions 
after a time t measured in Julian years i.e. years of 365-25 mean solar day each. 




BDE is the fixed ecliptic, DA the fixed equator, GAE the moving ecliptic and 
BG the moving equator. 

Gomlder first the preceasion. That part of the precession which is due to the 
action of the sun and moon on the earth is called luni-solar precession. This is 
referred to the fixed ecliptic and is represented in the figure by BD, we have 
<j/ = BD = 50" 37140t - 0"-000108806«2. 
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The inolination of the equator to the ecliptic would be constant if the motion of the 
ecliptic did not modify the forces (Art. 524). The inclination CBB of the ecliptic 
to the equator is therefore given by 

B = GBD = 23° 27' 32" + 0" -OOOOOyigt". 

To these values of \fi and d we must add the geometrical effect of the motion of 
the ecliptic, or as it is usually called planetary precession. The resultant of luni- 
solar and planetary precession is called general precession. Taking a point D' on the 
moving ecliptic so that ED'=ED, the arc D'G represents the general precession. 
We have ^(,i=D'C=50"-23572t + 0"-00011290t2, 

ei=ACF=2S° 27' 32" - 0"-47566{ - 0"-00000149t2. 

The planes of the moving ecliptic and equator determined by these angular 
co-ordinates are usually called the mean ecliptic and mean equator at the time t. 

The coefficient of t in the expression for f^ is usually called the constant of 
precession. It represents the sum of the precessions due to the sun and moon 
found in Arts. 524 and 545 together with the correction depending on ^'cotfl 
mentioned in Art. 546. 

549. Consider next the Nutations. These are so small that the amounts to be 
added to ^ or ^i, 9 or 0^ are the same; let these be called respectively * and 6. 
Then *= -17"-251sinO + 0"-207sin2O-l"-269sin2G 

-0"-204sin21)-|-0"-069sin^„+0"-128sinyl„ 
e = 9"-223 cos fi - 0" 090 cos 20 + 0"-551 cos 2 G + 0"-089 cos 2]).. 
Let the dotted Une in the figure represent the Lunar orbit, so that G is its ascending 
node, then =CG is the longitude of G measured on the true ecUptio from the true 
spring equinox, but it is sufficient in these small terms to regard il as representing 
the longitude of the mean node measured from the mean equinox. Similarly in 
these terms © and J) are the longitudes of the sun and moon measured on the 
moving ecUptic from either the true or mean equinox. The symbols A, and Am 
represent the mean anomalies of the sun and moon in their elliptic orbits. 

Several terms are here exhibited which have been rejected in the preceding 
theory in order that the relative magnitudes of the term may be more clearly 
understood. 

The coefficient of sin Q in the expression for 1' is called the constant of nutation. 
It represents the coefficient of sin MKG in the expression for ^ in Art. 545. 

The terms in *• and 9 containing sin 2i) and cos 20 are discussed in Art. 545, 
and then rejected. The terms with sin 2© and cos 2© are the solar nutations, see 
Art. 526. The terms containing sin 2 J) and cos 2 J) are discussed in Art. 531 and 
it is pointed out in Art. 543 that they are usually neglected. The terms depending 
on A^ and A, are alluded to in Art. 528. 

The numerical values of the several terms are variously given by different 
calculators, though the variations are not important. Those here followed are 
given by Serret, Annales de I'Observatoire, t. v. 1859. Another list differing from 
these is given in Main's Astronomy (1863), where Bessel's constants are used. In 
these the year 1750 is taken as the fixed epoch from which the time is measured. 

550. Nutation of the earth's axis when the mean obliqaity is zero. When 
the instantaneous obliquity is small, a very slight change in the position of the 
equator may greatly alter its line of intersection with the ecliptic. It is therefore 
not convenient to measure our angles from the first point of Aries. Let GZ be a 
normal to the ecliptic, GG the axis of figure, then we wish to find the small 
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oscillations of GO about GZ. Let GX, GY be axes fixed in the ecliptic and let the 
longitude of the sun be measured from GX. Let (P, Q, 1) be the direction cosines 
of GG referred to the axes of X, Y, Z. It is unnecessary to go through aU the steps 
of the investigation, it is enough to say that the equations of motion to find P and 
Q take the form given in Art. 15. Remembering that the disturbing couple due to 
the sun's attraction is equal to -3k(C-A) sin GS . cos CS, and that its axis makes 
an angle Z + Jtt with GX, we obtain the equations 

A Q" - CnP' +fQ = -/ sin 2J . P +/ cos 2i . 

^P"+(7mQ'+/P=-/cos2i.P-/sin2!.Qj 
where /=f ft (C-A) and l=n't. The small terms fP and fQ must be retained in 
the first approximation, for the reason given in Art. 356. The first approximation 
is then found by omitting the right-hand side and assuming 
P=Hcos(pt + e), Q=KeiD.{pt + e). 
We then find the quadratic Ap^ - Gnp -/= 0, so that the two values of p are nearly 
equal to CnjA and -fjCn. Also K=JI. IS p and p' be the roots of the quadratic, 
we have for a second approximation 

P=fl"cos {pt + e)+X cos {(2re' -p) t-e}+H' cos {p't + e') + X' cos {(2m' -p') t-e'), 
Q=Ham (pt + c)+Xsin {(2n' - p) t - e] + H' sin {p't + e') + X'sm {{2n' - p') t-e'}, 
where X {A (2m' -pf-Cn (2m' -p}-f)=X' {A (2m' - p'Y - Cm (2m' - p') -/} =Hf. 
It may be noticed that, when k is small, it has not been assumed that A and G 
are nearly equal. The method of approximation adopted requires that X and X' 
should be small compared with H, and this will be true if m'/m is small and CjA not 
small. It will also be true if m=0 and G is nearly equal to A. 

Poisson attached so much importance to this problem that he wrote at least two 
memoirs on it. The first was published in the Gonnaissance des Terns for 1837, 
where he criticises a dynamical argument of Laplace on this subject in the 
Exposition du systeme du monde, livre iv. chap. xiii. Soon afterwards he returns 
to the subject, giving a new solution in the fourteenth volume of the MSmoires 
de I'Academie des Sciences, 1838. He refers the motion to a set of axes different 
from those used above, though the equations are afterwards reduced to a somewhat 
similar form. He then obtains an accurate solution of the equations, but the easy 
approximations here given are sufficient for our present purpose. 
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MOTION OF THE MOON ABOUT ITS CENTRE OF GEAVITY. 

551. In the theory of precession and nutation the earth is 
generally regarded as a uniaxal body. This is a sufficient ap- 
proximation in the case of the earth, for we have seen in Art. 538 
that no important phenomenon of the motion is caused by the 
slight differences which really exist between the equatorial mo- 
ments. But in the case of the moon the supposition would cause 
us to miss some of the most interesting peculiarities of the motion. 
Besides this there are other differences so great that the two 
theories are perfectly distinct. 

As our object is to examine the mode in which the disturbing 
forces alter the several motions of the moon about its centre of 
gravity, rather than to obtain arithmetical results of the greatest 
possible accuracy, we shall separate the problem into two. In the 
first place we shall suppose the moon to describe an orbit which is 
very nearly circular, in a plane which is one of the principal planes 
at its centre of gravity. In the second case we shall remove the 
latter restriction, and examine the effects of the obliquity of the 
moon's orbit to the moon's equator. 

552. The moon describes an orbit about 'the centre of, the earth 
which is very nearly circular. Supposing the plane of the orbit to 
be one of the principal planes of the moon at its centre of gravity, 
it is required to find the motion of the moon about its centre of 
gravity. 

Let OA, OB, GO be the principal axes at the centre of 
gravity of the moon, and let GO be the axis perpendicular to the 
plane in which G moves. Let A, B, C7 be the moments of inertia 
about GA, GB, GG respectively, and let M be the mass of the 
moon, and let accented letters denote corresponding quantities for 
the earth. 

Let be the centre of the earth, and let Ox be the initial line. 
Let OG = r, GOx = 6. Let us suppose that the moon turns round 
its axis GC in the same direction that the centre of gravity describes 
its orbit about 0, and let the angle OGA = ^. 
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The mutual potential of the earth and moon is, by Art. 518, 
y_^M' A' + B' + G'-Sr A+B + G-3I 
r 2r» "*" 2r» ■ 




Here I = A cos^ <f> + B sin^ (j), and therefore the moment of the 
forces tending to turn the moon round GO is 

^=-|^(^-^)sin2^ (1). 

Since 6+<j) is the angle which OA, a line fixed in the body, 
makes with Ox, a line fixed in space, the equation of the motion of 
the moon round GG is 

d^e d?<h 3M'B-A . ^, 

The motion of the centre of gravity of the moon referred to the 
centre of the earth as a fixed point is found in the Lunar Theory. 
It is there shown that r and 6 may be expressed in the form 

r = c[l+LcQB (pt 4- a) + &c.}, 

dd/dt = n + ^t + Mpcos{pt + a.) + &c., 

where ^tis a, very small term which represents a secular change 
in the moon's angular velocity about the earth, and is really the 
first term of the expansion of a trigonometrical expression. 

If we substitute the value of dd/dt in equation (2), we have the 
following equation to determine </), 

^=-^q'sm2^- ^ + Mp'sm(pt+ a) + &ic (3), 

3 B — A a^ 
where for the sake of brevity we have put n" ^ — ^ — = ^ . 

Now we know by observation that the moon always turns the 
same face towards the earth, so that amongst the various motions 
which may result from different initial conditions, the one which 
we wish to examine is characterized by </> being nearly constant. 
Let us then introduce into this equation the assumption that ^ is 
nearly constant ; we may then deduce from the integral how far 
this assumption is compatible with any given initial conditions 
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which we may suppose to have been imposed oa the moon. 
Putting (f) = (f>o + (f>', where ^„ is supposed to contain all the con- 
stant part of (}), we easily find 

ig^ sin 2(^0 = -j8 I 

^ + 2»cos 2(^00' = Mp' sin (pt + a) + feci ^ '' 

Solving the second equation, we find, 

^ = E sin {qt + K) + cl,, + M-^^^^^--^^sm(pt + a) + i,c.... (5), 

where H and K are two arbitrary constants whose values depend 
on the initial conditions. The angular velocity of the moon about 
its axis is therefore given by the formula 

f+#=.4-^.+F,cos(,.+Z)+if^^cos(p.+a)+&c...(6). 

In this investigation the axis OA which makes the angle 
with the radius vector GO drawn to the earth may be either of the 
principal axes in the moon's equator. If we choose GA to be that 
axis whose mean position makes the lesser angle with the radius 
vector GO, the quantity cos 2</)o will be positive. The quantity q^ 
will be positive or negative according as that axis GA has the 
least or greatest moment. In the solution just- written down q^ 
has been taken to be positive. 

If q' were negative or zero, the character of the solution of (3) 
would be altered. In the former case the expression for (j> would 
contain real exponentials. If the initial conditions were so nicely 
adjusted that the coefficient of the term containing the positive 
exponent were zero, the value of <^' would still be always small. 
But this motion would be unstable, the smallest disturbances 
would alter the values of the arbitrary constants, and then <f>' 
would become large. If we also examine the solution when q'' = 0, 
we easily see that cj)' could not remain small. The complementary 
function would then take the form Ht + K, and as before some 
small disturbance might cause <f>' to become great. We therefore 
infer that, of the axes GA, GB of the moon, the axis of least 
moment is turned more towards the earth than the other, and that 
these two principal moments are not equal. 

In order that the expression (5) for ^ may represent the actual 
motion it is necessary and sufficieiit that H when found fi-om the 
initial conditions should be small. We see, by differentiation, that 
Hq is of the same order of small quantities as d^/dt. Hence H 
will be small if at any instant the angular velocity, viz. dO/dt 
+ d<f>/dt, of the moon about GO is so nearly equal to the angular 
velocity, viz. dOjdt, of its centre of gravity round the earth, that 
the ratio of the difference to q is very small. 
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We see from the first of equations (4) that the magnitude of 
the constant part <^„ of the angle which the axis of least moment 
in the moon's equator makes with the radius vector drawn to the 
earth depends on the ratio 2^3/?". The value of ^ is found in the 
Lunar Theory and is known to be extremely small. It represents 
an increase in each century of the angular velocity of the moon in 
her orbit round the earth of about 25 seconds per century. The 
numerical value of q^ depends on the structure of the moon, and is 
not properly known. Its value can only be found by comparing 
the results of this or some other investigation with those of 
observation. It will presently be shown that according to Nicollet 
3 (5 - A)IG = -00167. This would make ^„ to be so small as to be 
inappreciable. 

The first of equations (4) shows that 2/3 must be less than q^ ; 
so that unless the moments of inertia A and B in the moon are 
sufficiently unequal to satisfy this condition, the moon could not 
move so as always to turn the same face to the earth. 

If we enquire what can be the physical cause of the difference 
between the moments of inertia about the two principal axes in 
the moon's equator we naturally think of the attraction of the 
earth on that body. This attraction, either in the past or in the 
present time, would tend to lengthen that diameter which is 
directed to the earth. Taking the suppositions usually made in 
the theory of the Figure of the Earth, Laplace has attempted to 
deduce from this the value of g". The only result we are here 
concerned with is that the ratio 2/3/2=' ^^ s° small that we may 
reject its square. Assuming this, we again see that c^o must also 
be very small. It follows also that we may write — ^jcf for 0„ and 
unity for cos 2<^„ in equations (5) and (6). 

If therefore we suppose the moon at any instant to he moving 
with its axis of least moment pointed towards the earth, and its 
angular velocity about its axis of rotation to be nearly equal to that 
of the moon round the earth, then the aaiis of least moment will 
continue always to point very nearly to the earth. - The mean 
angular velocity of the moon about its axis will immediately become 
equal to that of the moon about the earth and will partake of all its 
secular changes. This is Laplace's theorem. It shows that the 
present state of motion of the moon is stable, rather than explains 
how the angular velocity about the axis came to be so nearly equal 
to the angular velocity about the earth. 

553. The statement that the moon always presents the same face to the earth 
must be understood with some limitation. The angular velocity of the moon about 
its axis is very nearly uniform, but the angular velocity in its orbit about the earth 
is not constant, and hence there arises an inequality or libration in longitude which 
may amount to as much as six degrees. Again, the axis of rotation of the moon is 
not quite perpendicular to the plane of its orbit, so that there is a libration in 
latitude. Lastly, as the observer is not situated at the centre of the earth there is 
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a diurnal libration which arises from parallax and may amount to nearly one 
degree. These are called the apparent or geometrical librations. After all these 
have been allowed for, there remains a real libration in the angular velocity of the 
moon about its axis and it is this last inequality or libration which we are 
here considering. 

554. If the longitude of the centre of the moon as seen from the centre of the 
earth be 6=01 + 5/ sin (yt + a) + &c., 

where 0i=m{ + J/3J2 + c, then the longitude of any spot on the moon as seen from the 
centre of the moon and measured from the first point of Aries is 

L=l + T + 6-1+ H Bin (qt + K) + -^^^&i-a.(pt + a) + &0., 

where I ia some constant. Any lunar meridian whose longitude is given by this 
expression is fixed on the moon and moves with it. That particular meridian 
whose longitude is defined by this expression when I is omitted is called the 
first meridian, and I is the longitude of the spot .under consideration measured 
from the first meridian. If the periodic terms in the expression for L are 
omitted as being almost insensible, the first meridian will be defined by the 
longitude L = ir + S^, and this meridian wiU bisect the visible disc of the moon, 
supposing it to move in the ecliptic with an angular velocity n + jSt about the earth, 
to rotate with the same angular velocity about an axis perpendicular to the ecliptic, 
and to be seen from the centre of the earth. 

555. To determine the numerical values of the coefficients of the periodic terms 
in the expression for i, the oscillations of some spot conveniently situated on the 
apparent disc of the moon must be observed. Bouvard measured the difference of 
the right ascension and deoHnation of the spot Manilius from the bright rim or 
border of the moon. Subtracting these from the calculated semi-diameter of the 
moon, the co-ordinates of the spot referred to the centre of the visible disc are 
known. A great variety of astronomical corrections have to be made and the 
result has to be referred to the centre of the moon as origin. Finally the 
longitude of the spot measured on the ecliptic from Aries up to the descending 
node of the lunar equator and then along that equator is determined. 

By equating the longitudes of a spot on the moon observed at different times 
to those deduced from theory we may form u sufficient number of equations to 
determine the values of any uninown constants in the theory. In this way we 
may attempt to discover the value of (B - A)jC. The observations of Bouvard and 
Nicollet however show that the amount of the true libration is so small as to be 
almost insensible. The extent of the oscillation in lunar longitude on each side of 
the mean position is about 4'. 45" or 285". 

If the term Hq cos (qt + K) could be detected by observations we should deduce 
the value of (B - A)jC from its period. Among the other terms of the expression for 
the angular velocity of the moon about its axis those will be best suited to discover 
the value of q which have the largest coefficients, that is, those in which either the 
numerator M is the greatest, or the denominator g^-p^ the least, possible. The 
term with the largest M is the elliptic inequality, and if (B~A)IC were as great as 
■03, Laplace has shown that it could be recognized by observation. The term with 
the least value of jj is the annual equation, and here ;i/p= 13-36, M= - 669". If we 
ascribe the variation of the spots wholly to this inequality we have M(('-/(p2 - q^) = 285. 
We easily deduce {B - A)jC= -00057. 

The spot Manilius was selected as being both distinct and not far from the 
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centre of the visible disc, and was observed by Bouvard at Paris at every opportunity 
during the four years 1806 — 10. The choice was afterwards objected to by Beer 
and Msedler because its aspect differs according to the mode of illumination. They 
suggested the crater Mosstiug A, which is described by Webb (Celestial objects) as 
minute and very luminous. This spot was accordingly observed for two years and 
a half at Eiinigsberg. 

556. Motion of tbe centre of gravity of the Moon. We may also deduce 
from the potential given in Art. 552 the radial and transverse forces which act on 
the centre of gravity of the moon due to the mutual attractions of the earth and 
moon. Since the principal moments of the moon are nearly equal, and its Knear 
size small compared with its distance fi'om the earth, these forces are very nearly 
the same as if the moon were collected into its centre of gravity. The effect of the 
small forces neglected by this assumption wiU be insignificant compared with the 
other forces which act on the centre of gravity of the moon. The motion of the 
centre of gravity of the moon is therefore very nearly the same as if the whole mass 
were collected into its centre of gravity. 

Ex. The centre of gravity G of a rigid body describes an orbit which is 
nearly circular about a very distant fixed centre of force O attracting according 
to the Newtonian law and situated in one of the principal planes through G. If 
r=c{l+p), 6=nt + n-j/ be the polar co-ordinates of G referred to 0, show that the 
equations of motion are 

„dp d^<p 3 . „^ 

cP<p cP^ <f ■ „^ 
^+"dl=-2^"''* 

B-A , 2C-A-B 
where7=^^.7= ^^^, ■ 

We may notice that the values of y and y' are much smaller than that of q^ and 
might therefore be rejected in a first approximation. 

If the body always turns the same face to the centre of force so that <t> is 
nearly constant and is small, show that there will be two email inequalities in the 
value of of the form L sin {pt + a), where p is given by 

{p'-n^)(p''-q^)-3n''y{p^ + 3n')-0, 
one of these periods being nearly the same as that of the body round the centre 
of force, and the other being very long. 

If the body turns very nearly uniformly round its axis GO, bo that (p — n't + e' 
nearly, show that there will be two small inequalities in the value of 0, one in 
which y= re and another in which j) = 2ra'. 

557. Examples. Ex. 1. Show that the moon always very nearly turns the 
same face to that focus of her orbit in which the earth is not situated. [Smith's 
Prize.] 

Ex. 2. If the centre of gravity G of the moon is constrained to describe a 
circle with a uniform angular velocity n about a fixed centre of force attracting 
according to the Newtonian law, show that the axis GA of the moon will oscillate 
on each side of GO, or will make complete revolutions relatively to GO, according 
as the angular velocity of the moon about its axis at the moment when GA and GO 



350 LIBRATIONS OF THE MOON. [CHAP. XII. 

coincide in direction is less or greater than n + q, where q has the meaning given 
to it in Art. 552. Find also the extent of the oscillations. 

Ex. 3. A particle m moves without pressmre along a smooth circular wire of 
mass M with uniform velocity under the action of a central force situated in the 
centre of the wire attracting according to the law of nature. Show that this system 

of motion is stable if ^ > an • -"^^^ disturbance is supposed to be given 

to the particle or to the wire, the centre of force remaining fixed in space. 

Ex. 4. A uniform ring of mass M and of very small section is loaded with a 
heavy particle of mass m at a point on its circumference, and the whole is in 
uniform motion about a centre of force attracting according to the law of nature. 
Show that the motion cannot be stable unless ml{M+m) lies between •815865 and 
•8279. 

This example shows (1) that if a ring, such as Saturn's ring, be in motion 
about a centre of force, its position cannot be stable, if the ring be uniform ; and 
(2) that if, to render the motion stable, the ring be weighted, a most delicate 
adjustment of weights is necessary. A very small change in the distribution of 
the weights will change a stable combination to one that is unstable. This 
example is taken from Prof. Maxwell's Essay on Saturn's Bings. 

Ex. 5. The centre of gravity of a body of mass M, symmetrical about the plane 
of xy, is G ; and is a point such that the resultant attraction of the body on O is 
along the line GO. Then, if the body be placed with coinciding with a fixed 
centre of force S, and be set in rotation about an axis through perpendicular to 
the plane of xy with an angular velocity w, G wiU, if undisturbed, revolve uniformly 
in a circle, always turning the same face towards 0, provided that Maa^ is equal to 
the resultant attraction along GO, where a is the distance GO. It is required to 
determine the conditions that this motion should be stable. 

The motion being disturbed, O will no longer coincide with the centre of force 
S. Let two straight lines at right angles revolving uniformly round S as origin 
with an angular velocity a be chosen as co-ordinate axes, and let x be initially 
parallel to 00. Let {x, y) be the co-ordinates of 0, <f> the angle OG makes with 
the axis of x, then x, y, ^ are all small. Let V be the potential of the body at 0, 
and let d^Vldx^=a, ^Vldxdy=y, d^Vldy^=p. Let S be the amount of matter in 
the centre of force. The equations of motion of a particle referred to axes moving 
in one plane round a fixed origin are given in Vol. i. These equations may also be 
deduced from Arts. 4 and 5 of this volui 
the equations of motion of G reduce to 

and the equation of angular momentum about S will lead to 

2uax + aj^y + {a^+k^ ^^<p = 0, 

where k is the radius of gyration of the body about 0. Combining these equations 

as a determinant, and reducing we find that the differential equation in {, ^, or 

d* d? 
is of the form A^:,+B ^-= + C=0. 

dr dt' 

The condition of stability is that the roots of this equation should be real and 
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negative. Hence A, B, C must be of the same sign and B^^iAC. This pro- 
position is due to Sir W. Thomson and is given in Prof. Maxwell's Essay on Saturn's 
Rings. 

558. Cassinl's tbeorem on tbe Moon's equator. Before we proceed to the 
theoretical discussion of this problem it will be convenient to mention the most 
striking of the results arrived at. There are three planes with which we are 
concerned, viz. (1) the plane of the moon's orbit round the earth or, which is the 
same thing, the plane of the earth's orbit as seen from the moon ; (2) a plane drawn 
through the centre of the moon parallel to the ecliptic, i.e. parallel to the plane of 
the earth's orbit round the sun ; (3) the plane of the moon's equator. This last is 
a plane perpendicular to that axis of figure which most nearly coincides with the 
axis of rotation. Now Cassini discovered that these three planes all intersect in the 
same straight line, so that the plane of the moon's equator has to follow the plane 
of the moon's orbit as it regredes along the ecliptic. He also discovered that the 
plane parallel to the ecliptic always lies between the other two planes, Memoires 
de VAcad^mie des Sciences, vol. vin. These results were afterwards confirmed by 
T. Mayer, who undertook a series of observations on the spots of the moon during 
the years 1748 and 1749. He also corrected the inclinations of the three planes 
as given by Cassini. Subsequently Lalande confirmed Cassini's theorems a second 
time, see the Memoires de I'Academie des Sciences, 1764. Lastly, Bouvard under- 
took a more complete set of observations which extend over the years 1806 — 1810. 
These were reduced and discussed by Nicollet, who published his results in the 
Gonnaissance des Terns for the year 1822 published in 1820. These observations, 
thus reduced, stiU remain the standard set of observations and are generally referred 
to as the proof of Cassini's theorem. According to Nicollet the inclination of the 
moon's equator to the ecliptic is constant and equal to 1° 28'. He also found that 
a meridian drawn on the moon through any spot oscillates on each side of its mean 
position though an angle of only about 4' to 5'. 

These relations between the three planes are so interesting and extraordinary that 
a theoretical explanation was soon sought after. D'Alembert in 1754 was the first 
to attempt the solution. But his results were far from complete. The Academy 
of Sciences offered their prize of 1764 for a complete theory of the moon's libration. 
This was gained by Lagrange. In 1780 he proved that, if the three planes originally 
coincided, the attraction of the earth on the moon would maintain the coincidence. 
Memoires de Berlin, 1780. Laplace showed further that these theorems are disturbed 
neither by the secular inequalities of the mean motion of the moon nor by the 
secular changes of the ecliptic. Poisson repeated and extended Lagrange's theory 
and discovered some new inequalities in the motion. These results may be found in 
the Gonnaissance des Terns for 1821. For a further account of the history the 
reader may consult Grant's History of Physical Astronomy and the Gonnaissance des 
Terns for 1822. 

559. Tbeoretical investigation of Cassini's theorem. The motion of a 
rigid body about a distant centre of force has been investigated on the supposition 
that the motion takes place entirely in one plane. We see by equation (2) of Art. 
552 that the case in which the centre of gravity describes a circular orbit, and the 
rigid body always turns a principal axis towards the centre of force, is one of steady 
motion. The preceding investigation also shows that this motion is stable for all 
disturbances which do not alter the plane of motion, provided that the moment of 
inertia about that principal axis which is directed towards the centre of force is less 
than the moment of inertia about the other principal axis in the plane of motion. 
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It remains now to determine the effect of these disturbances in the more general 
case when the motion takes place in three dimensions. 

Statement of problem. The problem we have to consider may therefore be 
summed up thus. The moon turns about its centre of gravity G and is acted on by 
a centre of force E which moves in a given manner. The instantaneous axis is 
very nearly coincident with one principal axis GO, and is nearly perpendicular to 
the plane of the ecliptic. The mean angular velocity is equal to that of E round 
G, so that a principal axis GA is nearly pointed to B. The centre of force E moves 
in a nearly circular orbit in a plane which is very nearly perpendicular to GC. 
This plane is known to have a slow motion in space, so that the normal GM to its 
instantaneous position describes a cone of small angle round GZ the normal to the 
ecliptic. The two normals GM and GZ maintain a nearly constant inclination of 
about 5° 8'. The motion of the normal GM round GZ is nearly uniform, and a 
complete revolution is effected in about 18 years and 7 months. Thus the nodes of 
the orbit of E round G regrede on the ecliptic at a rate about l/250th part of the 
angular velocity of E round G. 

Before proceeding further it wiU be useful to state the numerical magnitudes of 
some of the small terms. The direction cosines of E are X, //., <-. Now the 
inclinations of the moon's equator and the moon's orbit to the ecliptic are respectively 
1J° and 5°. Hence the greatest value of v is sin 6^°, which is about ^. It appears 
from Art. 552 that the mean value of ^ is zero, while the libration in longitude is 
about 4 or 5 minutes. This would make the greatest value of ft.=Bia 5'=j^. 
ThusX=l-^^. Again r= cos (7Z= cos lj°=l-y^ nearly. TiIencep^+q^=Y^ 
so that the greatest value of either p oi q is about ^. We shall now be able to 
estimate the magnitudes of the small terms rejected in the following investigation. 

The figure has been drawn so that the direction cosines (X, /x, v) and (p, q, r) are 
positive. The poles G, Z, M are actually on a great circle and Z lies between 
C and M. 

560. It will clearly be convenient to refer the motion to axes GX, GT, GZ 
fixed in space such that GZ is normal to the ecliptic. Let GA, GB, GC be the 
principal axes of the moon at the centre of gravity 6. Let {p, q, r) be the direction- 
cosines of GZ referred to the co-ordinate axes GA, GB, GC. Then we have by 
Art. 18, since GZ is fixed in space, 

p'-a^q + a^r=0, j' - Wjr -Kajp = 0, r' -ui^ + uiiq = Q.. (I), 

where accents denote differential coefBcients with regard to the time. 

Let GC be the axis of rotation of the moon, and as before let the moment of 
inertia about GA be less than that about GB. 

Now our object is to find the small oscillations about the state of steady motion 
in which GZ, GO, GM coincide. We shall therefore have p, q, Uj, uj small, and r 
very nearly equal to unity. The equations (I) therefore become 

p' -nq + U2=0, g'-Ui + jip=0, 

where n is the mean value of uj . 

Let X, n, V be the direction-cosines of the centre of force E as seen from G. 
Then we have by Euler's equations and Art. 519, 

Aw^ -(B-G) u^^= - 3n'2 (B-C)fiv\ 

JS<-(C-^)u3Ui=-3«'2(C-4)^X I (H). 

Cuj' -{A-B)<CiU^=-Sn'^A-B)\^j 
In the case of steady motion, the rigid body always turns the axis (GA) of lesser 
moment towards the centre of force, and ^3=71. We have then both /* and f small 
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quantities, so that in the first equation we may neglect their product it,v, and in 
the second equation we may put v\ = v. Also, we may put 015=™ =»' in the small 
terms. 

If I be the latitude of the earth as seen from the moon, we have 

sin J = COS ZE =yK + g[ii,+rv='p + v nearly. 
Hence the two first of Euler's equations take the form 

^(■)i'-(B-C)na>2=0 1 



Ba^ - (C - A)na^= -^^ (0 - A) (~p + s.ial)\ 



(HI). 



If the earth, as seen from the moon, be supposed to move in a circular orbit in 
" plane making a constant inclination h with the ecliptic, and the longitude of 
whose ascending node is -(;t+;8, we shall have sin I = % sin (nt + gt - p). 

In this expression g measures the rate at which the node regredes, and is about 
the two hundred and fiftieth part of n. We shall therefore regard gjn as a small 
quantity. 

O 




(IV). 



To solve these equations, it will be found convenient to substitute for wj, Wj 
their values in terms ofp, q. We then have, as in Art. 15, 

Aq" + {A + B-C)np' -n'(B-G)q = ) 

Bp" -(A+B-C)nq' + in' (G - A)p=3n' {G - A) sin Ij 
To find p, 3, let us put p=Pe,in{{n + g)t-^}, j=Qoos{(7i + p) t-/3}, 
where P, Q axe some constants to be determined by substitution in the equation. 
w» W» Q{'^{n+9r+(B-qn^} = PU + S-G)n(n + g) 1 

wenave p{j3(„+^)2_4(C-4)»M - «(4 + B- C)n(n + </)= -Sm^i (0-^)) ' 

We may solve these equations and find P and Q accurately. In the case of the 

moon the ratios ^- , ^— , — ^ and^ are all small; if we neglect the products 
G A B n 

of these small quantities, we have 

p- n' 
561. Ttae complementEiry functions. 

p =: F sin [st + H), 

E. D. 11. 



3nlc(C-A) 
M{G-A)-2Bg' 
To find these we put 
q = G 00s (at + Ii). 



23 
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On substituting we have the quadratic 

AB^-{{A+B-q^-B{B-G)-4J.{A-G)}n^s^ + 4{A-G){B-C)n*=0 

4. c J 5 J ^ {A+B-G)m 

to find .Sand _=i___J_, 

to find the latio of the coefficients of corresponding terms in p and q. If the roots 
of this equation were negative p and g would be represented by exponential values 
of t, and thus they would in time cease to be small. It is therefore necessary for 
stability that the coefficient of s^ should be negative and the product (A-C)(B-C) 
positive. Both these conditions are probably satisfied in the case of the moon. 
For since B-C and 4 - C are both small, the term (A + B-G)" is much greater 
than the two other terms in the coefficient of s\ Also, since the moon is flattened 
at its poles, we shall probably have A and B both less than G. 

We may approximate to the roots of this biquadratic in the following manner. 
Since the product of the roots (as indicated by the last term) is very small, and the 
sum of the roots (as indicated by the coefficient of s^) is nearly equal to n^ ; we see 
that one of the roots is very small and the other is neajly equal to n^. To find the 
latter we put s''='n?+x, substitute in the equation, and neglect the squares of x. 

/ 3 G — A\ 

This gives x=Sm'(G~A)IG nearly. We thus find s = re f 1 + - —^ \ . 

To find the former we reject s*, writing s^ for this root we have 
„ fG-A G-B\i 

Substituting these values in the expression for GIF, we find in these two cases 

F_s 

G~n' 

It will be presently shown that (C'-^)/(7= -000597 and (C-B)/C= -000033. 
Taking these we see that the period of one of the complementary functions is very 
little less than a month, and the period of the second is about 3571 months or 
274 years. 

562. It appears therefore that each of the expressions for p and q contains 
three periodic terms but no constant terms. The periodic terms are the forced 
vibration due to the term sin I in equations (III), Art. 560, and the two comple- 
mentary functions. We may approximately write these expressions in the form 

p= -mIi + ^\ sm{(n + g) t - p} + Ns am.(st + H) + NjSj^sin (Sjt+Hj) 

q=-M(l-^]coB{(n + g)t-p}+Nncos{st + n)-iNinpeoa(Sit+Hi)\ 

where M—-^ — -„ and p=— _ . The numerical value of M is 1° 28', see 
2g-3np B 

Art. 559, so that M is about two-sevenths of fc. It wiU presently appear that 

(G-A)IB is -0006 and, since gin is about -0043, it follows that Mis positive. 

563. To find the motion of the principal axis GG in space and to deduce Gassini's 
theorem. Let M be the pole of the orbit of E as seen from the centre of the moon, 
then M is the pole of the dotted line in the figure of Art. 560. If the longitude of E, 
viz. B = {n + g)t-p, is measured in the ecliptic from the ascending node of the 
orbit, the angle EZM measured positively in the direction of motion is {ir+B. 

Again, since p and q are the co-ordinates of. Z referred to tangents at C to GA,, 



or ^\g-a) ■ 
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CB as axes and E never deviates far from A, we have coaEZC=: -pU(p^ + q^), and 
BinEZC=ql^{p^+q^), where the radical has the positive sign. Hence 

sin CZM=z sin EZG oos EZM- cos EZG sin EZM= - ? °'" ^ +? ""^ ^ 

■<J{p'+q') 

BiD!>GZ=p'>+q^. 

Firstly, taking the forced vibration only, Art. 562, we write p=: - M(l + gj'iri) sin 8, 
and q= -Mi}.- gl2n) oos 6. We easily find that 

smCZM={-^l^)ain2e, siiiGZ=M {l-{gl2n)eos28]. 

Thus the mean value of the angle GZM is zero. The three points G, Z and M 
therefore make very small oscillations about a state of steady motion such that all 
three lie on the same great circle. At the same time the arc GZ is sensibly constant 
throughout the nwtion*. 

Next, if we include the complementary functions in the values of p and g, we find 
more complicated values for sin GZM and sin GZ. Supposing however that N/M 
(Art. 562) is so small that we may reject all terms beyond its square, we again find 
that sin GZM is periodic, and that sin GZ differs from a constant only by periodic 
terms. Thus we again arrive at the result that the three poles G, Z, M lie very 
nearly on the same great circle, at distances apart which are sensibly constant. 

We may show that the pole Z always lies between G and M by examining the 
relative positions when the longitude of E has any convenient value. When 9= Jtt, 
the disturbing body E lies on the great circle MZ, so that the points M, Z and E 
lie on the circle AG very nearly. Also, since E is then in north latitude, EM is 
greater than EZ, i.e. AM is greater than AZ. But, when 8 has the value Jtt, the 
expressions for p and q in Art. 562 show that p is negative, if we assume that the 
magnitude of the forced oscillation is greater than that of both the free osciUationB. 
The arc AZ is therefore greater than AG. It follows, on these suppositions, that Z 
lies between G and M. 

564. Inclination of the rrwon's equator to the ecliptic and the numerical value of 

* If we represent by d^j/jdt the angular velocity of GG round GZ we have by 
Art. 19 (p' + q^) f =(ang. vel. about GZ) - (ang. vel. about GG) cos GZ 

= <i)jP + la^q + iii^ - i^gT. 
Substituting for a^ , W2 from equations I. of Art. 560 we have 

^ ^ -3 + ^?^' . Ai,„ 3i^. cZ^f+f. 
dt r {p' + q^jr 

This expression for dtpldt is accurate, and therefore when we substitute for p and q 
their approximate values we shaU be able to estimate the effect of rejecting any 
small terms. This result may also be deduced from Euler's geometrical formula 
sinee^= -sinflcos^, q=Bm88m^. 

Effecting the substitution and retaining the squares of NjM, we find that dyj/jdt 
differs from - g, and sin GZ from M, only by small periodic terms. 

It is known that the pole M moves backwards round the pole Z of the ecliptic 
with a mean angular velocity which we have called g. Thus M and G regrede round 
Z with the same mean angular velocity. It follows that the angle MZG remains 
very nearly constant throughout the motion. 

By examining the value of the angle MZG when E is 90° from the node of its 
orbit and remembering that E is very close to the meridian GA we easily find that 
the angle MZG is very small. 

23—2 
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(C-A)IB. It appears from what preeedea that, when we neglect the free oscil- 
lations, the inclination CZ of the moon's equator to the ecliptic is given by 

CZ=:M-M^cos2{{n+g)t-p}. 

This is very nearly constant, the variations from its mean value being at most ^^th 
part of the inclination itself. The period of these variations is about half a month, 
strictly half a synodic month of the moon and node. 

The mean inclination is M, a quantity not arbitrary but depending on the values 
of (C - A)jB and g. Now g is well known, we may therefore use the expression for 
M given in Art. 562 to deduce an approximate value of {C-A)IB. The actual 
numerical value of the inclination has been found by Mayer and Nicollet to be 1°28'. 

Neglecting all the periodical inequalities as being at most only a small fraction 
of M, Laplace found in this way {G-A)jB= -000599, which is nearly equal to ^gjn. 

565. Motion of the instantaneous axis in the body. Taking the complete values 
of p and q with the complementary functions given in Art. 562 we easily iind u,, wj 
by the help of the formulsB Ui = mp + dqidt, uj = «3 - dpjdt, 

given in Art. 560. We thus find 
uj = Njns^ sin (s^t + H-^) , 
a2=2gMcoa{{n+g)t-p}-SNn^ -^eoa{st+H) -iN^n^ -^ eos {Sjt + Hj). 

If we disregard all but the forced vibration we have 

(i)i=0, u2=2gMcoB{{n + g)t-p]. 
Thus the instantaneous ams moves in that principal plane which is at right angles to 
the axis pointed to the earth. It oscillates about the axis of figure GG with a period 
which is about a month. The extent of the oscillation is however very small since 
the maximum value of ujn is about 45". 

566. Ex. Taking the same degree of approximation as before, deduce from the 
third of equations (11) in Art. 560 that the rotation of the moon, as found in Art. 
552, is not affected by the obliquity of the ecliptic to the lunar equator. 

567. Effect of the moticm of the ecliptic. The dynamical equations (IT) in Art. 
560 are referred to axes fixed in the body and are therefore unaltered by making the 
pole Z move. In that article we substituted in these equations sin J - p for » and 
ft sin {(n+g)t-p} for sin I or tan I. To make this correct it is sufficient to regard 
p, q, r as the direction cosines of the instantaneous position of GZ. We must 
therefore put on the right-hand sides of the geometrical equations (I) the resolved 
velocities of ^ in space parallel to the axes GA, GB, GC. (See Art. 18.) Writing 
a and /3 for these additions we see that the equations (IH) are altered only by such 
small terms as Adpjdt and (B - C) na. 

Let GZ be referred to axes Xj, F, , Z-^ fixed in space and let each of the Eulerian 
co-ordinates of GZ, viz. 0^, ^^ be expressed in a series of the form ZHsin (ht + e), 
the values of the constants in the several terms being supplied by the planetary 
theory. The angular velocities in space of GZ resolved along and perpendicular to 
the plane Z^GZ may therefore be represented by two series of the form Sifft cos {ht + e). 
To resolve these velocities parallel to the axes GA, GB, we multiply them by the 
cosines of the angles their directions make with those axes. Since the axes GA 
and GB are turning round GC with an angular velocity n, these cosines take the 
form cos (rat + 7). Thus on the whole we see that each of the quantities a and p 
may be represented by a series of the form Kh sin {(n±fe) t- J}. 

Owing to the extreme smallness of all the values of H and h such terms as these 
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may be regarded as insensible unless they rise into greater importance after solving 
the differential equations. Referring to Art. 560 we- see that it is unnecessary 
to repeat the solution, for the expression for sin I in terms of t has the same form 
as the general term of the series for a or j3. If we replace - Sn^k by Knh and g by 
h, the expressions already found for P and Q will give the effect of the term added 
to the second of equations (III). In this way we see that amplitudes of p and q 
corresponding to the general terms of a and |8 are of the order P, where 

Kh{G-B) 
3n(C-A)-2Bh' 

All the values of h are so small that the ratio of ft/n to {G-A)IG is insensible, 
hence the order of P is the same as that of ^Khjn. The general effect of the 
additional terms a and /3 is therefore to introduce periodical terms of the order 
Kh into the expressions for p and q. 

The conclusion is that the motion of the Ivmar equator relatively to the true 
ecliptic is independent of the motion of that ecliptic, so that the mean inclination of 
the lunar equator to the true ecliptic remains always the same notwithstanding the 
displacements of the latter. This theorem is given by Laplace, Mecanique Celeste, 
Vol. n. p. 420. 

568. Second Approximation. Poisson's term of long period. , Having obtained 
a first approximation to the values of p and q in Art. 560 we may proceed to a 
second approximation by substituting the values thus found in the terms which 
were rejected in the first approximation. The terms of the first approximation 
being themselves very small, we can expect those of the second to become sensible 
only when they are magnified in the solution as explained in Art. 338. By 
referring to tha't article we see that those terms are magnified whose periods are 
nearly the same as those of the complementary functions. Hence, by Art. 561, 
those terms of the second order wiU be magnified whose periods are very long 
or nearly eqnal to that of the moon round the earth. We shall look for such terms, 
and if any be found we can then determine if they are sufficiently magnified to 
become sensible. 

The only term which thus rises into importance is one of long period 
discovered by Poisson, see the Gonnaiisa/nce des Terns for 1821 published in 
1819. The phase of this term is the difference between the longitudes of the 
apse of the Moon's orbit and its node on the ecliptic. The former of these 
advances slowly at the rate of 3° per month, while the latter regredes at the rate of 
1J° per month. Thus the period at which they separate by 360° is very long and 
equal to about 80 months or six years. Let h be the rate at which the apse 
advances, then the longitude of the moving apse is ai=ht + a. The longitude of 
the moving node is pi= -gt+p. For the sake of brevity we shall put 

E = {g+h)t + a-p, 
then E is the phase of Poisson's term, and g + h=-^n. 

569. To investigate the coefficient of Poisson's term we must recur to equations 
(11) of Art. 560. We must examine the terms fip and i>\ to discover what combi- 
nations will give rise to terms of the form sin E or cos E. 

Let us begin with the term /ju'. Since ,a=oos EB and is positive when E is in 
front of A, we see that -/* is the same as ip in Art. 552. Taking the elliptic 
inequality, we have ^^__^^,i, („,_„,, 
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Again v=Binl-p={k+M)Bm {{n+g) t-p}. Oombining these two and rejectiug 
all terms in the product except those of long period, we have 

iai=e(k+M)eosE. 
We have also rejected the small term 3 (B-A)IG=-001&J in the denominator, 
as this only alters the result by about one six hundredth part. 

Let us next examine the term v\ in the second of equations (11). If 6 be the 
longitude of the moon we have, as in Art, 560, sin 1= kain{6+gt- p). 

But, by the theory of elliptic motion, 0=jU + 2eBm{nt-aj). 

Substituting and retaining only that term of the second order whose phase is E, we 
have sin J=ftsin{(re+^)t-/S}-ftesin£!. 

In the Lunar Theory* we find an additional term in the expression for sial, so that 
we should write sin J=ii;sin {{n+g)t-p} - ke (l-3m^) sinE, 
where m is the ratio of the angular velocities of the sun and moon round the earth 
and is about equaJ to ^. But this additional term is a very small fraction of those 
retained, and is of only slight importance. As in Art. 560 we have sin I =p\ + qii+ rv. 
Now g= -Mcos{(n+3)it-/S} and/i=2esin(nt-Oi). Also X=l and r=l. Hence, 
substituting and retaining only that term of the second order in which E is the 
phase, we find sin J =jp + x + Jlf e sin £. 

Hence, substituting for sin I, we have, since X=l, 

yX-(ft+M) [sin {(ji+^) %-§,}-& sinE] + 3m2 kt sin E. 

Again, referring to Art. 519, we see that the moment of the forces about the axis 
of y contains in the denominator the factor ii^ Hence we must multiply the term 
- 3n' (C - 4 ) vX on the right-hand side of equation (II) in Art. 560 by 1 + 3e cos (9 - Oi). 
Efiecting the multiplication, and retaining only those terms of the second order in 
which the phase is E, we have 

(ft+M) fsin (mf+jt - j3) - c sin-E + -^ sin sl + Sm" fce sin £. 

We thus find for the right-hand side of the second of equations (II) 

- |ii=' (C - 4) [2 (ft -1- M) sin (nt -H jrt - /S) -1- (ft + Jlf -I- 6m2*) e sin £]. 
Thoflgh the period of the term we are seeking is as long as 6 years, yet that of 
the long free vibration is over 200 years, see Art. 561. Thus though dujdt 
and dwjdt contain the small factor dEjdt, yet this latter is about 35 times as great 
as the small coefficients nifl- B)IA or n(G-A)jB which occur in the second terms 
on the left-hand side of equations (H). If then we reject these terms, we only lose 
about TjVth part of a very small inequality, while we greatly simplify our result. 
Omitting then these two terms, the equations (HI) of Art. 560 now take the form 

^=3rfi?-^lk+M)ecoaE, 
at A 

^^=-3n2^~— {(ft + Jlf)sin(nt-t-3t-/S)-|-i(ft+M-l-6m=ft)esinE}. 

* Beferring to Godfray's Lunar Theory, Arts. 31 and 46, we find that the 
differential equation to deteiTnine the latitude is 
dH „ mV 



<J93 + *- *ft2„4*+- 



= - f m^ft { 1 - 4c cos (cd - o) ( sin (j9 - 7) + . . . 

= - f m^'ft { 1 - 4e cos (9 - oj) } sin (9 - 7j) + . . . 
where Oj and 71 are the longitudes of the moving apse and node. Combining these 
and retaining only the term with the phase E, we find the above 

= +}m2ft.2eBinE. 
Solving the differential equation as in Godfray, Art. 51, we find s=3m^fte sin E. 
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The first term on the right-hand side of the second equation may be added to the 
principal term already considered in the first approximation. We may omit it for 
the moment, as we merely want the term whose phase is E. 
Integrating these we find 

dJ ' A g+h I 

dp Sn^C-Alc + M+Gm^k „(" 

'"^-dt='''=^-B JT}^''°°'^] 

It is not difficult to solve these in the usual way. But it is evident that the 
terms dp/dt and dqjdt on the left-hand side contain the small factor g + h, and 
therefore are about ^th of np and nq. Bejecting these we have 



„ G-Bk + M . „ 3nG-A k + M+(,„.,. 

p = Sn — ; -esmE, = -^ ecosE. 

^ A g+h ' ^ 2 B g+h 

570. Bepresenting Poisson's terms by ui=RnsinE and tj>2=8noosE, and in- 
cluding these in the first approximation we have, by Art. 565, 

ii}^=BnamE, u2=SncoaE + 2gMBosD, 

where D = {n + g) t-^, so that X) is the mean angular distance of the moon from 
the ascending node. We have omitted the complementary functions as they appear 
to be almost insensible. Substituting these values of u^ and u^ in Euler's 
geometrical equations, and vraiting 0=i) - Jtt we have 

6-6,)=- {gMI2n) cos 2Z> - iJ sin D sin B - S cos D cos S 1 
(^-^j)sine„= -(gMj^n) sin 2Z) H- iJ 00s D sin jB - S sin D cos £ j ' 

571. The theory of the term of long period is given by Poisson in the 
Connaissance des Terns for 1821, and the numerical values of the coefficients are 
deduced from Nicollet's measures in the volume for the succeeding year. These 
coefficients have been improved by C. Simon in the third volume of the Annales de 
Vecole normal, 1866. The coefficients as calculated from the Konigsberg observations 
are very different from Poisson's. They may be found in Tisserand's Mecanique 
Celeste, 1891. As it cannot be considered that the ratios of the moments of inertia 
A, B, G have yet been determined with accuracy, it seems needless to examine into 
these differences. Merely to indicate the order of the several terms, we reproduce 
Simon's result 

9=9„ - (10"-7) cos 2D - (10"-5) sin DcosE- (94"-15) cos D cos E ) 
f=ij/g - (414"-7) sin 2D -I- (405"-5) cot D sin E - (3649"-3) sin DoosEj' 
These equations give the nutations of the polar axis of the moon. The precession 
of that axis is included in the term ^^ and has been determined in Art. 563. The 
real libration round the polar axis has been found in Art. 552. The visible oscillation 
of any spot is the resultant of all three. 

572. Ex. 1. Let the motion of the moon be given by the equations 

^= -ilf 8inD-)-EsinB, q= - MooaD+ SoosE, 
Bee Arts. 562 and 569. Let I and \ be the lunar longitude and latitude of a spot 
referred to the moon's first meridian and equator; L and A the longitude and 
latitude of the same spot referred to the ecliptic and the first point of Aries. Prove 
that if X be small 

L=0i+ir + 1 - M ta,n\ coa {D + 1) - Rta,n\ sin lainE + 8 tan \ cos I cos E, 

A='\ + M ain (D + l) -Boob lain E - SainlooB E, 
where ^j is the mean longitude of the moon seen from the earth. 
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Poisson remarks that, in the case of the spot Manilius for which Z=8° 46', 
X=14°26', the inequalities dependent on the angle E are very small and may 
be omitted. This circumstance however is peculiar to the spot chosen and would 
not be true for spots remote from the equator and from the apparent centre of the 
lunar disc. 

Ex. 2. If the moon move so as always to turn the same face to the earth 
and if the instantaneous axes be nearly fixed in the body and nearly perpendicular 
to the axis pointed to the earth, prove that these two axes are principal axes. 

This follows from equations (II) Art. 560. 

573. A difficulty in the figure of tbe moon. It appears from Bouvard's 
and KicoUet's observations on the moon's true libration in longitude that 
{B -A)l C=-00056i, (Art. 555); and from Mayer's observations on the inclination 
of the moon's equator to the ecliptic Laplace found that (C-4)/C= -000599, Art. 
564. We therefore have (C-JS)/C;='O00O35. These values may appear very small, 
but they are much larger than could have been expected if the moon's surface had 
the form of equilibrium given by theory. Supposing the moon to be homogeneous 
and attracted by the earth, we may deduce from the principles of hydrostatics (as 
Laplace does) that (B-^)/C=-0000003618X and (C-4)/(7=-0000004824X, where \ 
is the ratio of the mass of the earth to that of the moon. Nicollet remarks that, 
even if we put X = 1000 (instead of 80), these cannot be made as large as the values 
deduced from his observations on Manilius. Laplace observes that for a hetero- 
geneous moon, if we suppose the density to increase from the surface to the centre, 
the hydrostatic theory would give values for (B-A)IG &c. even less than for a 
homogeneous moon. He therefore concludes that the moon has not the figure of 
equilibrium which it would Iiave if originally fluid. Laplace considers that the 
high mountains and other inequalities on the moon have a very sensible effect on 
the moments of inertia, and that this effect is the greater because the eUiptieity of 
the moon's surface is small and its mass is inconsiderable. Poisson considers that 
the omission of the complementary functions by NicoUet may partly explain the 
diC&culty; he thinks it doubtful that these functions should havQ entirely dis- 
appeared; Connaissance des Terns for the year 1822. 

When it is remembered that the real libration of 4J' observed by NicoUet only 
subtends 1^" at the earth, it maybe weU believed that the errors of his observations 
may account for much of the discrepancy. This is rendered more probable when 
we learn from Tisserand that the more recent observations at Konigsberg make the 
real libration in longitude about half that found by NicoUet. On the other hand 
these later observations make 

(B-4)/C= -000315, (C-4)/C= -000614, (C-B)/C= -000299, 
and thus do not help to explain the discrepancy between the hydrostatic theory of 
the figure of the moon and the observations made on its surface. 
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MOTION OF A STRING OR CHAIN. 

The Equations of Motion. 

574. Cartesian equations. To determine the general equa- 
tions of motion of an inextensible string under the action of any 
forces*. 

Let Ox, Oy, Oz be any axes fixed in space. Let Xmds, Ymds, 
Zmds be the impressed forces that act on any element ds of the 
string whose mass is mds. Let m, v, w be the resolved parts of the 
velocities of this element parallel to the axes. Then, by D'Alem- 
bert's principle, the element ds of the string is in equilibrium 
under the action of the forces 

'^K^'S)' '""^'{^S)' ^^K^-S ^^^' 

and the tensions at its two ends. 

Let T be the tension at the point (x, y, z), then Tdx/ds, 
Tdy/ds, Tdzjds are its resolved parts parallel to the axes. 

* The Cartesian equations of Art. 574 agree with those given by Poisaon, Journal 
de I'Ecole Polytechnique, 1820, and reproduced by him in his Traite de Mecanique. 
The geometrical equation is not there given, being replaced by Hooke's law. He 
thence deduces the differential equations of the motion of a tight string given in 
Art. 612. The proofs of the tangential and normal equations (1) to (4) for two 
dimensions in Art. 577 are very nearly the same as those given in Vol. iv. of the 
Quarterly Jcmrjud. Though the date of the volume is subsequent to that of the 
first edition of this treatise yet that of the paper itself must have been so nearly 
the same, that the solutions should be regarded as having been obtained inde- 
pendently. The author has not met with the two equations (5) and (6) of Art. 580 
in any place with a date earlier than that of their publication in this treatise. 
Their application to initial motions is given further on. The two equations (1) 
and (2) for impulsive forces in Art. 583 appear to have been first given in College 
examination papers. The author beUeves the first to be due to the late Dr Tod- 
hunter. 



362 MOTION OF A STRING. [CHAP. XIII. 

The resolved parts of the tensions at the other end of the element 
.„ , r„dx d ( mdx\ , 

and two similar quantities with y and z written for x. 
Hence the equations of motion are 
du 



"^dt 

'^Tt=dsVts}^'''r (2). 



m 



dw^d^ (j,dz\ „ 
dt ds \ dsJ 



In these equations the variables s and t are independent. 
For any the same element of the string, s is always constant, and 
its path is traced out by variation of t. On the other haaid, the 
curve in which the string hangs at any proposed time is given by 
variations of s, t being constant. In this investigation s is 
measured from any arbitrary point, fixed in the string, to the 
element under consideration. 

To find the geometrical equations. We have 



©■-(l)'-(l)'- (^^ 



Differentiating this with respect to t, we get 

dx du dy dv dz dw _^ , . , 

ds ds ds ds ds ds 

The equations (2) and (4) are suflScient to determine a;, y, z, 
and T, in terms of s and t. 

575. The equations of motion may be put under another form. Let 0, ^, % 
be the angles made by the tangent at x, y, z, with the axes of co-ordinates. Then 

the equations (2) become "''^ — T [Too8^) + mX (5), 

with similar equations for v and w. 

To find the geometrical equations, differentiate cos 0=da;/ds with respect to f ; 

Similarly, by differentiating cos ^^dyjds and cos x= dz I ds, we get two similar 
equations for <!> and x- Taking these six equations in conjunction with the 

following, cos20 + oos2^+cos''x=l (7), 

we have seven equations to determine u, v, w, 0, \j/, x and T, 

If the motion takes place in one plane, these reduce to the four following 

equations : m ^- = ^ (T cos 0) + n 

"' ^ \ (8), 
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. , cUtt du dd) dv ,„, 

-sm0-£ = -j-, oo3d>~ = ^ (9). 

^ dt d£ ^ dt ds ' 

The arbitrary constants and fnnotious which enter into the solutions of these 

equations must be determined from the peculiar circumstances of each problem, 

576. Elastic StrlnEs. Let ir be the unstretched length of the arc s, and let 
md<T be the mass of an element d<r of unstretched length or ds of stretched length. 
Then, by the same reasoning as before, the ec[uations of motion become 

du d f -dx\ . „ ... 

'»dF = d.rd?}+'"^ «• 

and two similar equations for v and w. To find the geometrical equations we must 

the independent variables being now o- and t. Differentiating with regard to t, we 
dx du dy dv dz dw _ds d /ds \ 
dff da dff dff da da da dt \daj ' 

ds T 

But, if X be the modulus of elasticity of the string, we have :j-=1 + t (u). 

aa A 

„ , ., . , dx du dy dv dz dw /. T\ 1 dT ,..., 

Substitutmgwehave - _ +^ _ + - - = (^1 + -j - _ (m). 

The two equations (ii), and (ili) together with the three equations (i), will suffice 
for the determination of u, v, w, s and T in terms of a and t. 

If we wish to use the equations of motion in the forms corresponding to (5) or 
(8), the dynamical equations become 

m :=- = T- (T cos 0) + mZ, 
at tta 

with similar equations for v and w. 

The geometrical equations corresponding to (6) or (9) may be found thus. We 

dx ^ds ^(i ,T\ 

have ^ = cos./,^ = cos0^^1 + ^j. 

du . d4> 1 <^ /m A\ 

Differentiating, we have j- = " ^m ^ + ^ ^ (T cos 0), 

with similar expressions for v and w. 

577. Tangential and Normal Resolutions. When the 
motion of the string takes place in one plane, it is often con- 
venient to resolve the velocities along the tangent and normal 
to the curve. 

Let 11, V be the resolved parts of the velocity of the element ds 
along the tangent and normal to the curve at that element. Let 
^ be the angle which the tangent at the element makes with the axis 
of X. Let Pmds, Qmds be the impressed forces on the element ds, 
resolved respectively in the directions of the tangent and normal. 
Then, by Chap. iv. of Vol. i., or by putting dg = d^/dt, 01 = 0,0^ = 
in Art. (5) of this Volume, the equations of motion are 

dt dt rnds ^ ^ 

a + «f-«+;^ <^)- 
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The geometrical equations may be obtained as follows. If u^ 
be the resolved velocity parallel to Ox, we have 
Ux = u cos — i/ sin ^. 
Differentiating with respect to s, we have, by Art. 575, 
ddi . , fdu d<b\ , (dm dd) . . 

Since the axis of a; is arbitrary in position, let us take it so that 
the tangent to the element during its motion is parallel to it at the 
instant under consideration ; then <j> = 0, and we have 



ds ds 



Similarly, by taking the axis of x parallel to the normal, 

d(f> _ dv d<j> 
dt ds ds 



(3). 



(4). 



These four equations are sufficient to determine u, v, <f) and T 
in terms of s and t. 



If the string is extensible, the dynamical equations become 
du 
~di' 



dd, „ dT 
dt maa 



dv 
di^ 



dd, „ T dsi 

u~ = Q-\ =- 

dt mp da) 



To find the geometrical equations, we may differentiate u,=m cos tp-v sin ij, with 
regard to <r. This gives by Art. 576 






1 <^ /m ,\ /<*« V ds\ , (dv u ds\ . 
--(rcos<^) = (^----jcos0-(^- + -^jsm0. 



da p V X^ ' 

/, r\ dv u r T\ 



By the same reasoning as before, this reduces to 
IdT 
X dt 
d4 f^ , T\ dv 
dt 

578. The equations (2) and (3) may also be obtained in the following manner. 
The motion of the point P of the string being represented by velocities u and v 
along the tangent PA and the normal PG at P, the 
motion of a consecutive point Q will be represented 
by velocities u+du and v+dv along the tangent 
QB, and normal QC at Q. Let the arc PQ = ds, 
and let QN be a perpendicular on PA. Since the 
String is inextensible, the resultant velocity of Q 
resolved along the tangent at P must be ultimately 
the same as the resolved part of the velocity of P 
in the same direction. Hence 

{u + du) cosd4>-(v + dv) siad^^u, 
or, proceeding to the limit, 

du V 




du - vdAJ, = ; 



-- = 0. 
P 
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Again, d0/<Jt is the angular velocity of PQ round P. Hence the difference of 
the velocities of P and Q resolved in any direction which is ultimately perpendicular 
to PQ must be equal to PQ d^jdt ; 

.■. («+du) sin (J^ + (■» + (J«) coad^-v = ds -^, 

orinthelimit ^=*! + «. 

at as p 

579. Examples. Ex. 1. If V be the via viva of any arc AB of a chain; 
Ti, Tj the tensions at the extremities of the arc; u^, v4 the velocities of the 
extremities resolved along the tangents at those extremities, m, v, w the Cartesian 
components of the velocity at any point, prove that 

\ dV\iX— T^^ - TiV + \(Xu +Yv + Zw) mds, 
the integration extending over the whole are. 

Ex. 2. Investigate the polar equations of motion of a string in two dimensions. 
Let u, V be the resolved parts of the velocity of the element ds along and perpen- 
dicular to the radius vector, let Pmds, Qmds be the resolved forces in the same 
directions, then 

du v^ dT T . „ dv uv 1 d ,„ . „ 

___=_cos^--sm0 + P, _ + _ = -. -(Ii,) + Q, 

ddi du dd> dv usmd) v cos (b 

- sm ^ = -=- , cos -C = -— H , 

^ dt ds ^ dt ds r r 

where is the angle the radius vector makes with the tangent and p is the per- 
pendicular on the tangent. 

Ex. 3. An elastic ring without weight, whose length when unstretched is given, 
is stretched round a circular cylinder. The cylinder is suddenly annihilated, show 
that the time which the ring wiU take to collapse to its natural length is (MairjSK)^, 
where M is the mass of the string, X its modulus of elasticity, and a is the natural 
radius. 

Ex. 4. A homogeneous light inextensible string is attached at its extremities 
to two fixed points, and turns about the straight line joining those points with uni- 
form angular velocity. Let the straight line joining the fixed points be the axis of 
X. Show that the form of the string, supposing its figure permanent, is a plane 
curve whose equation is 'i. + (dyldxY=b (a-y^^, where a and 6 are two constants. 

580. The four equations of motion of -Art. 577 may be reduced 
to two by the elimination of u and v. It will be found that we 
thus obtain two equations of convenient form which contain only 
the two unknown quantities T and ^. By eliminating T we may 
reduce these two equations to one and thus make the determination 
of the motion of the string depend on the solution of one differen- 
tial equation. The elimination presents no difficulty but the result 
is not very simple. 

Differentiating equation (1) with regard to s and (3) with 
regard to t we have 

ds ds " ds ds m ds^ 

du . d<b dd) - 

V — — V — — = 

ds ds ds ' 
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where the dot represents differentiation with regard to t. Sub- 
tracting and substituting for v and dv/ds from (2) and (4), we have 

f--(S)"-(f-«f)=-(S)' <^^ 

In the same way, differentiating the equation (2) with regard to s, 

(4) with regard to t, and substituting, we have 

If the string is heterogeneous m is a function of s. Putting mds=d<r, we find in 
cPT ^ fd^y dP ^d4> 1 fd^Y 
thesameway a^.-T[£) +d-.-«I=-mU) ' 

1 d_(j^di\.pd$,dQ^l d?l 
T dff\ d(r) da da- m df " 

The equations (5) and (6) are of considerable utility. If the 
forces P, Q, the angular velocity <f» ^^^ tbe angular acceleration ^ 
of each element are known in terms of s, we can deduce the tension 
of the string and the intrinsic equation of the curve in which it 
lies. Conversely if the distribution of tension, the curve of the 
string and the forces are known, the angular velocity and accelera- 
tion of every element are given at once. 

581. Consider the position of the string at any instant. Let M be any point 
on the string, draw a straight line ON from the origin parallel to the tangent at 
M and proportional in length to the tension of the string at M. The locus of N for 
all positions of M represents (as a kind of hodograph) the instantaneous distribution, 
of tension along the string. 

To simplify matters, let us suppose that the impressed forces P and Q are zero. 
The equations (5) and (6) show that the instantaneous values of T, 0, s, - ^,^ for 
a string are connected together just as the radius vector, longitude, time, radial 
and transversal forces are connected for a particle describing the hodograph. 

By this analogy we may sometimes translate a question as to the instantaneous 
distribution of tension along a string into a more familiar problem on the motion 
of a single particle. If the string form a closed curve the allied curve is also 
closed. If the string have two ends, the terminal conditions must be made to 
correspond in the two curves. 

582. Examples. Show how to deduce the analogy of Art. 581 from the 
Cartesian equations of motion of a string. Art. 574 ; and thence deduce equations 

(5) and (6) from the analogy. Show also that the analogy holds when the string 
moves in three dimensions. 

Ex. 2. Determine the intrinsic equation to the form of a closed string and the 
distribution of tension when it is given that initially the square of the angular 
velocity of each element is proportional to the tension of that element, and that 
the angular velocity remains constant for a time dt. It is supposed that there are 
no impressed forces. 

In this case, equations (5) and (6) become 

ds^ ^ \dsj ~ '*^' Tdt\^ d^J-^- 
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If o represented the time these would be the equationB of motion of a particle 

moving under a central force varying as the distance. This particle must describe 

an ellipse. Thus we have 

1 oos^ d, sin' <b i 6 , , 

t5 = -^-+-j2^- tan0=-tan^,*«. 

These give the distribution of tension and the intrinsic equation. If I be the length 
of the string we see that ^/jZ=2ir. If o= 6 the curve is a circle. 

Ex. 3. Show that the resultant acceleration of any point ilf of a string is 
represented in direction and magnitude by the tangent at N to the allied curve 
and in magnitude by the ratio of an elementary arc at N to the corresponding 
arc at M. Put Z=0, 7=0 in the equations of Art. 574. 

583. Impulsive forces. When the forces are impulsive the 
equations undergo some modifications. These may all be deduced 
in the usual manner from the corresponding equations for finite 
forces by integrating with regard to the time. But generally it 
will be found simpler to obtain them from first priaciples. 

A string rests on a smooth horizontal table and is acted on at one 
extremity by an impulsive tension, to find the impulsive tension at 
any point and the initial motion. 

Let T be the impulsive tension at any point P, T + dT the 
tension at a consecutive point Q, then the element PQ is acted on 
by the tensions T and T + dT at the extremities. Let be the 
angle made by the tangent at P to the string with any fixed line ; 
u, V the initial velocities of the element resolved respectively 
along the tangent and normal at P to the string. Then, resolving 
along the tangent and normal, we have 

muds = {T + dT) cos d<l> - T 

mvds = (T+dT) sin d<f> \' 

1 dT IT 

therefore, proceeding to the limit, m = j- . v = . 

^ ° m ds ' m p 

But, by Art. 577, we have dujds = vjp. Hence the equation to 

d^'T T 

find Tbecomes i- : = (1). 

dsr' p^ 

If the chain be heterogeneous we easily find in the same way 

d/\ dT\lT 

ds\mds) m p^ 

If G) be the initial angular velocity of the element ds, we have 

by Art. 577, --Js+p=Tds[mp) ^^^^ 

584. If the string be in motion just before the action of the 
impulsive tension at one extremity, only a very slight modification 
of these equations is necessary. Let (mj, v-^ (u^, v^ be the resolved 
velocities of the element PQ just before and just after the impulse. 
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We then simply modify the equation^ of the last article by writing 

u = U2 — Ui, t; = t;3 — 1)1. 

Each of the resolutions (v^Vi), {u^v^ must of course satisfy the 
geometrical equations obtained in Art. 577. 

585. Ex. If Ti, Tj be the impulsive tensions at the extremities of any arc of 
the chain, iij, u^ the initial velocities at the extremities resolved along the tan- 
gents at the extremities, prove that the initial kinetic energy of the whole arc is 

i(2>2-ri«i). 
This readily follows by integrating m{v? + v^)ds along the whole length of the 
arc. But it also follows at once from the proposition proved in Vol. i. that the 
work due to an impulse is the product of the impulse into the mean of the resolved 
velocities of the point of application just before and just after the action of the 
impulse. Hence, since the string starts from rest the work done at either extre- 
mity is the product of the tension into half the initial tangential velocity. 

586. To find the impulsive tension and the initial motion when the string forms 
a curve of double curvature. 

Let a, V, w be the resolved initial velocities of an element ds in the directions 
of the principal axes of the curve at that element ; the axis of x being the principal 
normal, that of y the tangent, and, z the binormal. Since the only forces on the 
element are the impulsive tensions at the extremities we have as in Art. 583, 

M= , V= 5-, W = (1). 

m p m ds 

To find the geometrical equations, we notice that while {u, v, w) represent the 

resolved velocities at one extremity A of the element ds along the principal axes at 

A, (u+du, &c.) represent the resolved velocities at the other extremity B of the 

same element along the principal axes at B. It follows that the relative velocities 

(Su, Sv, Sjo) of the extremities A and B resolved along the principal axes at A are 

given by Art. 21, where dip^, dtp^, d^j are the angular displacements by which the 

principal axes at A are screwed into the positions of those at B. If dr and de are 

the angles of torsion and contingence, we have d<j>i=0, d(j>^=-dT, d<j>^—-d€. 

But, if uj, (1)2, W3 are the angular velocities of the element ds in space about the 

principal axes at A, we have &u=-w^ds, 5v=0, Sw = <a-yds. Equating these two 

sets of values of Su, Sv, Sw, we have 

dv u_ du V 

■ — — U, 3 I - 

p ds p 

where r and p are the radii of torsion and contingence. 

Substituting from (1) in (2) we find 

^^ d fdT\ T _ _1 d fT^\ 
""■ mpr' dsKmdsJ mfi ' "''~Tds{mp) ^ '• 

The second of these determines the initial tension when the form of the string 
is known, it is the same as the corresponding equation in two dimensions, so that 
the initial tension does not depend on the angle of torsion of the curve. The other 
two equations determine the initial angular velocities of the element, the angular 
velocity about the tangent not being required to find the initial motion. 

We may verify these equations by a geometrical proof similar to that given in 
Art. 578 for a string in two dimensions. 

587. If the form of the string is given by its intrinsic equation p=F{s), the 



'^--r.' in--.=^' S7+-=-"3 (2), 
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initial tension is to be found by solving the equation — - - - =0 (1) 

ds' f? * '" 

The solution is known to be of the form T=A<p (s) + JS^(s) (2), 

where <p and f are some determinate functions of s and A and B are two undeter- 
mined constants. These constants must then be determined from the known values 
of the tension at the two extremities of the string. 

The tension at any point of the string having been found, the velocity and 
direction of motion of any element may be deduced from the expressions given for 
the components u and v, Art. 583. 

It is thus apparent that the determination of the motion depends on the 
solution of the differential equation (1). We have therefore thought it worth while 
to state in order a few solutions likely to be useful. 

In some problems we have an additional term, say /(s), on the right-hand side 
of the differential equation (1). The two first terms of the solution (1) constitute 
the complementary function, and when this has been found the particular integral 
due to /(s) can be deduced by some one of the various rules given in the theory of 
differential equations. Perhaps the most convenient method is to substitute 
T=z<p{s) or T=z\l/(s); the differential equation then takes a linear form from 
which z may be found. In what follows therefore it will be sufficient to suppose 
that the right-hand side of the differential equation is zero. . 

Case 1. Let p be constant, say p=o. The farm of the string is then a circle. 
The solution is evidently r= Je*/'*-i-Be"*/». 

Case 2. Let p be a linear function of s, say p=a + bs. The form of the string 
is then an equiangular spiral whose angle is eot~' b. To solve the equation we put 
a + bs = e^, the equation then takes the form considered in the last case. The com- 
plementary function reduces to T=A{a + bs)'" + B {a + bs)'^, 
where m and n are the roots of the quadratic 6V (k - 1) = 1. 

Case 3. Let p be a quadratic function of s, say p=a + bs + es^. If the factors 
are real we may write this p=c (s - o) (s - /3). Assume as a trial solution 

T=A{s-a)">{s-p)\ 
Substituting in the differential equation and dividing by (s - a)"^~^ (s - jS)""^ we find 
{m + n-l){{m+n)s^-2{an+pm)s} ]_ 

+ wht{n-l) + 2apmn+^{m-l)-c-''j ~ ' 
The equation is satisfied if we choose m and n so that the coefficients of the 
several powers of s are zero. The two first powers lead to m + m=l, and the last 
then gives mn (a -pY + <r^=0. The required solution is therefore 

T=A (s - a)™ (« -p)«+B(s- o)» (s - ^)'», 

where m and n are the roots of the quadratic x^-x = {(a-§) c\~^. This solution is 
given by Sir G. Stokes in the eighth volume of the Cambridge Phil. Trans., 1849. 

If the factors of the quadratic p=a + bs + cs^ are imaginary, we may deduce the 
solution by rationalizing the value of T just found. But, putting p=c {(s + af+^}, 
it will be more convenient to proceed thus. If we put s-t-o=/3tan S, the differen- 
tial equation takes the form 



^(Tcos()).^(l-^-L^)roos9=0. 



The solution of this equation is well known, and is trigonometrical or exponential 
according as /3c is greater or less than unity. 

If the factors of the quadratic p=a + bt + cs^ are equal, we may solve the equation 

B. D, 11. 24 
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by writing T=(s-a)z and s-a = l/x. The equation then reduces to ^-^=0- 

We therefore have T={8 - a) {ac^^^ + Be'''^^'\ . 

Ucp=8'' + &' the string has the form of a catenary. The solution is then 

T=y{Ae + B), 
where y is the ordinate measured from the directrix, and $ is the angle the tangent 
makes with the horizon. This result may be found, as just explained, by writing 
s=c tan e. But it may also be easily obtained by another process. We notice that 
T=y is one solution; putting T=yz we have to find dzlds a linear equation of the 
first order. See Cambridge Senate House Problems for 1860 mth Solutions, page 65. 

Another solution is given in the ninth volume of Liauville's Journal, 1844, by 
Besge, who reduces the equation to one solved by Euler. 

d^T AT 

Let us write the equation m the form -^ ~ (a + 2bs+cs^)^' 

Putting log T=jUds, we find by substitution ■^+ U^= ta^2bs + cs^f ' 

The denominator on the right-hand side suggests that a solution can be found of 

V 
the form V= — -55— 7— ,2 • 

a + 2os + OS' 

Substituting in the differential equation we find 

^(o+26s-l-cs') + (F-6-cs)2=(6 + c«)2+4. 

Now it is obvious that if we put V-b-cs = h, where h is some constant, the 

equation reduces to ac-V^ + k^=A. 

Thus we have two values for k. Two particular integrals have therefore been 

■. . 1 .„ [ 6+cs±ft _ 

found, VIZ. log T= I , ., , — -„ ds. 

J a+ibs + cs" 

Each of these integrations can be effected in finite terms. If the values of T 
thus found be (s) and ^(s), the general integral, required is T=M0 (s) + W^(s), 
where M and N are two arbitrary constants. 

Case 4. If p^ (not p) be a quadratic function of s, say p''=:a + bs+cs', we may 
find a solution in finite terms of the form 

T=Ao+A^s+ +4„s", 

provided the quadratic en (ra - 1) = 1 gives a positive integral root.- This quadratic 
expresses the condition that the series for T has a highest term, it is therefore 
easily remembered by substituting only the highest power .4„s" of the series in the 
differential equation and rejecting all lower powers as they occur. The relation 
between the successive coefficients may be easily found by substitution. This 
relation will be much simplified by previously clearing the quadratic for /? of 
either of the terms bs, or a. This is effected by writing s=s' + m and choosing the 
constant m properly. 

If n be an integral root of the quadratic en (71 - 1) = 1, a solution may be written 
in either of the forms 

see a paper by the author in the Proceedings of the Mathematical Society, April 
1885. 
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Case 5. If l/p^be a quadratiofimotionof s, say l//s'i = a + 6s + cs', put ^=^c°*"'"^*^ 
Substituting, and choosing a and ;8 properly, we reduce the equation to the form 

This artifice is attributed to Liouville. 

Putting a + 2/Ss = o-, a solution in the form of a finite series, viz. 

2 = J [ff» + Jk (II - 1) |3(r»-2 + J . in (re - 1) (ji - 2) (n - 3) j3 V"-« + &o.] 
may be found by substitution when i^n+h gives a positive integral value of re. It 
is also shown in the paper already quoted from the Math. Soe. that 

one form or the other being used according as re is a positive or negative integer. 

588. Ex.1. If the curve in which the string is placed be such that p^=.~T^ — =-, 

where i is any positive integer, show that one solution is T=jPidx, where a;=s/a and 
Pi is a Legendre's function of x of the i" order. 

Ex.2. Trace the curve jSp = (s -. a) (s - 6) . 

The curve has three branches; the first extends from sr=a to b, the curvature 
is always in one direction and the branch terminates at each extremity with an 
infinite number of diminishing convolutions, being ultimately an equiangular spiral 
whose angle is tan"' j3/(a - 6). The second branch extends from s = 6 to oo, it 
unwinds like an equiangular spiral with an infinite number of turns. The winding 
and unwinding branches have the same directions of curvature when the arc in each 
is measured from the infinitely small cusp. The unwinding branch finally proceeds 
to infinity, Hke one branch of the catenary /3p=s^ + /32, the tangent being ultimately 
parallel to that at s = J (a + b). The third branch extends from s= -c to - oo and 
resembles the second branch. 

Ex. 3. A string at rest on a table is jerked at one end, and begins to move so 
that the direction of motion of any element makes a constant angle with the 
tangent at that point. Prove that the curve in which the string rests is an 
equiangular spiral. 

Ex. 4. An impulsive tension in the direction of the tangent is applied to one 
extremity of a uniform perfectly flexible heavy string lying on a smooth plane. If 
all the particles of the string start with equal velocities, prove that the string must 
lie in the form of a catenary or of a straight line. [May Ex. 

Ex. 5. An inelastic string, at rest in a circular tube which it just fills, is 
plucked at one end in the direction of the tangent at that end and begins to move 
with kinetic energy E. If the same string were unconfined and similarly plucked 
when at rest, show that it would move off with kinetic energy 2TrE coth (27r). 

[Math. Tripos. 

589. Initial motions. A string in one plane is either at rest 
under the action of given forces or has its instantaneous motion known. 
Supposing a fracture or some other change to occur, it is required to 
frnd the initial changes of motion and the initial change of tension. 

Let mPds, mQds be the resolved parts of the forces respectively 
along the tangent and radius of curvature at any element ds of the 
string. Let u, v be the resolved parts of the velocity in the same 

24—2 
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directions. Let mT be the tension. Let ■yjr be the angle which 
the tangent at the element ds makes with the axis of x, and 
let to = d<ji/dt be the angular velocity of the element ds. 
We have, by Art. 577, the equations 

Pj_<^^ n\ ^'^ '"-0 CS^ 

v + ua> = Q + - (2). dS + p = " (*)• 

From these we deduce as in Art. 580 the two equations 

IP Q 
ds p 

TdsKp)'^ p^ ds dt ^ ^' 

The instantaneous motion of the string being given and also 
the forces, m, P and Q are all known functions of s. Thus (5) is 
the differential equation from which we have to find T. This 
differential equation is the same as the one already considered in 
Art. 587. We shall therefore suppose its solution to have been 
found. The constants of integration are to be determined by the 
given conditions at the extremities of the string. Thus the initial 
tension is found. 

The initial values of u, v, m, P, Q and T being known, the 
values of u, v and to are found from (1), (2) and (6). Thus all the 
initial accelerations have been determined. 

Differentiating (5) with regard to t, we have another differential 
equation to find t of the same kind as before. Having solved this, 
we may find u, v and io by differentiating (1), (2) and (6). 

Proceeding in this way we may find the instantaneous values 
of all the differential coefficients of u, v, a> at the instant when the 
fracture occurs. 

If lit, Vt, (Ot be the values of these quantities after any time t, 
we have by Taylor's theorem (see Vol. i. Art. 199) 

iit = u + tit + yif + ... 
with similar expressions for Vt and wj. Thus the initial motion 
has been found to any degree of approximation. 

590. To find the initial radius of curvature R of the path in 
space of any element of the string, we resolve the forces on that 
element in a direction perpendicular to the tangent to its path and 
equate the result to (u^ + v^)jB. The direction of motion of the 
element makes angles with the tangent and normal to the string 
whose sines are v/(u' + v'')^ and ii/{u!' + v^)^. The forces on the 
element are P + dT/ds and Q + T/p. We therefore have 
(u'' + v^)i (r^ T\ /„ dT\ 
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To find the rate at which the radius of curvature of the string 

begins to change, we notice that ~ =-^ . Hence _^ 1 = ^ 

p as dt p ds 

Thus by differentiating (5) with regard to s, we find the rate at 
which the curvature of the string begins to change. By differen- 
tiating (6) with regard to s, we find the acceleration of the change 
of curvature. 

591. If the string start from rest, u, v and w are all zero. In this ease the 
equations (5) and (6) of Art. 589 follow immediately from the corresponding 
equations for impulsive forces. Following Newton's argument in Prop. 1 of his 
second section we may treat the forces Pdt, Qdt as small impulses. The argument 
is then the same as that given in Art. 583. 

The initial direction of motion of any element is found by compounding the 
velocities udt, vdt so that the direction of motion makes with the tangent to the 
string an angle equal to tan-' i/ti. To find the initial radius of curvature of the 
path of any particle, we see by Vol. i. Art. 212, that we must find u, v by difier- 
entiating twice the equations (1) and (2). 

592. Examples. A string is in equilibrium in the form of a circle about a 
centre of repulsive force in the centre. If the string be now cut at any point A, 
prove that tlie tendon at any point P is instantaneously changed in the ratio 

e +e -e -c "■ ' : e +e , 

where d is the angle subtended at the centre by the arc AP. 

Let F be the central force, then P=0, and mQ= - F. Let a be the radius of the 

^T T F 

circle. Then the equation of Art. 589 to determine T becomes -^-s- — v,= . 

as' a^ , a 

Let » be measured from the point A towards P, then s=aB; also F is independent 
ofs. Hence we have T=Fa+Ae +Se~ . 

To determine the arbitrary constants A and B we have the condition T=0 when 
e=0 and 9=2ir; also just before the string was cut T—Fa. Hence the result given 
in the enunciation follows. 

Ex. 2. A string is wound round the tinder part of a vertical circle and is just 
supported in equilibrium at the ends of a horizontal diameter by two forces. The 
circle being suddenly removed, prove that the tension at the lowest point is 
instantly decreased in the ratio 4 ; e +«"*". 

Ex. 3. The extreme links of a uniform chain can slide freely on two intersect- 
ing straight lines, which are at right angles and equally inclined to the vertical. 
The chain is in equilibrium under the action of gravity. If now the chain break 
at the lowest point, show that the tension at any point P is equal to the statical 
tension multiplied by 20/(7r + 2), where (p is the angle which the tangent at P 
makes with the horizon. 

Ex. 4. A string rests on a smooth table in the form of an arc of an equiangular 

spiral, and begins to move from rest under the action of a central force F which 

tends from the pole and varies as the «"' power of the distance, show that the initial 

....,„ „ n cos^ a + sin'a y ^ t, „ i ■ n , 

tension is given by T= -rF , -^.- -„ .r^ + ^J^ + BA where o is the angle 

TO (n + 1) cos'^ tt - sin-' a 

of the spiral, and p, q are the roots of the quadratic x(x- l) = tan^a. Show that 

the solution changes its form when a is such that the first term is infinite, and find 

the new form. 
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Ex. 5. A given heavy uniform inelastic chain is stretched nearly straight with 
the two ends at the same level ; suddenly one end is released, prove that, to a 
first approximation, half the product of the tensions at the other end before 
and after release is equal to the square of the weight of the chain. 

[Math. Tripos, 1888. 

593. Ex. 1. An endless string in the form of a clrele is rotating in its own 
plane with a uniform angular velocity a. The string being cut at any point, find the 
initial tension, the initial radius of curvature of the path of any element, and the 
rate at which the tension is changing. 

Let OCA be the diameter through the point of fracture A, and let the arc be 
measured from 0. Let a be the radius and let s = a<p. Since there are no 
impressed forces, P=0, Q = 0. We have at once by (5), since p=a, 

T= a^a"- + A cosh ip + B sinh 0, 
where A and B are such that 2'=0 when 0= ±7r, 

.-. 2'=aV(l-coshf/eosh5r). 

To find the radius of curvature of the path of any element, we notice that each 
element is moving with a velocity u= am along the tangent to the string. Besolving 
these along the normal to the string, we have u'jR = Tla whence R=u^ajT. This 
result follows at once from equation (7) since v = 0, Q=0. To find a, we have 
from (6), since p=o, a^C>=idTjd\j/. By differentiating (5) with regard to f we 
obtain 

CPT T 2T dia 
as' p' p as 
Since du/(fe=0, we find by solving this differential equation, 

T=2aV f^i£!^ _ ^sinh ^N 
\ cosh w sinh tt / ' 

By differentiating (5) and (6) with regard to s we may also show that the rate p at 
which the radius of curvature of the string is changing is initially zero and that 
the acceleration is initially equal to 2au^ cosh \j/ . sech tt. 

Ex. 2. A string moves under the action of a central force F (r) tending from 
the origin. The instantaneous motion being known, show that T may be found 
from cPT T dF „ F . „ 

If the string start from rest and both its extremities are free, prove that dT/dt is 
initially zero thronghont the string. 

Ex. 3. A string of length 2aa is at rest in the form of an arc of a circle of 
radius a and is acted on by a central force F (r) tending from the centre of the 
circle. Show that the instantaneous tension at any point P is 

T=aF (a) (1 - cosh S/cosh a), 
where is the angle subtended at the centre by the arc OP measured from the 
middle point of the string. 

Ex. 4. A heavy uniform string of given length is placed at rest on » rough 
table whose coefScient of friction is p., and is acted on by a finite force at each end. 
If each element of the string begin to move in a direction making a given angle j3 
with the tangent at the element, prove that the intrinsic equation to the string is 
1 1 
pa b 



_ -2i(.cot2/3 1 -,i>col/3 
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where is the angle the tangent makes with a fixed straight line. Prove also that 
the force at either end must be juftsin j3e*i™*^ where 0i is the value of ^ at that 
end. If a is infinite the curve is an equiangular spiral and the string is in 
equilibrium. 

Ex. 5. , If, in the last example, each element begin to move in a direction 
making an angle ^ vrith the tangent, prove that the intrinsic equation is 
a/p = 1 + 6 sec' 0, where a and 6 are arbitrary constants and the force at either 
end is lui sin 0. 

On Steady Motion. 

594. Def. When the motion of a string is such that the 
curve which it forms in space is always equal, similar, and similarly 
situated to that which it formed in its initial position, that motion 
may be called steady. 

To investigate the steady motion of a homogeneous inextensible 
string. 

It is obvious that every element of the string is animated with 
two velocities, one due to the motion of the curve in space, and 
the other to the motion of the string along the curve which it 
forms in space. Let a and b be the resolved parts along the axes 
of the velocity of the curve at the time t, and let c be the velocity 
of the string along its curve. Then, following the usual notation, 
we have 

u = a + ccos<j), v = b + csm<f> (1).. 

Now a, b, c are functions of t only, hence du/ds = — c sin <f>d^/ds. 
Therefore by equation (9) of Art. 575 we have 

di-^'ds ^^^- 

Substituting the values of u and v in the equations of motiom 
Art. 574, we get 

_ + _cos0-csm.^^=Z+^(^-cos,/,j 

db dc . , , d(i> ^r d (T . ,\\' 

^+^sm</. + ccos<^J'=F4^(^sm<^jJ 

Substituting for d<f>/dt, these equations reduce to 
da 
di 



, /„ dc A d [iT \ .\\ 
.= (Z-^cos0j+^|(--c^jcos<^| 



(3). 



The form of the curve is to be independent of t\ hence, on 
eliminating T, the resulting equation must not contain t. This 
will not generally be the case unless dajdt, dbjdt, dc/dt are 
constants. The motion is then called a uniform steady motion. 
In any case their values will be determined by the known circum- 
stances of the problem. The above equations must then be solved. 
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s being supposed to be the only independent variable, and t being 
constant. 

595. If a, b, c are constants, these equations take a simpler 
form. We then have 

= mX+~iT' cos yjr), = mY+ ^ {T' sin i^),. . .(4), 

where T' = T- md'. These are the equations of equilibrium of a 
string acted on by the same given forces, viz. mX and mT. Thus 
we have a very convenient analogy between the steady motion and 
the equilibrium of a homogeneous string. 

For example, if a string can move in a uniform steady motion 
under the action of gravity, we see that its form at any and every 
moment must be the same as that of a string in equilibrium under 
the action of gravity. The form of the travelling curve must 
therefore be a catenary. What catenary it is will depend on the 
terminal conditions, and if these are inconsistent with the properties 
of a catenary no uniform steady motion is possible. 

Whatever catenary the string assumes, the tension T at any 
point of the moving string will exceed the tension at the corre- 
sponding point of the stationary catenary by mc\ We have 
therefore at any point T = in{gy + c?), where y is the ordinate of 
that point measured from the directrix. 

More generally, we see &om the equations (4) that a string cannot move in 
uniform steady motion unless every one of its positions is one in which a string 
could rest in equilibrium under the action of the instantaneous forces. Supposing 
this condition to be satisfied, the conditions at the extremities (if the string form an 
unclosed curve) must also be consistent with this form of the string. These are the 
necessary and sufficient conditions. 

One important case of this theorem is when the string forms a closed curve 
which does not travel in space. This case was first given in the Solutions of 
Cambridge Problems, 1854, by Tfaftore and Mackenzie, who enunciated the theorem as 
follows. If a uniform endless chain rest in any form subject to the action of forces 
depending only on the position of the particle acted on and to the reactions of 
smooth surfaces, it will continue to move in the same form if put in motion in 
such a manner that every point of the chain begins to move in the direction of the 
tangent at that point. 

596. Examples. Ex. 1. A horizontal cylinder revolves with nniform velocity 
about its axis and an endless chain passing round it revolves with it in such a 
manner that the form of the chain in space is always the same ; show that the form 
of the curve is independent of the velocity. [Math. Tripos, 1854. 

Ex. 2. A uniform string AB of any given length is placed in the form of an arc 
of an equiangular spiral, and is acted on by a centre of repulsive force situated in 
the pole of the spiral whose accelerating force is equal to /^/(distance)^. Each 
element starts with a velocity u along the tangent to that element, and the extremities 
A, B are acted on by forces 1?,, F^. If ii'i=7«(tt= + /i/04) and F^ = m(u>+^jOB) 
where m is the mass of a unit of length, prove that the string will describe the 
spiral uniformly. 
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Ex. 3. A light flexible iuextensible tube of small uniform section suspended 
from two points in the same horizontal line by its ends is full of water which flows 
through it with uniform velocity. Prove that it hangs in the form of the common 
catenary, and that the longitudinal tension is constant. [Math. Tripos. 

597. Ex. Form of an electric cable. An electric cable is deposited at the 
bottom of a sea of uniform depth from a ship moving with uniform velocity in u 
straight line, and the cable is delivered with a velocity c equal to that of the ship. 
Determine the form of the string when the motion is steady. 

Consider the portion of the cable between the ship A and the ground B. If the 
friction of the water on the string is neglected, gravity diminished by the buoyancy 
of the water will be the only force acting on the string, let this be represented by g'. 
Then the form of the travelling curve is the common catenary, and the tension at 
any point exceeds the tension in the catenary (see Art. 595) by the weight of a, 
length of string equal to c'jg'. 

To determine the particular catenary assumed by the string we consider tlie 
conditions at the extremities A and B. At the point B where the cable meets the 
ground the tangent to the catenary must be horizontal. For, if not, an element of 
string at B would have the tangents at its extremities inclined to each other at a 
finite angle. Then since T cannot be zero in a catenary, this elementary mass 
would be acted on by a finite resultant force. Hence the element would alter its 
position with an infinite velocity. The catenary therefore must be such that B is 
its vertex. 

To fix the catenary one more condition is necessary. If I be the length of the 
portion of cable between the ship and the ground and h the depth of the sea, then 
the parameter y of the catenary must satisfy the equation {h + yf=P + yK 

The problem of the deposition of an electric cable appears first to have been 
considered by Longridge and Brooks (Institution of Civil Engineers, Feb. 1858). 
Another solution was given by Sir G. Airy in the Phil. Mag. for July, 1858. A further 
discussion by Mr Woolhouse may be found in the Phil. Mag. for May, 1860. All 
these include in their investigations the friction between the water and the cable. 

598. We shall now consider how the solution is affected when the friction of 
the water on the cable is taken account of. We shall assume that tlie friction on 
any element of the cable varies as the velocity in space of that element, and acts in a 
direction opposite to the direction of motion of the element. Each element has 
motions both along the cable and transverse to it ; and the coefficients of friction for 
these two motions are probably not strictly equal. In order however to simplify 
the formulae we here treat them as equal. Let fi. be the coefficient of friction. 

Let the axis of x be horizontal, and let r' be the abscissa of any point of the 
cable measured from the place where the cable touches the ground, in the direction 
of the ship's motion. Also let «' be the length of the curve measured from the 
same point. Then x=x' + ct, and s=»' + ct. 

Following the same notation as before, we have 
X= - liu, Y=~g'- iw. 

But M=c-ccos0, D=-cBin^. 

Hence the equations (3) of Art. 594 become 

0=-/«! + ^oos,^ + ^^ |^--c'ijoos0J- 1 

O=-i,'+^csin0 + |^|g-c^)8in^|| 
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To integrate these put sin <l>=dyjds, ooa <p = dxlds. Hence, 

c^ I cos d> 1 

^^ ^ (1), 

g'B= - g's + iu:y + ( c' ) sin 



g'A = - fics + licx + 



where A and B are two arbitrary constants. 

At the point where the cable meets the ground, we must have either 7=0 or 
= 0. For if be not zero, the tangents at the extremities of an infinitely small 
portion of the string make a finite angle with each other. Then, if T be not zero, 
resolving the tensions at the two ends in any direction, we have an infinitely small 
mass acted on by a finite force. Hence the element will in that case alter its posi- 
tion with an infinite velocity. Fiistly, let us suppose that 0=0. Also, at the same 
point, 2/= and 2' =0. Hence B=-c«. 

Putting^ = e, we get by division -^,= -i — • (2). 

(7 dx' A-ex' + es' * 

This is the differential equation to the curve in which the cable hangs. 

To solve this equation we put p for dy/dx' and find «' in terms of the other 

quantities. Then differentiating, and writing 1 +p' for (ds'jdx)^ and i; for 4 - ex' + eh) 

we have ^j, - edp 

IT ~ (1 - ep) ^/^+p ■ 

The variables are now separated, and the integrations can be effected. The 
equation can be integrated a second time, but the result is very long. The arbitrary 
constant A may have any value, depending on the length of the cable hanging from 
the ship at the time t=0. 

The curve in its lowest part resembles a circular arc, or the lower part of a com- 
mon catenary. But in its upper part the curve does not tend to become vertical, 
but tends to approach an asymptote making an angle cot~i e with the horizon. The 
asymptote does not pass through the point where the cable touches the ground, but 
below it, the smallest distance being Aje (e^-l-l)*; the asymptote also passes below 
the ship. 

If the conditions of the question are such that the tension at the lowest point 
of the cable is equal to zero, the tangent to the curve at that point is not neces- 
sarily horizontal. Let \ be the angle this tangent makes with the horizon. 
Beferring to equations (1) of Art. 594 we have simultaneously 

x'=0, y=0, s'=0, T=0, and 0=X. 
Hence Ag' = -c^ cos X, Bg' = - c^ sin X - g'ct. 
The differential equation to the curve now becomes 
dy _ -e^sinX+g' js'-ey) 
dx' -a'cosX+g' {es'-ex') * " 

which can be integrated in the same manner as before. One case deserves notice ; 
viz. when e = cotX. The equation is then evidently satisfied by y=x!le. The two 
constants in the integral of {3) are to be determined by the condition that, when 
x' = 0, y=0, then dy/dx' =ta.n\. Both these conditions are satisfied by the relation 
y=x'le. Hence this is the required integral. The form of the cable is therefore a 
straight Une, inclined to the horizon at an angle X=cot~ic; and the tension may be 

found from the formula T=j — ?.y__ , 
1 + cos X 
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Ex. 2. Let a cable be delivered with velocity c' from a ship moving with uni- 
form velocity c in a straight Une on the surface of a sea of uniform depth. If the 
resistance of the water to the cable be proportional to the square of the velocity, 
the coefficient B of resistance for longitudinal motion being different from the 
coefficient A for lateral motion, prove that the cable may take the f orm of a 
straight line making an angle X with the horizon, such that coV \= ije* + i - i , 
where e is the ratio of the speed of the ship to the terminal velocity of a length of 
cable falling laterally in water. Prove also that the tension will be found from the 

equation ^= |^ ~ 2 *^ ( c " °°^ ^T sinxl '"^'" ^^'^^^' ^"^" 

Small Oscillations of a Loose Chain. 

599. Chain suspended by one esEtremity. A heavy 
heterogeneous chain is suspended by one extremity, and hangs in a 
straight line under the action of gravity. A small disturbance 
being given to the chain in a vertical plane, it is required to find 
the equations of motion*. 

Let be the point of support, let the axis Oos be measured 
vertically downwards, and Oy horizontally in the plane of disturb- 
ance. Let mds be the mass of any elementary arc whose length 
PQ is ds, and let T be the tension at P. Let I be the length of 
the string, and let us suppose that a weight Mg is attached to the 
lower extremity. The equations of motion, as in Art. 574, are 

d'«!_ld^(rpdx\ ^-L^fr^) m 

d^~mds\ ds)^^' dt' mds\ dsj ^ ^• 

Since the motion is very small, the point P will oscillate in a 
very small arc, the tangent at the middle point being horizontal. 
Hence we may put dso/dt=0. For a similar reason we may put 
dx = ds. We therefore have by integrating the first equation 

T = constant — g Jmdx. 
But T = Mg when x = l, hence we find 

T = Mg + gJlmdx (2). 

When the chain is homogeneous, this equation takes the simple 

form T=Mg + mg{l-x) (3). 

It may be noticed (1) that this expression is independent of 

* In the Seventh Volume of the Journal Polytechnique, Poisson discusses the 
oscillations of a heavy homogeneous chain suspended by one extremity. Putting 
(l-x)^±igh equal to s or s' according as the upper or lower sign is taken, and 

y'=y {l-x)i, he reduces the equation to the form j^,= - j TjqiTTa • ^^ obtains 

the integral by means of two definite integrals and two infinite series. After a 
rather long discussion of the forms of the arbitrary functions which occur in the 
integral, he finds that a solitary wave will travel up the chain with a uniform 
acceleration and down with a uniform retardation, each equal to half that of 
gravity. 
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the time ; (2) that the tension at any point of the chain is equal to 
the total weight of matter below that point. 

The second equation may be written in either of the forms 

^ = 1^(t^) = 1 t^ + L^'^V (4), 

dt^ mdx\ dx' m da? mdxdx 

where T is a function of x given by the equation (2), or (3). 

600. Let us suppose that the displacements of the particles 
forming any finite portion of the chain during a finite time are 
represented hy y = <^ (x, t), where <j) is a, continuous function of x 
and t. Let P be a geometrical point within this portion of the 
chain which moves so that the particle-velocity at P, i.e. dyjdt, is 
always equal to some constant quantity A. Let v be the velocity 
with which P moves, then, following in our mind the motion of P, 
we have by differentiating dyjdt = A with regard to t 

d'y d'y . ,^. 

Let Q be a point also within the portion, such that the tangent 
to the chain at Q makes with the vertical an angle whose tangent, 
i.e. dy/dx, is B/T, where B is some constant quantity. Let v' be 
the velocity with which Q moves, then 

dxdt dx\ dx) 

Eliminating the second differential coefficients of y from equa- 
tions (4), (5) and (6), we easily deduce that, if P and Q coincide at 
any instant, vv' = T/m (7). 

This reasoning requires that all the second differential coeffi- 
cients should be finite, and that y should be a continuous function 
of X and t. It would not apply to any point P, if the discontinuous 
extremities of two waves were passing over P in opposite direc- 
tions. But the consideration of these exceptions is unnecessary 
for our present purpose. 

Let ABhe a, disturbed portion of the chain travelling in the 
direction AB on a chain otherwise in equilibrium. At the con- 
fines of the disturbance the two portions of the string must not 
make a finite angle with each other. If they did, an element of 
the string would be acted on by a finite moving force, namely, the 
resultant of the two finite tensions at its extremities. In such 
a case the disturbance would instantly extend itself further along 
the chain and assume some new form. Supposing we exclude 
any such case as this, we must have, as long as the motion is 
finite, both dy/dt = and dyjdoi = 0, at both the upper and lower 
extremity of the disturbance. If then P be a point at which 
dy/dt = 0, and Q a point at which dy/dx = 0, P and Q may be 
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considered as taken just within the boundary of the wave ; P and 
Q will therefore each travel with the velocity of that boundary. 
Hence, putting v = v', we find for the velocity of either point 

v^ = T/m (8). 

It appears therefore that if a solitary wave travel up the chain, 
the velocity increases as the wave approaches the upper extremity. 
The upper end of the wave will travel a little quicker than the 
lower end, because the tension at the upper end exceeds that at 
the lower; thus the length of the wave will gradually increase. 
When the wave travels down the chain, the velocity for the same 
reason decreases. 

601. Examples. Ex. 1. If the chain be homogeneous, show that the boundaries 
of a solitary wave will travel up the chain with an acceleration equal to half that 
of gravity, and down the chain with. a retardation of the same numerical amount. 

Ex. 2. Let the law of density be m=A [l + V -x)-^ where I is the length of 
the chain and A , V are two constants. Also let a weight equal to 2Ag^l' be fastened 
to the lower extremity, prove that 

y=/{(l+l'-a!)^~(y)h}+F{{l + l'-x)i + {ig)*t}. 

This integration may be effected by writing 9= (i+Zy- (J + J'- «). The equation 

of motion then takes the form -y4r = h t^. which can be solved in the usual manner. 
at' 2 dS' 

Ex. 3. The chain is said to sound a harmonic note when its motion can be 
represented by an expression of the form «/ = (a;) sin (kI + a); so that the motion of 
every element repeats itself at the same constant interval. Show that the harmonic 
periods of the chain and weight are given by (ct'*tanK {(l + l'y -l'^} = l. 

To prove this, we substitute y =/ (d) sin (xt + a) in the differential equation 
obtained in the last Example ; we thus find/(fl) to be trigonometrical. Since !/ = 
when a;=0 for all values of t, the expression for y reduces to 

y — sanKB {Jjcsinftt (^gf + BKDOSKt(^gf} 

where Ak and B« are two arbitrary constants. But, when x=l, y must satisfy the 
equation of motion of the weight, viz. cPyjdt^^ -gdyjdx. Whence the result 
follows by substitution. 

602. Chain suspended by both extremities. An in- 
elastic heterogeneous chain is suspended from two fixed points 
under the action of gravity. Any small disturbance being given 
in its own plane, it is required to find the small oscillations. 

Let the axis of x be horizontal and that of y vertical. Let 
be any point on the chain when hanging in equilibrium, and let 
the arc s be measured from G. Let (x, y) be the co-ordinates of 
any point P determined by CP = s. Let T be the tension at P, 
mgds the weight of an element ds situated at P. The equations 
of equilibrium are 
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Let a be the angle which the tangent at P makes with the axis 

of a;, then we easily find T= — —, m = w- — ^ — (1), 

•' cos a ds 

where w is an undetermined constant. 

When the chain is in motion, let (a;+^, y + v) ^^ ^^^ co- 
ordinates of the position of the particle P at the time t, and let 
the tension at that point he T' = T + U. The equations of motion 
will be 



^ = 11 

dt' m ds 



[ds^dsj]' df~mds\ \ds ds)} ^' 
which, by subtracting the equations of equilibrium, reduce to 

dt' mds\ ds'^ ds) dt? mds\ ds'^ ds)'"^ '' 
when the squares of small quantities are neglected. 
Since the string is inelastic, we have 

{dx + d^y + {dy + d-rif = (ds)". 
Expanding, and rejecting the squares of small quantities, this 

becomes Jf + ^^=0 (3). 

ds ds ds as 

We have thus three equations to find |, ij and U as functions 
of s and t. 

603. Velocity of a wave. To find the velocity with which 
a solitary wave will travel along the chain. 

If we suppose a small disturbance to travel along this chain, 
so that there is no abrupt change of direction of the chain at the 
boundaries of the wave, we must have at those points d^jds = 0, 
drj/ds = 0, d^/dt = 0, dfj/dt = 0, and 11 = 0. Let v be the velocity 
with which one boundary of this wave travels along the chain, 
then, following that boundary in our mind, we have as in Art. 600 

d^ ^_ d^ ^_n 

df" dsdt • dtds^'" d^~ ' 

and therefore t4 = 'W^ -r^ . 

dp ds" 

with a similar equation for rj. Thus the dynamical equations be- 
come at the boundary 

m) ds" m ds ds' \ m) ds" m ds ds ' 

and the geometrical equation becomes ^^r- = — J^ -r- . 

^ ^ d^ ds ds" ds 
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From these we easily get v^ = Tim. Substituting for T and m 
their values, we have, if p be the radius of curvature at P, 

v^'^igpcosa) (4), 

so that the velocity of either boundary of the wave is that due to one 
quarter of the vertical chord of curvature at that paint. 

Ex. A chain is in equilibrium under the action of any forces which are 
functions only of the position in space of the element acted on. Show that the 
Telocity of either boundary of a solitary wave is that due to one quarter of the chord 
of curvature in the direction of the resultant force at that boundary. 

604. Intrinsic equation of motion. To solve as far as possible the equations 
of motion of a heavy slack heterogeneous chain. 

It wiU be convenient to express the unknown quantities |, i;, U in terms of 
some one function 0. 

Let a + ^ be the angle which the tangent at P makes with the horizon at the time t. 

mi , ., dx + df . , ,^ dy + d-n 

Then cos(o + 0) = — ^— ^, Bm(a + 0)= ^^ ; 

di di) ,_. 

.-. -^sma=-=5, 0cosa = -ji (a); 

.. -3^=-p0sina, ^=p^cosa (6), 

da ua 

i= - i pipainada+A, ■q= jpipoosada + B (7), 

where A and B are two undetermined functions of t. 

The equations (2) now become by substitution from these and from (1) 



■rri 5— = -T- - 90 tan o H — cos a 1 

dt^ oos^a da\'^^ w / [ 

"1 d f U . \ \ 

. — 5— —^r\0<t>-\ — Bin a 1 
i cos^o daV «> / / 



.(8). 
^ 1 _d[^_^^V^.^ 
dt'^ ( 

For the sake of brevity let accents denote differentiations with regard to t. 
Expanding the differentiations on the right-hand side, these equations may be 

written in the form 

, cos"^ a\ 

w 

, . d!7 costal 

f " cos a + V sm a + 50 cos a 



f ■ dd> \ rr' 

-|"sina + Vcoso-5i I 0sino + -j^ cosa 1 = (7- 



da w J 

Differentiating the first with regard to a and adding the result to the second, we 

p<b" d^d> „ d /Ucosa\ 

obtain -^-^ 9-To=^ir\ )• 

cos a da' da\ w J 

Differentiating the second and subtracting the first from the result, we obtain 

d4> d" / Pcosa N 

^Ta'da^'X w j' 

These equations evidently give 

UcoBa=wg{2j^da + Ca + D) (9), 

S=/-^"(S^^^-^^^) <^°>' 

where G and D are two undetermined functions of t. These are the general 
equations to determine the small oscillations of a slack chain. 
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The undisturbed form of the curve being given, p is known as a function of o. 
We may then use the equation (10) to find as a function of a and t. The tension 
is then found from the equation (9), and the displacements f, ij of any point of the 
chain by equations (7). 

605. The determination of the whole motion depends therefore on the solution 
of a single equation. Supposing the integration to have been effected, the ex- 
pression for will contain two new arbitrary functions of a and t. These we may 
represent by \j/ (P) and x (Q) where \j/ and x are arbitrary functions of two determinate 
combinations P and Q of the variables. The arbitrary functions A and B are not 
independent of C and D, and the relations between them may be found by substi- 
tuting in equations (8). 

We have thus four arbitrary functions whose values have to be determined from 
the conditions of the question. Let ag, Ui, be the values of a which correspond to 
the two extremities of the string. Then the values of 4> and dipldt are given by the 
question when ( = for all values of o from a = a„ to 0=0, ; also the initial values 
of A and B are given. Thus the values of xj/ (P) and x {Q) are determined for all 
values of P and Q between the two limits which correspond to a = oq , t = and a = oj , 
t=0. The forms of ^ and x for values of P and Q exterior to these limits, and the 
values of A and B when t is not zero, are to be found from the conditions at the 
extremities of the chain. If the extremities be fixed, we have both { and i; equal to 
zero for all values of t when a = 0(, and a = aj. It may thus happen that the 
arbitrary functions A, B, ^ and x are discontinuous. 

In many cases the circumstances of the problem will enable us to determine 
at once the form of C. Thus, suppose the string when in equilibrium to be 
symmetrical about a vertical line, say the axis of y, and let the points of support be 
fixed in the same horizontal Une. Then if the initial motion be also symmetrical 
about the axis of y, the whole subsequent motion will be symmetrical. Thus <fi 
must be a function of a, containing when expanded only odd powers of a. Sub- 
stituting such a series in equation (10) we see that C must be zero. 

606. Oscillations of a cydoldal chain. There are several cases in which 
the equation to find the small motions of a chain may be more or less completely 
integrated. One of the most interesting of these is that in which the chain hangs 
in equilibrium in the form of a cycloid. In this case we have, if 6 be the radius of 
the generating circle, p=ib cos o. The density of the chain at any point is given by 
m=«)/46cos3a, so that all the lower part of the chain is of nearly uniform density, 
but the density increases rapidly higher up the chain and is infinite at the cusp. 

The equation to find the oscillations now takes the simple form 



S=fi{S***--) m. 



in which all the coefficients are constants. 

There are two oases of motion to be discussed, (1) when the chain swings up 
and down, and (2) when it swings from side to side. The results are indicated in 
the two following examples. 

Ex. 1. A heavy chain suspended from two points in the same horizontal line 
Jiangs under gravity in the form of a cycloid. Find the symmetrical oscillations 
of the chain, when the loweit point moves only up av4 down. 

In this case we have C=0. To find the nature and time of a small osciUation, 
we put ^=2iJ sin Kt + 2iJ' cos Kt, 
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where 2 implies summation for all values of k, and E, R' are functions of o only. 

Substituting, we have ^ + 4 (l+^\ R--=0- 

da' \ g J 

with a similar equation to find J2'. Therefore iJ=isin2a f 1 + — V 

1- r • \ SJ ' 

where L is an arbitrary constant, the other constant being determined by the 
consideration that the motion is symmetrical about the axis of y. For the sake of 
brevity, put \ = 2^{l + bic>lg). Substituting in (7), we find that the terms derived 

from R become 2i 

* ~ j^3j-{X COS Xa sin 2o - 2 sin Xo cos 2a} sin Kt, 

r 26 26 n 

1 = 21 -ij-j— 2{XoosXocos2a + 2 BinXasin2o} -L— cosXo + H sin/c(, 

where His & constant depending on the position of the points of support. The 
terms derived from R' must be added to these, but have been omitted for the sake 
of brevity. They may be derived from those just written down by writing cos Kt 
for sin Kt and changing the constants L, H into two other constants £', H'. 

Let the length of the chain be 21, then at either end sin a,, = J/46. At both 
extremities we must have |=0, );=0. All these four conditions can be satisfied if 

tan Xag tan 2ag 



X 2 ■ 

This equation therefore determines the possible times of symmetrical vibration 
of a heterogeneous chain hanging in the form of a cycloid. 

607. If a be not very large, the oscillations are nearly the same as those of a 
uniform chain'. In this case, since a^ is small but Xa^ is not necessarily small, the 
equation to determine X is approximately 

tanXag^Xag. 

The least value of Xoo which can be taken is alittleless thanfTr, viz.Xao=4'4934. 
Hence X is great, and therefore it = X (gjib) nearly. The expressions for f and i) now 
take the simple forms 

{=Si7-j {XocosXo-sinXo} sin ■[( ^ ) Xt + fJ- 1 
i7=2X-i-{cosXo„-cosXo} sin j( ^ ) Xt + eN 

The terms depending on cos Kt have been included in these expressions for | and 
11 by introducing e into the trigonometrical factor. 

The roots of the equation tanXO|,=Xo(| may be found by continued approxi- 
mation. The first is zero, but, since X occurs in the denominator of some of the 
small terms, this value is inadmissible. The others may be expressed by the 
formula Xa(|= J(2i + l)7r- fl, where 6 is not very large. This makes the time of 

* The reader who may wish to see another method of discussing the small 
oscillations of a suspension chain may consult a memoir by Mr Bohrs in the ninth 
volume of the Cambridge Transactions. Mr Ebhrs considers the chain to be homo- 
geneous, symmetrical about a vertical line, and nearly horizontal from the beginning 
of the process. In the second edition of this treatise the small oscillations were 
treated on the same hypotheses, but in a different manner. That method, however, 
is not nearly so simple as the one here given in which the approximate oscillations 
for a catenary are deduced from the accurate ones for a cycloid. 

B. D. II. 25 
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4 I 

vibration nearly equal to ^. — =■ . ■ . Thus the times of vibration of the chain 

-=* + 1 iJigJ> 
are all short. 

This result will e&plain why the marching of troops in time along a suspension 
bridge may cause oscillations which are so great as to be dangerous to the bridge. 
It is clearly possible that the " marching time " may be equal to, or very nearly 
equal to, some one of the times of vibrations of the bridge. If this should occur 
it follows from Arts. 338 and 340 that the stability of the bridge may be severely 
strained. 

It should be noticed that the terms in the expression for { have the square of X 
in the denominator, while those in the expression for ij have the first power of X. 
Since X is great we may as a first approximation reject the values of | altogether, 
and regard each element of the chain as simply moving up and down. 

608. Ex.2. A heavy chain suspended from two points hangs under gravity in 
the form of a cycloid. If it swings from side to side in its oivn plane so that the 
middle point has only a lateral motion without any perceptible vertical motion, find 
the times of oscillation. 

As in the last example, we put ^ = 212 sin ict + XR' cos Kt, 

where R and R' are functions of a only. Substituting in equation (11), we see that 

2C = 'Zh Bin Kt + ^k COS Kt Where h and k are arbitrary constants. The equation to 

d^H f 6/t^\ 

findiJbecomes Tr-»+4(lH \R= -h. 

do? \ g J 

It we put \^=i(l + bK^lg) as before, we find R= - ft/X^+Lsin (Xo + Jlf). 

Thence taking the term of ^ which contains sin xt, 

f ft'-7j6eos2o 26 , 

. ■ = p + ■t'^23ii^ COS {\a + M) sm 2o - 2 sin (Xo + M) cos 2a}, 

where h' is an arbitrary constant introduced on integration. Substituting in 
equation (8), we find 7j'= -h{b+glK^). Also, we have in the same way 

-^.= -^(2a + Sin2o) 
sm (ct X" ^ ' 

- L -J— r {X cos (Xo + M) cos 2a + 2 sin (Xo + M) sin 2a} - 1, — cos (Xa + M) + H. 

If we suppose the two supports to be in the same horizontal line, we must have 
f=0 and 7) = 0, when a=±Oo. These conditions may be satisfied if we take 
M=j7r, H=0, for then { becomes an even and ij an odd function of a. In this 
case 7j = at the lowest point of the chain. We have then two equations to find 
Ljh ; equating its values, we have 

2 tan 2a„ - X tan Xa„ - *-?^» ^^ , 

cos 2aii X XtanXa(|tan2ao + 2 

2a„ + sin2o„ "" „ 4 ' 

" ° 2oos2a„ + r 



X2-4 

609. If a„ be smaU, this equation is very nearly satisfied by \a„ = iv, where i is 
any integer. In this case the complete expressions for ( and ij take the simple forms 

{=2!£j^ (cosXoj- cosXa-XasinXa)siuir£^yxt + el 



= Si — smXasm 

A 



^^{{0-^ 
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610. Examples. Ex.1. If we change the variables from a, « top, g, where 

J\gcoaa/ ^ J\gcosaJ 

show that the general equation (10) of small osoillations takes the form 

#1 + 7 U^"''^*^" 2^' 
where ii*=g ooso/p and <l>=ijut>'- 

Show also that the coefficient of <p' is a function of p + q, the form of the 
function depending on the law of density of the chain. 

This transformation may be useful, because it follows from Art. 603 that p is 
constant for the boundaries of a solitary wave travelling in one direction, and q for 
a wave travelling in the other direction. 

Ex. 2. A heavy string hangs in equilibrium under gravity in such a form that 

its intrinsic equation is = — sin''(2a-)-c), where b and c are any constants. 

P 9 

Show that its law of density is given by m=w ^ -. If such a chain be set 

g cos'o 

in motion in any symmetrical manner, prove that its motion is given by 
,=.sin(2a + c)|i.(.-55*^)+^(,^££^))J. 

Ex. 3. If, in addition to gravity, each element of the chain be acted on by a 
small normal force whose magnitude is Fg, prove that the equation of motion 

of the chain is — !—- ^ - ^ - 4d> - 2C = t- + 2 I da. 

g cos a af da'' coa a da J cos a 

If the chain is nearly horizontal, so that a is very small, and if F=/sin {at - ca), 
prove that the denominator of the corresponding term in the expression for ^ is 
g(c~>-i)-pw'. 

Ex. 4. A heavy chain of length 22 is suspended from two points A, B in the 
same horizontal line whose distance apart is not very different from 21. Each 
particle of the chain is slightly disturbed from its position of rest in a direction 
perpendicular to the vertical plane through AB. Find the small oscillations of the 
chain. 

Ex. 5. A heavy string is suspended from two fixed points A and B, and rests 
in equilibrium in the form of a catenary whose parameter is v. Let the string 
be initially displaced, the points of support A, B being also moved, so that 

^ = (T (1 + cos 2a) + <r' sin 2o, 
where «■ and (/ are two small quantities and the other letters have the same 
meaning as in Art. 604. If the string be placed at rest in this new position, prove 
that it will always remain at rest. 

611. Ex. 1. A uniform string in the form of a circle of radius o rests on a 

smooth plane under a central repulsion whose measure at a distance r is ga''jr'^. 

Show that, if the string be slightly displaced so that initially it is at rest and in the 

form r = a + Sa^ cos me, then at any subsequent time t its form will be determined by 

„ .nHm-aii, 
r=a + 2a~cosm9cosm-j- ^—z — V t 



tg m'+w-2 H 
'[a m' + l ) 



where Z implies summation from m = 1 to m = a>. Discuss the result (1) whenm=l 
and n= 1, and (2) when n = 3. [Math. Tripos, 1884. 

25—2 



388 OSCILLATIONS OF A TIGHT STRING. [CHAP. XIIL 

Ex. 2. A string is in equilibrium in the form of an equiangular spiral, of angle 
a, under the action of a centre of repulsion in the pole, the force on an element 
ds at a distance r^ being /ds/rj". In order that, when the string is slightly disturbed 
from the position of equilibrium, the equations of motion may take a linear form 
with constant coefficients, we shall suppose that the string is loaded with non- 
attracted matter, so that the mass of an element ds becomes adsji^, where r is the 
equilibrium distance of the element from the pole. Let the particle whose equi- 
librium co-ordinates are (r, $) occupy at the time t the position (rj, ffj where 
j-j=r (1 + J), ei=e-l-ij, and let the tension be Ti = T (1 -I- V) where T is the equilibrium 
tension. Show that the equations of motion are 

... d^ • n dti n 

f -)- sm a cos a~^ + sm!' a-j^=0 
dff do 

ad?i, „ . , di . . d^ri . , dV 

Hence show that the motion is represented by 

f = Am sva? a sin m{vt-$), 

- i;=4{cos m (vt - 9) -fm sin a cos a sin m («t - 9)}, 

, „ cos' a -(-m^ sin" a fsin^o 

where v'= — = „ . „ — .- . 

1 + m'' sm-' a a 

It the string is finite in length and its extremities A and B are fixed in space on 

the spiral so that the angle AO,B = §, and if the period of vibration is 27r/p, prove 

that the angle ;S must be a root of the equation 

J (e^? _ g - ft?) sin fc/3 ^^^ = 2 - (c^^ -)- e - *^) cos fc/S, 

where ft" and - h^ are the roots of the quadratic 

a?f sin* a-x sin" a (/cos* o - op") - op' = 0. 
Ex. 3. A heterogeneous string OA of length I, whose line density at a point 
distant z from is Da/(&"-x")^, has a particle of mass M attached at the end A 
where Ml=Da {V - Vf, and a, b are two given constants such that I is less than 6. 
It is placed on a smooth horizontal plane and set rotating with an angular velocity 
<a about the end as a fixed point so that each point describes a circle whose 
centre is 0. If it is slightly disturbed, show that a possible transverse oscillation 
is given by 

'i]=ABin iii^^q"-!) t.sin(gsin~'a;/6 + Q), 

where Q = cot"' MqjDa - q sin-' Z/6, 

and 1} is the distance of an element from the uniformly revolving line OA. 

Small Oscillations of a Tight String. 

612. An elastic string whose weight may be neglected and 
whose unstretched length is I has its extremities fixed at two points 
whose distance apart is V. The string being disturbed so that each 
particle is moved along the length of the string, find the equations of 
motion. 

Let A be one of the fixed points, and let AB be the string 
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when unstretched and placed in a straight line. Let the extremity 
B be pulled until it reaches the other fixed point B'. Let PQ be 
any element of the unstretched string, F'Q' the same element at 
the time t. Let AP=x and let the abscissa AP' be x'. Let T 
and T+dThe the tensions at P' and Q'. Let M be the mass of 
the whole string, m the mass of a unit of length of unstretched 
string. Since the mass of an element is mdx, the effective 
force on it is (mdai) (d^x'/dt^). The difference of the tensions at 
the two extremities of the element is dT. Equating these, we 
find that the equation of motion is 

dV dT 

'^W^^Tx W- 

If E be the modulus of elasticity, we have by Hooke's law 
dx' , T 
Tx = ^+E (2)- 

Ehmmatmgi',wehave^=-^ (3). 

It should also be noticed that, assuming as usual the truth of 
Hooke's law, these equations and results are not merely approxi- 
mations, but are strictly accurate. 

It is often more convenient to select some particular state of 
the string as a standard of reference, and to express the actual 
position of any particle at the time t by its displacement from its 
position in this standard. Thus, if the unstretched state AB of the 
string be chosen as the standard of reference, we put x =x + ^, so 
that ^ is the displacement of the particle whose abscissa in the 
unstretched state is x. The equation of motion now takes the 

„ ' d'^ Ed^^ .-,.. 

form T^ = — r^„ (4). 

dt'' mdx^ ^ ^ 

613. If the equilibrium position of the string when stretched between the fixed 
points A, B' is taken as the standard of reference, the equation of motion is some- 
what different. Let x-^ be the abscissa of the equilibrium position of that point of 
the string which at the time t is at P', then Xijl'=xjl. Let x'=x-y + ^-^, then sub- 
stituting for X and x' in (3), the differential equation becomes 

df ~m\lj dxi' ^ '■ 

614. If we put E^ma", the integral of the equation (4) may 

be written in the form ^ = f{at-x) + F{at + x) (6). 

The most general motion of the string is therefore obtained by 

B - 



•^ P~Q F^' B B' 
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superimposing the motions determined by X =f(at — x) and 
X' = F(at + x), where ^ = X + X'. Let us consider these sepa- 
rately. 

At each point P of the unstretched string draw an ordinate 
PR equal to the longitudinal displacement Jf of P at a given time 
t The locus thus traced out by jR exhibits to the eye the actual 
displacement at the time t of every point of the string. When t 
alters, this locus will change and adapt itself to the changing 
motion of the string. If the string vibrated transversely this 
construction would be unnecessary, for the displaced string would 
itself form the locus of R. 

Let a point G starting from any position travel along the axis 
AB in such a manner that, if a; be its abscissa, at — xis constant 
and equal to c. The velocity of (7 is therefore uniform and equal 
to a. Since the displacement of the point of the string at any 
instant coincident with G is equal to /(c), the displacement at C is 
always the same. If then G at starting coincide with the foot of 
an ordinate of given magnitude, it will always be at the foot of an 
ordinate of the same magnitude. This is the same thing as saying 
that every ordinate of the locus moves continually in the positive 
direction with a velocity equal to that of G without changing its 
magnitude. The locus travels along the axis as a wave travels on 
the surface of water. 

The conclusion is that the equation X =f(at — x) represents 
a wave-like motion which travels in the positive direction with 
a uniform velocity equal to a. In the same way the equation 
X'=f(at + x) represents a wave motion which travels with a 
velocity equal to — a. Such a wave travels in the negative direc- 
tion of the axis. 

In the case of the string the velocity of either of these waves,- 
when referred to the unstretched string as the standard, is (E/m^. 
If the equilibrium position of the string is taken as the standard, 
the velocity of either wave is {Ejm)i . (I'jl). Shortly we may say 
that the velocity is such that the time of traversing a length I of 
unstretched string or a length I' of stretched string is I (m/E)i. It 
should be noticed that this time is independent both of the nature of 
the disturbance and of the tension of the striny. 

615. Each of the waves into which the motion has been 
analysed may be further analysed by expanding the function into 
a series of sines and cosines. Let this expansion be 

f{at -x) = A^ sin {n^, (at -x) + Hi} + A^ sin [n^ (at -x) + a^] + &c. 

Taking any one term, say X,j = A sin [n (at — x) + a], 

the motion represented by X„ may be called a simple wave or a 
harmonic wave. The coefficient A expresses the maximum extent 
or amplitude of the oscillation; its square is usually called the 
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intensity of the wave. The period of the oscillation of any particle 
IS l-irjna ; the reciprocal of the period is called its frequency. This 
latter term is due to Lord Rayleigh. If we trace the curve whose 
abscissa is x and ordinate X„, regarding t as constant, we see that 
the portions of the curve between the ordinates given by x, 
X ±2Tr/n, X ± 4<7r/n &c. are similar and equal to each other. In 
other words the values of the ordinates recur when x is increased 
by 27r/n. The , quantity 2'ir/n is therefore called the length of the 
wave. It follows that those waves in which n is least have- their 
periods greatest and theii- lengths longest. Of two oscillations of 
unequal period, the one of shorter period is called the sharper of 
the two and the one of longer period is said to be the flatter. 

616. An elastic string, stretched as in the last proposition, is 
slightly disturbed in any manner, to find the equations of motion. 

Following the same notation as before, let {cc, y', z) be the co- 
ordinates of P'. Proceeding exactly as in Art. 574, we may form 
the equations of motion. Since the mass of an element is mdx 
instead of mds, the equations will be 

<Fa!' d [ „dx'\ ,„ dY df^dy'\ ,„, dh' d[ dz'\ 

"'d?=5ir^j-<i)' -^=d^(^i-')-<'^' '»^=5s(^s-')-(^>' 

where ds' is the length of the element P'Q'. If E be the modulus 
of elasticity we have by Hooke's law 

dx ^^ E W- 

Since the disturbance is very small, dy'jds' and dz'jds' are very 
small, and dx'jds is very nearly equal to unity. Hence the first 

d!V dT 
equation takes the form m -^ = -j~ (5), 

daf T 

and Hooke's equation takes the form -r- = 1 + ^ , 
^ ax E 

which are the same as equations (1) and (2) of Art. 612, so that 
when the disturbance is small the longitudinal motion is inde- 
pendent of the motion transverse to the string. 

In the second equation we may regard T as constant, its sinall 
variations being multiplied by the small quantity dy'jds'. Hence 
we may put T = T„, where T„ = E (V - 1)11. 

This gives, by equation (4), ds'jdx = I'/l, and therefore ds' = dx^, 
where as before Xijl'^xjl. The equation of motion therefore 
becomes 

d^_TJ,d?l dX_T_JidX ((.. 

dt' ml' dx^ dt' ml dxi' ^^' 

according as the unstretched or stretched string is the standard. 

The third equation may be treated in the same way. 

The velocity of a transverse vibration measured in units of length 
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of unstretched string is therefore (Tol/ndy. The time of traversing 
a length I of ti>nstretched string or I' of stretched string is (mir/T„)i. 
This velocity is independent of the nature of the disturbance, but 
depends on the tightness or tension of the string. 

If the string be very slightly elastic we may, in this last 
formula, put r = l. We then obtain the results given in all 
treatises on Sound. 

617. We may here notice one point of drSerence between the equations of 
motion of longitudinal and transverse vibrations. In the former, supposing that 
there are no transversal vibrations, no approximations are made, so that, as already 
pointed out, the equations (4) and (6) of Arts. 612 and 614 hold for large and small 
vibrations. In the latter, even if the longitudinal vibrations are insensible, we 
assume that ds'Jdx and dxjdx are so nearly equal that we may write the one for 
the other. We have to the second order of small quantities 






dx 

If the string vibrate without sensible longitudinal vibrations 1^ is of the second order 
of small quantities, and as the substitution for ds'Jdx is made on the right hand side 
of (2), which already contains the small quantity dy'jds', the differential equation (6) 
is correct when we can neglect the cubes of smaU quantities. If however the string 
oscillates simultaneously with longitudinal and transversal vibrations, ^^ is of the 
first order of small quantities, so that the transversal and longitudinal vibrations 
are independent only when we can neglect the squares of small quantities. 

618. There are two modes of applying the equations of motion to actual cases. 
We shall first illustrate these by solving a simple example by both methods, and we 
shall then make some remarks on the results. 

An elastic string whose unstretched length is I rests on a perfectly smooth tabU 
and has its extremities fixed at two points A, B' whose distance apart is I', where V is 
greater than I. The extremity B' is suddenly released, find the motion. 

Solution by discontlnaous fonetiona. Following the same notation as in 
Art. 612, the motion is given by the equation 

i=f (at~x)+F (at + x), 
where i is the displacement of the particle whose abscissa in the unstretched string 
is X. The conditions to determine / and F are as follows : — 

1. When x=0, {=0 for all values of «, 

2. When x=l, T=0 and .-. d|/da;=0 for aU values of t, 

3. When «=0, i=rx from x=0 to x=l, where l'={r + l)l, 

4. When t=0,df/dt=0 from a:=0 to ii;=i. 

From the first condition it follows that the functions F and/ are the same with 
opposite signs. From the second condition we have f'{at + l)= -/' {at -I), so that 
the values of the function /' recur with opposite signs when the variable is increased 
by 21. If then we knew the values of /'(s) for all values of z from «=«„ to z=2o + 2J 
where z„ has any value, then the form of the function is altogether known. Now 
the third condition gives / ( - a;) -/ (a;) = ra; and the fourth gives /' ( - x) =f'(x) from 
x=Otox=l. B.enoef{x)=-iirtromx=-ltox = l. It foUows that /'(«)=- Jr 
from 2= - J to ;, /' (2) = ir from z = l to SI and so on changing sign every time the 
variable passes the values I, 31, 51, &o. Let us consider the motion of any point P 
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of the string whose unstretohed abscissa is x. Its velocity is given by the formula 
v\a—f'(at-x)-f'(at + x). Since a; < Z we have w/a = -Jr + Jr=0; hence the particle 
does not move until at + x = l. The second function then changes sign, and we have 
«/a = -^r-\r= - r. The particle continues to move with this velocity until at-x = l, 
when the first function changes sign, and so on. Let AB be the unstretched string, 
and let a point JfJ starting from B move continually along the string and back again 
with velocity a. Then it is easy to see that when B is on the same side of P as the 
loose end of the string, P will be at rest, and when B is on the same side of P as 
the fixed end, P will be moving with a velocity alternately equal to ±ro. The 
general character of the motion is ; the equilibrium of the string being disturbed at 
B, a wave of length il travels along the string, so that P does not begin to move 
until the wave reaches it. This wave is reflected at A and returns. 

619. Solution by Trigonometrical series. The second method of conduct- 
ing the solution is as follows. Taking as before the expression 

^^f{at-x) + F{at + x), 
let us expand each function in a series of sines and cosines, so that we have 
^ = 'S[Asm{n{at-x) + a}+Bsin{n{at + x) + p)], 

where 2 implies summation for all values of n, and A, B, a and /3 are constants 
which are different in every term, and may conveniently be regarded as functions 
of n. 

Since the motion is oscillatory, we may suppose that all the values of n are real, 
and it is clear that without loss of generality we may restrict n to be positive. We 
do not propose to discuss the circumstances under which these suppositions may be 
correctly made. For these we must refer the reader to Fourier's theorem. We may 
here regard the assumptions as justified by the result, because we can thus satisfy 
aU the data of the question. 

The four conditions of the problem enable us to determine the constants. From 
the first condition we have p=a + KT, B = {-1)'''^^A, where k is any integer. It 
easily follows, by expanding, that | may be written in the form 

|=2(CBin nat+D coBnat) sin nx, 
where C and D axe to be regarded as functions of n. From the second condition we 
have cos nl=0, hence nl=^ (2i + 1) ir, where i is any positive integer. The periods 
of the principal oscillations (Art. 53) of the string, with proper initial disturbances, 
one end being fixed and the other loose, are therefore included in the form 
4Z/(2f+l)a. 

The initial disturbance is given by the third and fourth conditions. We have 
2DBianx=:rx, ZCneianx = Q. 

To find the value of D in any term, we multiply the first equation by the coeflioient 
of i3 in that term, and integrate throughout the length of the string, i.e. from 

x=Oto x=l. This gives 

„ i f' . , sin nl 

D = =r/ xBinnxdx=r —s-. 

2 J W' 

The other terms all vanish, since f ' sin nx sin n'xdx = 0, when n and »' are numerically 

unequal. This follows also from the rule given in Art. 398. 

Treating the second equation in the same way, we find C=0. Hence the 

^. . . , „ — 2rsinn? . 

motion IS given by f = 2^-j — j- cos nai sin nx. 
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Writing for i its values 1, 2, 3, &o. successively, this equation becomes when 
written at length 

^ &rl ( vat . irx 1 3jrat . Sttk 1 birat . birax \ 

«= ^ r^ ■2r ^'" 2i - p ""^ -2r ''° ^ + 5"^ "^^ ^ '" ^r - *"■[ ■ 

This is a convergent series for f, and it may be a sufficient approximation to the 
motion to take only the first few terms. For example, let us reject all beyond the 
first two terms, and, in order to compare the result with that obtained in the 
first solution, let us put at=^l. If we trace the curve whose ordinate is -dj/dt and 
abscissa x, we find that it resembles f =0 for small values of x, then rises with a 
point of contrary fiexure, and becomes nearly horizontal as x approaches I. This 
agrees very well with the result found in Art. 618. 

620. If we examine these solutions, we shall see that we have two kinds of 
conditions to determine the arbitrary functions. (1) There are the conditions at 
the two extremities of the string. The peculiarity of iJiese is, that they hold for aU 
values of t. (2) There are the initial conditions of motion. The peculiarity of 
these is, that they do not hold for all values of x, but only for aU values within a 
certain range limited by the length of the string. The first set of conditions is 
used to determine the mode in which the values of the functions recur, so that, 
when their values are known through a certain limited range, they will become 
known for all those values of the variable which occur in the problem. The second 
set of conditions is used to determine their values during this limited range. 

In the second form of the solution we replace the arbitrary functions by a 
convergent series of harmonic expressions. Taking a finite number of terms as an 
approximation, we have a perfectly continuous solution whose initial conditions 
differ but slightly from those of the proposed problem. This difference is less and 
less, the more terms of the series are included in the solution. 

In comparing the two. results, we see that each form has its advantages. The 
first determines the motion by a simple formula. The second is more convenient 
when the harmonic periods are required. 

In both of these solutions the arbitrary functions were found to be discontinuous. 
The discontinuity is plainly exhibited in that of Art. 618, though in Art. 619 it is 
concealed in the series. It may be objected that no notice is taken of any possible 
discontinuity in forming the equations of motion, (Art. 612), and that therefore 
these equations cannot be applied, without further examination, to any cases which 
require the arbitrary functions introduced into the solution to be discontinuous. 
This question has been much discussed, but we have not space here to do more 
than make a very few remarks on it. We must refer the reader to De Morgan's 
Differential Calculus, Chap. xxi. page 727, where a short history of the dispute 
between D'Alembert and Xiagrauge, and a discussion of the difficulty, may be found. 
In the Mecaniqiie Analytique, Seconde Partie, page 385, Lagrange shows that we may 
avoid the use of discontinuous functions by regarding the string as the limit of a 
light string loaded with masses in the manner described in Art. 402. Foisson gives 
other reasons in his Traite de Micanique. It is now generally admitted that the 
functions may be discontinuous. 

The discontinuity in the solution of Art. 618 has its origin in the contradiction 
between the condition (2), viz. that T=0 when x=l, and the condition (3) that 
T=Er from a;=0 to I. But this contradiction is only apparent, for we may replace 
the given initial conditions by others which are without ambiguity, and which differ 
as slightly as we please from those given above. Let o be some finite quantity 
however small such that a tension less than Ea may be neglected; then the 
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condition (3) may be replaced by a continuous function J=(^ (a;), where ^' (x) differs 
from r by less than a for all values of x between x = and x = l-p, and then 
decreases to zero while x increases from x — l-p to I. Since /3 can be taken as 
small as we please, it Is evident that the solution given above is substantially 
unaltered by this change of the initial conditions. The difference is that the tension 
and the velocity, instead of changing suddenly, change only very quickly in the 
small time j3/a. It is true that the mode in which this rapid change is effected is 
unknown, but that is because there is nothing in the initial conditions to determine 
it. By going to the limit when a and /3 are small we can make the new set of 
conditions represent the former as nearly as we please. Some examples of such 
changes may be found in De Morgan's Differential Calculus, pages 605 — 630. 

621. An elastic string, whose unstretclied length is I, has its two extremities fixed 
at two points whose distance apart is I', and vibrates transversely. It is required to 
find the notes which can be sounded. 

Taking the equilibrium position of the string as the standard, let y be the 
transversal displacement of any particle. Let m be the mass per unit of length 
of unstretched string. The differential equation is then 

^_ „^ 
dt'~ dXi^' 

where a^=T„Vlml, as shown in Art. 616. Since the notes which can be sounded are 
asked for, we adopt the solution in trigonometrical series. We therefore put 

y = S[4sin {n(at-Xj) + a)+Bsm {n(at + x-^+p\'\. 
When x^=0,y is zero for all values of t, hence as in Art. 619 

2/=2 (C aianat+D cos nat) sin nxi- 
When Xi=J', we have again y=0, hence nl'=iir, where i is some integer. We 
therefore find 

V = 2(csini,rt ^J, + Dcosi.t ^|k) ^in 'i^ , 

where the S implies summation for all integer values of i. 

The motion given by taking only the terms which have any one period and 
neglecting the others is called a note. The notes which can be sounded from any 
instrument are called the harmonics. The note of longest period, i.e. that de- 
termined by i = l, is called the fundamental note. The period of the fundamental 

note is 2 a /— • H this period be called r, the periods of the harmonics in 

order are r, Jr, Jt and so on. The lengths of the corresponding waves are found 
by multiplying the periods by the velocity a. If the length of the wave of the 
fundamental note is X, we have \ = 2l', and the lengths of the harmonic waves are 
X, JX, JX and so on. 

The points of intersection of the string with the straight line joining the 
extreme fixed points are called the nodes, and the points of the string most remote 
from this straight line are called the loops. Putting ?/ =0 we see that the nodes are 
given by sini7ra;i/J'=0; putting dyjdx^^O, the loops are given by cosi7ra;i/J'=0. 
Thus the fundamental note has one loop and no node intervening between the fixed 
extreme points. The next harmonic has two loops and one intervening node, and 
so on. It is important to notice (1) that the positions of the loops and nodes are 
fixed throughout the motion, (2) that the nodes and loops occur alternately, (3) that 
the, distance between any node and the consecutive loop is one quarter of the length 
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of either of the waves forming the note, the length being measured on the stretched 
string. See Art. 433. 

In most cases in which strings are used as vibrating bodies, the stretched and 
unstretched lengths are so nearly equal that we may put 1=1'. The results then 
become the same as those in ordinary use. 

In order that the string may be made to sound any given harmonic, the initial 
conditions must be such that the amplitudes of all the other notes are zero. In 
practice this condition cannot be satisfied, and all that can be accomplished is that 
the amplitude of the proposed note shall be very much greater than those of the 
others. It follows that every note when sounded is accompanied by a number of 
subsidiary notes whose periods are different from that of the note Intended to be 
sounded. When therefore notes of the given period are sounded by two instru- 
ments of different construction, they may be accompanied by different series 
of subsidiary notes. This is fisually expressed by saying that the notes are of 
different qualities, 

622. Examples. Ex. 1. A heavy elastic string AB, whose unstretched length 
is I, is suspended from a point A under the action of gravity. If | be the vertical 
displacement of any point whose distance from A is x when the string is unstretched, 
and if a be the velocity of a wave measured in units of imstretched length, prove 

that f=-g + ^+/(at_a;)-/(af+a:), 

where / (z) recurs with an opposite sign when z is increased by 21. If the string 

is initially unstretched and at rest, prove that / (z) = =t?-j + s~2 > 

the upper sign being taken when z Ues between - 1 and 0, and the lower when z 
lies between and I. Thence show that the whole length oscillates between 
I and l+gPfaK 

Taking the other form of solution, show that the harmonic periods are 

a 

P — i<P — tV^ ' '^^^^ i is any integer. Show also that 

. /2i + lirx\ /2i + lirat\ 

'2a?'^ a? ifia?^ (2i + lf 

the summation extending from i=0 to i=ao . 

Ex. 2. A string infinite in length in both directions has its initial state deter- 
mined by 1=/ (x) and dijdt=F (x). Show that the displacements at the time t are 

givenby f=J/(a; + oJ) + 4/(a;-at) + i5-| F(K)tCK. 

£aj x-ai 

[Biemann's Partial Differential Equations. 

Ex. 3. A string AB is stretched at a tension such that the velocity of a wave is 

equal to a. One extremity A is fixed, while the other B is agitated according to 

the law y = C aiapat. If A be the origin, show that the forced vibration is 

sin vx 
y = C . , sin pat. If the string start from rest, the additional free vibrations are 
smpJ ^ 

y=2MBinmxsinmat, where ml=iir and M{pV-iV)=: -2Cpl{-iy. The S 

implies summation for all integral positive values of i. 

Ex. 4. If, as in the last example, the string start from rest and have the 

extremity A fixed, but the extremity B agitated according to the law y=f{t), prove 

., , 27ra?_ ., .... iwx i-irat f' i Airat /"',,. irat , 1 , 

that y= — jj-2»(-l)'sin — cos--^ I jsec^ -y- / /(f) cos-y-dtldt 
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for all values of x between and (, the latter being excluded. Show also by an 
application of Fourier's theorem that the result of the last example follows from 
this. 

Ex. 5. A heavy string is suspended vertically by one extremity without any of 
its parts being stretched ; if it be then left to the action of gravity, prove that the 
lower end will oscillate as if it were acted on by an acceleration equal to that of 
gravity tending to the middle point of its path. [Smith's Prize. 

Ex. 6. If a stretched string of length I be fastened to two equal masses M, 
controlled by springs of strength /jl allowing transversal vibrations, and be plucked 
at its middle point, the period p of vibration wiU be given by 

^ irl pii ^tM 

ma tan — = ~- , 

pa 2ir p 

where m is the line density and ma' the tension of the string. [Math. Tripos, 1881. 

Ex. 7. An elastic rod of length { lies on a smooth plane, and is longitudinally 
compressed between two pegs at a distance V apart. One peg is suddenly removed ; 
show that the rod leaves the other peg just as it reaches its natural state, and then 
proceeds with a velocity equal to {I - l')ll of the velocity of propagation of a 
longitudinal wave in the rod. [Math. Tripos, 1883. 

Ex. *. A ring formed of elastic string, of mass M and natural length 2tI, 
is stretched round a smooth circular cylinder; prove that the time in which a 
longitudinal pulsation will travel round the cylinder is independent of the size of 
the cylinder. 

When the ring is in equilibrium, the ends of an arc subtending an angle 2o at 
the centre of the ring are drawn together until the arc attains its natural length, 
and these ends are then let go. Measuring 6 from the diameter bisecting the angle 
2a prove that at any subsequent time the displacement from the position of 
equilibrium of the end of the corresponding arc is equal to 
a- I 2 .—,■>■ sin nS sin na coa nut 
a ' T-a ' 1 n" 

where Mlti^=2irE, u being the radius of the cylinder and E the modulus of 
elasticity. [Math. Tripos, 1886. 

The first part of this example follows from the theorem on the velocity of a 
wave given in Art. 614. In the second part the differential equation leads to 
i='ZM Bin n0 cos nwt. The values of M are found by using Fourier's Theorem 
as in Art. 619. 

623. Several strings. Three elastic strings AB, BC, CD of different materials 
are attached to each other at B and G and stretched in a straight line between two 
fixed points A, D. If the particles of the string receive any longitudinal displace- 
ments and start from rest, find the subsequent motion* 

* The problem of finding the transversal vibrations of a tight string composed 
of two parts of different kinds appears to have been first solved by Poisson, Journal 
de I'ecole Polytechnique, tome xi. 1820. Poisson points out that Euler and Bernoulli, 
who had attempted the problem before him, had arrived at only incomplete results, 
M&mmres de P^tersbourg, 1771 and 1772. The latter had indeed obtained an equa- 
tion giving the periods, but had not found the form assumed by the string at any 
time during the motion. The results of the latter were to a certain extent erroneous, 
as he had rejected the condition that the two parts of the string must have a 
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Let A be the origin, AD the direction in which x is measured. Let the un- 
stretched lengths of AB, BC, CD he l^, l^, I3. Let ^i, E^, E^ be their respective 
coefScients of elasticity, % , tBj , jn, their masses per unit of length. For the sake 
of brevity let E^^m^a^, E^=m^a^, E^=m.^^. Let the rest of the notation be the 
same as before. 

When the string is stretched in equilibrium between the two fixed points A and 
D, let Tf, be the tension of the string. In this position the displacements of the 
elements of each string from their positions when unstretched may be written 

At the time t after the equilibrium has been disturbed, let these displacements 
be respectively Ji + fi', |2 + I2'i fa + fs'- ^^ tl>6° hsMe as in Art. 619 
f 1' = 2ij sin (riyX + M^) cos n^a-it, 
l2'=Si2sin {v^(x-l{^ + M^ cosMjajt, 
fj' = 2L3 sin {n.j (x - Jj - y + Mj} cos n^ajt, 
where 2 implies summation for aU the harmonics. The terms containing sin TijO^t, 
sin n^t^ , &c. are omitted because the string starts from rest, and therefore d^ijdt, 
d^^'l^^' ^- must vanish with t. 

In order to compare the coefficients of the same harmonic we must suppose 
?ijai=»ja2=»3a3=2ir/p, where ^ is the period of the harmonic. To find the con- 
stants we have the conditions 
when a;=0, x=li, x=li + l2, x^li + l^ + l^, 

fl'-O, {,' = ^2', ?2' = f3', |3' = 0, 

df,'_ dfj' „di,'_ dU 

These give M-^=(i, 

ij sin M^ = ii sin (jijjj + J^f^) 1 

E^n^L^cosM^—Ein^L^cos{n^\ + M^\ ' 
ij sin JI/3 = Lg sin (nJ,^+M^ \ 

E^n^L^ cos Ms = E^n^^ "os ("a^ + M^f 
= L3 sin (rijij + 21/3). 
These give the following equations to find the M'b ; 
0-M tan Jtfa _ tan {n^l^ + Jf, ) tan M^ _ tan {n^l^+M^ tan (11383 + if ,) 

" BjJfcj ~ JSiWi ' E^n^ ~ £jBj ' ~ E^ ■ 

common tangent at the point of junction. The problem has been again considered 
by Bourget in the Annates de Vicole normale supirieure, tome iv. 1867, where he 
corrects some of the results of Poisson. He also discusses the vibrations of a tight 
cord formed of three different parts, and gives a somewhat complicated rule to find 
the periods when the cord is composed of n different parts. Finally he describes 
ten different experiments showing the agreement between the theory and experience. 
These experiments are again discussed in tome ix. of the Annales de Vobservatoire 
de Pans, 1868. 
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Solving these we find 

tMHij^ tan«3^ tann3?3_ tanVj taan^l^ ta,n n,ls 

Substituting for %, Ji^, itg in terms of p, we have an equation to find the period p 
of any principal oscillation. 

624. The values of p being known, it is clear that the preceding equations 
determine all the constants except ij. We have therefore one constant undeter- 
mined for each harmonic function of t. To find these we must have recourse to 
the initial conditions. The rule to effect this has been fully given in Art. 399. 

The equations may be written in the forms 

ii='SP„cosnat, i^'=I,Q„cosnat, I3' =i?„ cos nai, 

where P„, Q„ and iJ„ stand for the coefficients as exhibited in the last article. The 
first of these three equations represents in a typical form the motion of any particle 
in the string AB, the second represents the motion of any particle in BC, and so on. 
Beferiing to Art. 399, the three sets of multipliers may be typically represented by 

m^dxP„, rn^xQ^, m^dxR„. 

The summations spoken of in Art. 399 are here integrations and extend over the 
lengths of the three strings respectively. 

Suppose now that we have initially Ji'=/i (x), i^=f2 (x), i^=f3 {x). We easily 
find 

/li fh+h fli+h+h 

7n,Ar/i (a:) P„ + | m^dxf^ i^) Qn+ f m^dxf, {x)R„ 

[h fh+k rii+i,+h 

= 1 niiclicPn^+j m.dxQ^+\ rn^dxR^. 

Jo 'J I, J l,+h 

These integrations can be effected when the forms of /j {x), f^ (x) and /g (x) are 

given. Thus we have an additional equation to find the L which corresponds to 

any value of p. 

625. Examples. Ex. 1. If the three strings vibrate transversely, and a,, aj, 
Og be the velocities of a wave along them measured in units of length of unstretched 
string, prove that the periods of the notes are given by the equation 

tan TtjZj tan n^ tan n^l^ _ ^ ^^^ ^hh ^^"^ "2'a *"" 'hh 

Bj «2 «a ~ ^ "1 ' "2 ' "3 ' 

where 71101=71202=77303=2^/2). If the initial disturbance is given show how to find 

the subsequent motion. 

Ex. 2. Two heavy strings AB, BG of different materials are attached together 

at B and suspended under gravity from a fixed point A . Prove that the periods of 

the vertical oscillations are given by the equation 

^ 27rJ, ^ 27r?„ E,a„ 
tan — 3. tan — ? = —!-?, 
a^p a^p E^ 

the notation being the same as before. If the two strings be initially unstretched, 

find their lengths at any time. 

Ex. 3. Two strings AB, BG of different materials are attached at B to a particle 

of mass 31, while their other extremities A and G are fixed in space. If the particles 

of the system vibrate along the length of the straight line AG, prove that the 

period p of any principal oscillation is a root of the equation 

M — = -1 cot + — cot — - , 

p Oj OiPi Oj 022)2 

where Jj, l^ are the unstretched lengths of the strings, E^, E^ their elasticities, 
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and aj , a^ the velocities of a wave measured in units of unstretched length per unit 
of time. The values of p obtained by equating (when possible) the cotangents 
simultaneously to infinity aie to be included. 

If the system make smaU oscillations transverse to the straight line AC, the 
periods will be given by the same equation if we replace -Ej and Bj by Tq the tension 
of the string when in equilibrium. 

Ex. 4. A particle is suspended from a fixed point by an elastic string and 
performs small oscillations in a vertical direction, supposing the string uniform in 
its natural state and of small finite mass, show that the time of a smaU oscillation 
wiU be approximately the same as if the string were without weight and the mass 
of the particle were increased by one third that of the string. [Smith's Prize. 

Ex. 5. Two uniform heavy elastic beams AB, CD equal in every respect are 
connected by a light inextensible string BC ; the beam AB lies unstrained on a 
smooth horizontal table, while CD is suspended at rest under the action of gravity 
"by a string which, being held at B, passes over a smooth pulley P at the edge of 
the table, PBA being a straight line. Investigate the motion of the string when set 
free; prove that its tension, after being instantaneously diminished by one half, 
remains constant, and that its velocity receives equal increments at equal intervals. 

[Math. Tripos, 1876. 

The problem is unaltered in its physical relations if we suppose the rods to be 
in one straight line on the table and CD only to be acted on by gravity ; in this 
way the problem is simplified by eliminating the pulley. To keep the centre of 
gravity of the whole stationary let us next apply to every particle a force half that 
of gravity in the opposite direction. The result is that the rod AB is acted on by 
Ig in the direction BA, and the rod CD by ^g in the direction CD. The solution 
then follows the lines of Ex. 1, Art. 622. 

Ex. 6. A particle is fixed to the middle point of a heavy string, which is 
stretched to double its length between two fixed points on a smooth horizontal 
table. The unstretched length of the string is 21, its modulus is n tinies, and the 
weight of the particle is r times, the weight of the string. The particle is then 
moved through a distance Xi towards one of the fixed points, and when the string 
has been reduced to rest the particle is set free. Show that there are sufficient 
conditions to determine completely the four arbitrary functions, and indicate how 
they are to be employed. Prove that the velocity of the particle during the first 

21 _«« 

interval — is Xo (1 - c »*), where a' = 2gnl and t is the time from rest. 

[Caius CoU., 1871. 
Ex. 7. Three strings OA, OB, OC of the same material but of different lengths 
are united at and are kept tight by being fastened to fixed points A, B, C, the 
angles BOC, COA, AOB being denoted by a, j3, y. Show that the times of 
transversal vibration of the different notes sounded when 0. is free are determined 
by the equation for T 

^sin a . cot irTi/T + ^sin /3 . cot ttTj/T + ^sin 7 . cot irTj/T = 0, 

where T^, Tj, T^ are the times of the gravest notes of OA, OB, OC when is fixed. 

[Math. Tripos, 1884. 

Ex. 8. A uniform string of length 21 is stretched with tension T between two 

fixed points. Prove that, if the string is initially pulled aside by a force 7 at a 

point distant b from one end, the motion of the string is given by 

Y _ . iirb . iwx cosmt 
2/ = ;— • 2 sm -7— sin -^ =— , 
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where m is the mass per unit of length, a the velocity of propagation of waves along 
the string, 2nl=iwa, and the summation is from i = l to i = QO . 

The string has its ends fastened to two masses each equal to M which are kept 
in place by springs of strength /ti and has a mass M' fastened at its middle point. 
Prove that if M' is plucked transversely the period of the vibrations is iir/pa where 
p t&apl {M'a^ {Mp^a^ -fi.)- 2T^} = T {2ilij)V - 2ii+MY<i^}- 

[Math. Tripos, 1885. 

In the second part of the question take the middle point as origin, then for the 
string on the positive side y = (Paospx + Q s.uipx) cos pat. The conditions are (1) 
M'dh/ldt'= -2Tdyldx when x=0 ; (2) M(Pyldfi= -Tdyldx-,i.y when x=l. Sub- 
stituting for y and eliminating QjP we obtain the result. 

Ex. 9. The ends A, B ot a, string ASB are fastened to light rings which are 
free to move on smooth rods parallel to one another". At A, H, B forces act 
transversely to the string and parallel to the rods with intensities 

Z=ii'eosict+Gfsin/c(, y=icosXe + MsinX/, Z=RooBf).t + S sin/it, 
respectively. Show that at the time t the consequent displacement, in the direction 
opposite to that of the forces of any point P in AH is 

aX cos K (I- x)la aY cos\{l-h)la . eoaXxIa aZ cos iixja 
Tic' sin Klja "*" Tx " sin Xl/a "*" 2> ' sin iilja ' 

where T is the tension of the string, a its wave velocity, and x, h, I the natural 
lengths of AP, AH, AB respectively. [Math. Tripos, 1886. 

Consider the forces separately. Taking Y first, let ij, i/j be the transversal 
displacements of two points one in each of the strings AH, HB distant x and Xj 
from A and B respectively. The conditions are (1) drildx=0, drj^ldXi=0 at A and 
B respectively; (2) 57=171 and T {dTildx + dT]Jdxj} = Y at H. The displacement due 
to Y having been found, that due to Z is deduced by writing h = l and changing 
Y, \ into Z, /i. The displacement due to X may be deduced from that due to Z. 
Superimposing all three the result given is obtained. 

Ex. 10. A metal rod fits freely in a tube of the same length but of different 
substance, and the extremities of each are united by equal perfectly rigid discs 
fitted symmetrically at the ends. Show that the periods of the notes emissible, 
which have a node at the centre of the system, are given by ivljx, where 11 is the 
length of the rod or tube and x is a root of the equation 

2Mx = ma cot xja + m'a' cot xja', 
and where il, m, to' are the masses of a disc, the bar, and the tube, and a, a' are 
the velocities of propagation of sound along the bar and the tube. 

Discuss the particular cases (1) when M is very large, and (2) when M is very 
small, especially when ma=m'a'. [Math. Tripos, 1883. 

Ex. 11. The extremities of a uniform bar of length I are attached to two fixed 
points, distant I apart, by springs of equal strength. If the longitudinal vibrations 
of the bar are represented by ^={P sinmxjl+Qoosmxjl} sin rt, 

prove that {mV-JV) 'an™ + 2'ng?/i=0, where n is the strength of either of the 
springs and q the ratio of the tension to the extension of the bar. 

[Math. Tripos, 1880. 

Ex. 12. Supposing that the resistance of the air to a vibrating string may be 
represented by a force on each element which varies as the velocity of that element, 

the equation of motion takes the form -=^=0" y-*- 2/ -^ . 

R. D. II. 26 



402 OSCILLATIONS OF A TIGHT STRING. [CHAP. XIII. 

Show that the motion is given by 

{ = e~f* S (A sin j)f + B cos gt) sin qx, 
where '<^=^c?-S^, and the summation extends to all the values of q which the 
conditions of the problem admit of. 

If the string is unlimited in length, show that the velocity « of a series of 
waves of length X is given by v'^=€?- {f\l2ir)^. Thus the velocities of all waves are 
diminished by the resistance, but if/ is small the diminution depends on the square 
of / and is therefore insignificant. If the length of the wave is so great that v is 
imaginary, show that the motion is given by 

^=e~J''''S{Aei'f + Be-l'') einqx, 
where p''= - q^a?+f^. Thus the motion ceases to be oscillatory. 

If the length of the string is finite and equal to I, and each end is fixed in space, 
show that the motion is given by writing q = iirjl, where i is any integer. Thence 
show (1) that, whatever note the string is sounding, the extent of the vibration is 
reduced by the resistance to the same fraction of its original value in any given 
time ; (2) that the positions of the nodes and loops are the same as if the resistance 
were absent ; (3) that the pitch of the note sounded is flattened by the resistance and 
the flattest notes are the most altered. If the initial displacement of the string is 
given by 1=4 siuTTx/f and the string start from rest, determine and compare the 
subsequent motions in the two cases in which, (1) there is no resistance and (2) the 
resistance is such that / is greater than 7ra/2. 

Ex. 13. One effect of viscosity is to resist the compression or extension of an 
element of string whose extremities are moving with slightly different velocities, see 
Art. 333, Ex. 2. To represent this analytically, let us suppose that the tension 
exerted by a stretched element of string, instead of being given simply by Hooke's 
law, has an additional term proportional to the relative velocity of the extremities 
of the element. Show that the equation of motion of longitudinal vibrations is 

Hence show that the motion is given by 

^ — e-p<fif2, (4 sinpi + Bcospt) singx, 
where 'mp^=Eq^-Fhnq* and the summation extends to all existing values of q. If 
p is imaginary we replace the trigonometrical functions of f by real exponentials. 

If the string is unlimited in length, show that the short waves are sensibly 
extinguished by the resistance more quickly than the long ones. 

If the string has its extremities fixed, show that the sharp notes disappear 
quicker than the flat ones. 

This differential equation follows from Art. 612. The relative velocity of the 

two extremities of an element is ^^( 4\ dx; hence T=E ~ + 2Fm — ^ . Sub- 
da; \dtj dx dxHt 

stituting this value of T in the differential equation of the article referred to, the 

result follows at once. 

626. Impact of Rods. Ex. 1. Two perfectly elastic rods AB, CD of the same 
form and material but of lengths Zj, l^ are placed in the same straight line. AB is 
projected with a velocity V to hit CD placed at rest, both rods being without 
initial compression. Supposing 1^ to be less than l^ find when the rods separate. 

We regard the rods as being in contact when the distance between the extremities 
B, G of the rods becomes equal to the distance of molecular action. The two rods 
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may then be treated as if they formed portiona of a Bingle rod, with the condition 
that the two portions remain in contact as long as they push against each other, 
i.e. as long as the tension at the point of contact is negative. They separate when 
the common tension at B and C becomes positive. As soon as this occurs the rods 
begin to move as separate bodies, but their mutual action may recommence if this 
motion bring the extremities B and G again within the distance of molecular action. 

The problem of the impulse of rods has been considered by Cauchy, Acadgmie 
des Sciences, 1827 and Bulletin des Sciences de la SociSU Philomathique, 1826, and 
by Poisson, TraiU de MScanique, 1833, Tome ii. In Liouvilie's Journal, Vol. xn., 
1867 there is a long memoir of 140 pages by Saint- Venant in which he enters fully 
into the conditions of separation. These great authorities differ considerably in the 
interpretation of their results, and especially in the conditions of separation. 

Let P be any point of either rod, v its velocity. Let s be the dilatation, or 
extension of an element at P per unit of length, then by Art. 612, s=:d^ldx and also 
s = r/E. We have if x is measured from A towards D 

v = (p{at~x) + \l>{at + x), as= -(p{at-.v) + ^f' (at+x). 

To find <f> and \j/ we use the following conditions: (1) when t = 0, v= V from x=0 to 
/j; v=0 horn x = lito l^ + l^; s = from x=0 tolj^ + l^, (2) when a; = 0, s = always, 
and when x=l^ + l^, s = always. 

We easily find that the functions and \f/ are the same, and that the curve 
y = ^(x) consists of a series of finite straight lines whose lengths are alternately 21^ 
and 2l„, the ordinates being ^V and zero respectively. These are represented in 
the diagram. The axis of j/ divides the system symmetrically. 



F' E' D' B' A BG JD E F G 

The figure having been drawn, the following easy rule enables us to find the 
state of motion at any time f of a point P distant x from A. Measure AP' equal to 
AP in the negative direction, and let two points E, R' starting from P and P' 
respectively travel each with velocity a in the positive direction. The equations 
show that at the time t after the commencement of the impact 
V at P= ordinate of iJ' + ordinate of E, 
as at P = - ordinate of 15' + ordinate of B. 

To determine if the rods separate, we must find when the common tension at B 
and C vanishes and becomes positive. Let therefore E and E' start from B and 
B' ; at first the ordinates at E and E' are equal to zero and JK respectively. 
After a time given by at=2l^ the point E' reaches B, and its ordinate falls to zero. 
Since l^ is less than l^ the point E has not reached E where DE=:BD, and its 
ordinate is still zero. Both v and 8 therefore at this instant become zero at the 
point of contact B. 

If Uj', J?! are the gtiiding points for any particle of the rod AB, it is clear 
that El and JSj will always lie between E' and E, so that when R' reaches B the 
two guiding points of every particle of the rod lie on BE. It is therefore easy to 
see that at this instant both v and » are zero at every point of the rod AB, and 
must remain equal to zero until the point E which started from B or C arrives 
atE. 

At the time given by at = 2l2 the point E starting from G arrives at E, and its 

26—2 
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ordinate becomes equal to JF. The tension at C then becomes positive and the 
velocity becomes JF, so that from both these causes the end C begins to move 
away from the end B. The tension and velocity at B would immediately begin to 
undergo similar changes if the rods were to remain in contact, but this is not the 
case. Since the whole of -i B is at that instant without velocity or tension, the end 
B remains at rest. 

The results are (1) the rods push against each other for a time il^ja ; (2) they 
remain in contact but without reaction for an additional time 2 (Zj - li)ja ; (3) the 
rod GI) then separates from AB, leaving the latter at rest and without tension in 
any part. 

When the rods have different initial velocities, say V-^ and V^, we may reduce the 
latter to rest by superimposing on every particle of both rods a velocity equal and 
opposite to Fj. The general results are unaltered, except that AB instead of 
remaining at rest has a final velocity Fj. 

In the impact of these two rods the whole momentum MV of one has been 
transferred to the other, whose centre of gravity therefore moves away with a velocity 
Vlijl^. The vis viva has also been transferred to the second rod, a part MVHJl^ 
being transformed into vis viva of translation and the remainder, viz. MV^ (1 - Zj/y 
into the energy (kinetic and potential) of the internal vibration. This internal energy 
is zero if the rods are equal in length. 

It is useful to compare the results obtained by theory with those given by 
Newton's experimental law of impact ; Vol. i. Art. 179. Since vis viva is apparently 
lost in the impact, the rods (though stated to be elastic) are in Newton's formula to 
-be regarded as imperfectly elastic. We easily see by putting m'=0 in his formula 
that the coefficient e is equal to lijl^. We notice that this does not depend only on 
the nature of the materials. 

Ex. 2. Two elastic bars AB, CD of length l^, l^ masses Mj, M^ and initial 
velocities F,, F^ but without initial strain impinge in the same straight line ABC 
on each other. If A be the origin show that the displacements for the two rods are 
t _^iKi+^i^,.lv T^ ^ ^I'h V 2 sin jphlai) seo^ {phM cos {pxla{) sin pt 

MjFj + MaFg Jfgaa 2 sin {pya^) aec^ jplja^) ooa {pxla^ sin pt 

*"" M^ + M^ ^"^i ^^' l^ p^ M^see^ {pliJaj}+M^sec'{plJa^) ' 

^tan?^4.^^tan^=0, 

where S implies summation for aU values of p given by the third equation and a^, 
aj are the wave velocities in the two bars. [Saint-Venant. 

Poisson also gives the corresponding expressions in the case considered by him. 

Ex. 3. Two rods AB, CD, lengths li, l^ and velocities Fj, Fj, impinge in the 
same straight line, and at the moment of contact the tensions of the rods are Es^ 
and Es2 respectively. Show that the two rods immediately separate or remain in con- 
tact for a time according as Fj + a«2 '^ greater or less than T'j - as^ . [Saint-Yenant. 

Ex. 4. Two rods, lengths 1^,1^, impinge, and at the moment of contact are 
moving with velocities Fj, Fg and have dilatations Sj, s^ uniformly distributed over 
their lengths. If Fj ± as^ , Fj + asj are positive, and both the values of the former 
greater than that of the latter, prove that the rods wiU push against each other for a 
time 2Zi/a, remain in contact without reaction for a time (tj-2Zi)/a, if l^>2li, and 
then, if Sj is negative, separate. If s^ is positive they again push against each other 
for a time 2Jj/a, cease to react for a time (l.^ ~ 2?i)/a and then separate. 
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627. Energy of a string. An elastic string is stretched between two fixed 

points A and B' and is set in vibration, it is required to find the energy. 

Let the notation be the same as that used in Arts. 612 and 616. 

dH (^f 
First, let the vibrations be longitudinal. The equation of motion ie -^=a^ ^ . 

I' -I 
Hence we have ^= -^x + 2[Asia {n {at -x) + a} +B sin {n {at + x)+p}l 

Since | must vanish when x = and be equal to I'-l when x=l, we find, as 

inArt. 619, i=-^ x+^GainnxBm{nat + y), 

where nl=iir and S implies summation for all positive integer values of i. The 
letters C and y are constants which may be different in every term, and which de- 
pend on the initial disturbance. The kinetic energy of the whole string is 

= 1 -mdx[-^\ =1 -mdx {SCnasia nx cos {nat + y)}\ 

Now f sinna;sinn'xda; = when » and n' are numerically unequal, since nl and 
n'l are both integer multiples of t. Hence, when the square of the series is ex- 
panded, the integral of the product of any two terms is zero. 

Since f ^n'nxdx=^l, the kinetic energy becomes —hnJa? SC^m'' cos^ {nat + y). 
To find the potential energy ; we notice that the work done in stretching an 
element from its unstretched length dx to its length dx + d^ is (see Vol. i.) equal 

to g £! I ^ ) dx. Hence the whole work done in stretching the string is 

= 1 -Edx{~\ = 1 -Edx <^- +liCncosnxsm{nat + yn . 

Now Pcosma;cosre'a;(fa; = or ^l according as n and n' are numerically unequal 
or equal to each other ; also cos nxdx=Q. Hence, as before, the integral becomes 

=^E^!^-^ + gElSCH^siri'{nat+y). 

The first term is the work done in stretching the string from the unstretched 
length I to the stretched length V. If we refer the potential energy to the position 
of the string when stretched in equilibrium between the extreme points A and B' 
as the standard position, we retain the latter term only. 

The energy is the sum of the kinetic and potential energies. Since E= ma'', 
this becomes energy =imla!''SCV. 

This result might have been deduced more simply from Art. 72, where it 
is shown that the energy of a compound vibration is the sum of the energies of the 
simple vibrations into which it may be resolved. The kinetic energy of any single 
harmonic is easily seen by integration to be imla^Cf^n" cob" {nat + y). Hence the 
whole energy is ^mla^J^CnK 

We may also notice that, as in Art. 73, the mean kinetic energy is equal to the 
mean potential energy, the means being taken for any very long period. 

Next, let the vibrations be transversal. 

Following the notation of Art. 616, the motion is given, as before, by 
y'=IiC sin nx sin {nat+y), 
where nl=iir, and S implies summation for all positive integer values of i. 

The kinetic energy by the same reasoning as before is equal to 
imWSG'n' bob'' (nat + y). 
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To find the potential energy, we notice that the work done in stretching an 
element from its unstretohed length dx to its stretched length ds' is (see Vol. i.) 

equal to ^Ef^-lYdx. Now{dsy={dx'Y + {dy'f={jdxy + dy'-\ 
ds' V f, I P fdy'Y] 

Bemembering that, by Art. 616, nufi=:E (V -l)jl' ; we find that the whole work 
done in stretching the string is I = dx J.E ( — — J +ma^ ( 7/ ) f • 
Substituting for y' and integrating, we find that the work is equal to 
1 E i^i + i mla^^aV sin2 (nat + y). 

It we take the position of equilibrium oi the string when stretched between the 
extreme points A and B' as the position of reference, we find that the 

energy = J mto^SC^i^. 
This we may call the energy of the disturbance. 

Prof. Donkin in his treatise on Acoustics, page 128, has found the energy of a 
string vibrating transversely by an ingenious application of the method of sub- 
tractions. 

Ex. An. elastic rod AB has the end A fixed and B free. Being placed on a 
perfectly smooth table, it vibrates longitudinally. Show that the energy of a disturb- 
ance represented by {=SCsin7ia; sin (nat + y), where ni=J {2i-Hl)Tr, is ^mla^ZCV. 

628. Vibrations of rods. A thin uniform straight rod is in equilibrium under 
the action of forces at its two extremities, and when disturbed it makes small oscilla- 
tions in one plane. It is required to form the equations of motion. 

The line which passes through the centre of gravity of every perpendicular 
section of the rod is called the axis. Let the axis AB in the position of equilibrium 
be taken as the axis of x, and let the plane of vibration be the plane of xy. Let 7) 
be the density of the rod, a the area of any perpendicular section, and wA:' the 
moment of inertia of that area about a straight line through its centre of gravity 
drawn perpendicular to the plane of vibration. 

Let P be any point on the axis of the rod ; the finite portion PB is in equi- 
librium under the action of the reversed effective forces and the forces at the 
extremities P and B. Let x be the abscissa of P in the position of equilibrium, 
(^+{> ^) its co-ordinates at the time t. 

B 








Q^^^ 



Q R 



Let the action of the portion AP of the rod on PB be resolved into (1) two 
forces X, Y acting at P parallel to the axes, and (2) a couple L measured positively 
opposite to the direction in which the hands of a, watch move. In the same way 
let the forces at the extremity B be resolved into the forces X^, Y^ and the couple 
ij. In equilibrium both Y and Tj are zero, and X= - T, Xi = r where T is the 
given tension of the rod. Hence during the motion Y and r, are small quantities 
and both X and X^ differ from T in magnitude by small quantities. 
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Let QR be an element of the axis of the rod PB when in the position of 
equilibrium, Q^R^ its position at the time t. Let the co-ordinatea of Q and Qi be 
respectively {x\, 0) and (.Ti + fi, vi); and let ^ be the small angle the tangent 
to QiRi makes with the axis of ;v. Consider the particles contained in an elemen- 
tary slice of the rod bounded by two planes perpendicular to QR. The linear 
efiective forces are respectively Diodx^-^" and Dudxrii", where accents denote 
differential coefficients with regard to the time. It is also usually assumed that 
the angular momentum about an axis through the centre of gravity perpendicular 
to the plane of vibration is Ddx uk^tj/'. 

Taking moments about the instantaneous position of P, we have 

i+J[ti"('!i-';)-'!i"(^i+li--^-?)-S:W]"D<'^i+ii+i'i(«-'^-l)-^i(ft-';)=o, 

where I and h are the co-ordinates of B at the time t, and the limits of the integral 
are Xi=x + ^ and Xj=Z. Rejecting some small quantities of the second order, this 
becomes 

L- j^oiTij" {x^-x)Ddx^- f^iok^^l^i" Ddxi + L^+Yi{l-x)-T{h-v) = 0...{l). 

By a theorem in statics we may write i = ± F/p, where p is the radius of 
curvature at P, F=k'^{Eo) + T), and E is a constant which depends on the material 
of the rod and is usually called Young's Modulus. The moment L in the equation 
(1) has been taken in the positive direction, hence, since the rod tends to straighten 
itself, the constant F must have the negative sign. 

Since we reject the squares of small quantities, we may write - = -^ = -^ . 

Differentiating equation (1) with regard to x and remembering that L^, Y^, I, T 
and h are independent of x, we have 

-^s-^/>'^^^^.+"^^^S-->-4:=° (^)- 

This differentiation is easily followed if we recollect the rule in the integral calculus, 
Differentiating again with regard to x, 

-^S-'-^S-^^^.^--S=« (^)- 

By resolving parallel to the axes of x and y we find in the same way 

dX „d^f „ dY ^ ^d?ri n ,a\ 

Since ak'' is very small, the terms containing it may be neglected when it is not 
multiplied by E. It is therefore usual to omit the third term of equation (3). If 
the rod, when in the position of equilibrium, is unstretched, we have also r=0.- 
With these two simplifications the equation (3) takes the form 

S-''^S=« '«>■ 

where a'>=k^EID. 

The theory of the transversal vibrations of rods was given by Poisson in his 
memoir on the equilibrium and the motion of elastic bodies, MSmoires de V Academic 
des Sciences, vol. viii., and also in his Traits de Mgcanique, Vol. ii. Art. 518. The 
term containing uk"^" is not found in Poisson's solution, but is given by Clebsch 
in his Theory of Elasticity; see also Donkin's Acoustics, 1870. 



408 VIBRATIONS OF BODS. [CHAP. XIII. 

629. When the difierential equation (5) has been solved, the arbitrary functions 
or constants which have been introduced must be determined by the conditions at 
the extremities and the initial motion. 

At the extremity B we have x=l, and the integrals in both equations (1) and (2) 
vanish. Bemembering also that the terms containing ^" and T are to be omitted, 
these equations become, when x = l, 

-ft^£a,g+L,=0, ft=i£a,g3+7i=0 (6). 

If the extremity B is free, both ij and Y^ are zero, the conditions (6) therefore 
become ;r^=0, -=-^=0 when a;=J. 

If the extremity B is fixed to a point on the axis of a:, Lj=0 but Y-i may have 
any value, the conditions are therefore 5j=0, 3-^=0. 

If the extremity B is clamped, both the point B and the tangent at B are fixed. 

The conditions are then ij=0, ^=0 when x=l. The reactions at B are then 

dx 

given by equations (6). 

If the extremity B is free, except that a particle of mass M is attached to 

it, we put £1=0. and replace Y^ in equations (6) by -McPhjdt^, where ft is 

the value of 7; when x=l. The terminal conditions are therefore -=-^=0, and 

630. Ex. 1. To find the oscillations of a rod with both ends free. 

™. . .... ^1] . d^Ti „ 

The equation of motion is 'Ifi'^ 'd~* 

Let ■ri='L(P sm w?aH + Q BOS m^aH), 

then P and Q are functions of x which satisfy 

dai^ dai* 

:. P=AaiTimx+Bcosmx + \H(e^-e-^)+\K(e'^+e-""). 
At each extremity <i^9;/da;2=0 and d?rild3c^=0. When x = these give A = H and 
B=K, and when x=l 

A{2smml-e'^+e-'^)=B{e'^+e-^-2cosvd), 
B [2 sin ml + e"'^ -e-'^ = A (2 cos ml -e'"'-e~^). 
Eliminating BjA, we have 

I {e'^+e-'^) cos ml -1 = (1). 

The equation for Q obviously leads to the same result. 

If mj, ma, &e. are the roots of the equation (1), the periods of the possible 
oscillations of the rod are 2irlm^a^, 2irjm^a?, &o. This agrees with Poisson's 
result. 

We easily see that the expression for 17 may be written in the form 
■n = SX„ (L sin m^aH + M cos mVt) 
Xm = (e"^ +.6-"^ -2 cos mi) (sin mx + Je"" - Je""") 
+ (2 sin ml - e"^ + e"™') (cos jim + Je"" + ie~^), 
where the S implies summation for aU values of m which satisfy equation (1), and 
L, M are two undetermined constants. 
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If the initial circumstances of the motion are given by ■q=4>{x) and i;' = ^(a;), 
we may find the values of L and M by the method of multipliers. Imagine the 
values of i; for all the elements of the rod written down in successive rows, then by 
Art. 399 the proper multiplier to separate the column occupied by coam'aH is 
represented by the type DdxX^- We therefore find by Art. 398 

l<t> (x) X^dx = MlXJdx, j^ {x) X^dx = La^m^XJdx, 
where the limits of all the integrals are x=0 and x = l. 

Ex. 2. Show that the periods of oscillation of a straight rod clamped at one 
end and free at the other are given by ^ (e"^ + g-^) cos mj + 1 = 0. [Poisson. 

Ex. 3. Two rods have equal sectional areas, and in one the section is a circle, 
in the other an equilateral triangle. Prove that the squares of the periods of their 
corresponding notes are as iw to 3^3. 

Ex. 4. Having given the equation dhxjdt^ + d'^ujdx^=fi, and the values of u and 
of duldt for all values of x when t=0, find u in terms of t and x, from x= - oo to 
x=aa. 

An elastic wire indefinitely extended in one direction is firmly held in a clamp 
at one end. If a series of simple transverse waves travelling along the wire be 
reflected at the clamp, show that the reflected waves have the same amplitude 
as the incident waves, but that their phase is accelerated by one quarter of a wave 
length. What wiU be the result if the end be free instead of being clamped ? 

[Math. Tripos, 1879. 

Ex. 5. Two equal and similar elastic rods AC, BC are hinged at G so as to 
form a right angle, while their other extremities are clamped. One vibrates trans- 
versely and the other longitudinally ; prove that the periods are iirl^jpS^, where B 

is given by 1 + cos « cosh e+i ^^ cosh - cos 9 j ^ cot -^ = 0, Hs the length 

of either rod, and/, g are two constants depending on the material. 

631. Ex. 1. The natural form of a, thin inextensible rod when at rest is a 
circular arc, and the rod makes small oscillations about this form. If the arc is a 
complete circle prove that the periods, 2vlp, are given by p^(j,'^ + l) = a.i?(i^-lf 
where i is any integer and a is a constant depending on the flexibility of the rod. 
If the arc is not a complete circle, but has both ends free, show that it can be made 
to vibrate symmetrically about its middle point by suitable initial conditions in a 
period 27r/p, provided that the angle 28 which the arc subtends at its centre satisfies 
the equation 

«(«'' + l)(V-na^) ii^V + ^W-"') + M^^+M^irV) =0, 
tannff tannjS tannjff 

where rC, v^, n^ are the roots real or imaginary of the cubic ax (x - 1)^= {x + 1) f. 

Deduce from this Poisson's expression for the periods of vibration of a straight 
rod with both ends free. 

Let X, Y, L be the tension, shear and stress couple at any point P of the rod, 
then these are all small quantities of the order of the oscUlation. Let the un- 
disturbed and disturbed co-ordinates of P be a, 0, and o(l-l-tt), S-H^, respectively. 
The equations of motion, when the squares of small quantities are neglected, 
become 

dX „a?<t> dY ^ „dH ^^j_„v-(\ 

where m is the mass per unit of length, and the couple L is measured as in Art. 628. 
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hetp and q be the proportional elongation and increase of curvature of an element 
of the rod at P, we find 



dd> 






Since the rod is inextensible we have p=0, and, by a theorem in statics, L= -Eq. 
Eliminating X, Y, L and u from these equations, we obtain the linear equation 
(1-52) (p0/dta ^ a52 ( J3 + 1)5 ^_ 

where S stands for djd0, jind a=Ejma,^. 

To solve this equation we put ^ = SJf sin pt sin (nS + e). Substituting, the 
equation reduces to i?{ji^+l) = an^(n^-lY. 

If the circle is complete, the values of ^ must recur when 6 is increased by 2ir 
and therefore n must be an integer. If the circle is incomplete, the value of n 
is unrestricted, except that p and n must be connected by the above equation. It 
follows that each value of p has three corresponding values of n, so that 4> takes 
the form 

= Ssiu (pf + f) {jVsin (ne + e) + lf, sin(7ii9 + eJ + Jl/2sin (n./ + ej)}. 
The condition in the question is obtained by making X, Y and X vanish at each 
end of the rod. 

The oscillations of a complete circle are discussed in a different way in Lord 
Kayleigh's Treatise on Sound, Vol. i. Art. 233. The equation giving p in terms of 
the integer i is ascribed to Hoppe who published it in Crelle, 1871. 

Ex. 2. The natural form of a rod is a circle of radius a, and the rod is both 
extensible and flexible, it is required to find the small oscillations. 

Consider the elementary portion of the undisturbed rod which is bounded by 
two planes normal to the axis at two consecutive points P, Q,. Making the usual 
assumption that these planes continue to be normal to the axis after the curvature 
has been increased, we notice that the unstretched lengths of the fibres of the 
element which lie on either side of PQ are not equal to the unstretched length 
of PQ, but are longer on the convex side and shorter on the other. Let E be 
Young's modulus of elasticity, a the area of the section at P, uk" the moment 
of inertia about an axis through its centre of gravity perpendicular to the plane of 
bending, and u. the undisturbed radius of the axis of the rod. We then find by 
integration that the resultant tension Z of all the fibres which cross the section a, 
and their bending moment L, are given by 

X-Eup-E'^q=Ap-Bq, 

= E —=r q =Bq, 

where p and q have the same meanings as in the last example. In the same way 
we find that the potential energy of the fibres of an elementary length ds of the rod 
is dV=lds(Ap'^ + Bq^, 

this last result is however not wanted in the following solution. 

Substituting these values of X and L in the dynamical equations of the last 
article, and eliminating Y, we find 

■ma'i^-ASp, ma^ii=B{S^ + l)q-Ap, 
where 5 stands for djdS. Since the values of p and q are given in the last example, 
we thus have two equations from which </> and u may be found. To solve these we 
put 0=SJlf Bin(pf + f)sin(?je + e), u=SiVsin(/)t + f) cos (nS + e). 
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Substituting, and eliminating MjN in the usual way, we obtain 

m^ay - may {A {ii> + 1) + B {n^ -!)»} + ABiv' (n^ - 1)^ = 0. 

If tbe undisturbed form of the rod is a complete circle, n may be any integer, and 
the two periods, viz. 27r/p, corresponding to each integer are given by this equation. 
If the undisturbed form is an arc, n is unrestricted, except that p and n must be 
connected by the equation. Each term in the expressions for <fi and u defined by 
any value of p has, as in the last example, three corresponding values of », and 
therefore contains three terms of the form Jlf sin (nB + e). 

The conditions that A', 1' and L are zero at each extremity of the rod show that 
p, q and Sq must vanish at the same points. These, as in the last example, 
determine e, fi, eg, the ratios MJM, MJ31, and give an equation connecting p with 
the length of the arc. The existing values of p and n being now known the series 
for <f> and n have the two constants M and f in each term undetermined. Since 
each value of n has two corresponding values of p given by the quadratic, we may 
write each of these series in the form 

S {J/ sin {pt + f ) sin (ntf + e) + M' sin {p't + f ') sin {nO + e') } , 
where n, e, e' have been already determined. The relations between the constants 
in the two series have also been found, so that only four constants in each com- 
pound term, viz. Jil, M', f, f ' remain undetermined. These are found by the use of 
Ponrier's Theorem when the initial values of 0, 0, m and u are given for all values 
of e. 

Another solution. We may also find the oscillations by using Lagrange's 
equations. Let us regard the rod as made up of elements of equal mass, each 
separated from the next by a short angular distance, viz. d0=l. Let the co-ordinates 
of these in succession be {r^, Sj), (r^, 6^) *"• We then have 

2V=2{Ap' + Bq^) 

since d^JdB = {41.^^1- <pn)ll, &o. To obtain the two equations of motion we sub- 
stitute these functions in 

d dT 1E.-0 - — — -0 

<^t dipn #n~ ' dt dii^ du^ 
The resulting equations are easily seen to be the same as those already arrived at. 
K the particle represented by (m„ , 0„) is close to either extremity, the Lagrangian 
equations give the conditions at that extremity of the rod. 
See a note at the end of the volume. 



CHAPTER XIV. 



MOTION OF A MEMBRANE. 

The transverse Oscillations of a plane Membrane. 

632. Let us take as the subject of consideration a plane membrane equally 
stretched throughout, whose boundaries are either fixed or subject to given con- 
ditions. Let this plane be called the plane of xy. Suppose this membrane to be 
disturbed so that its particles are slightly displaced parallel to the axis of z. The 
membrane will now make small oscillations about the plane of xy. It is the laws 
of these oscillations which we wish to discover. 

Let w be the displacement at the time t of a particle P whose co-ordinates when 
undisturbed are a;, y. Taking an elementary area dxdy at the point P, let pdxdy 
be its mass ; thus, if the membrane be homogeneous, p is the mass of a unit of area. 
The oscillations being transversal the efieotive force on the element will be 

pdxdy dhojdt^. 

Let us now consider the action across any side, as dy, of the elementary area. 
In the general case of a lamina this might consist of a force and a couple. But 
since a membrane, hke a string, can be folded in any manner, and can only exert a 
force along its length, it is implied that the couple is zero and that the force acts in 
the tangent plane. Further, the membrane being equally stretched in all directions, 
this force acts perpendicularly to the side across which it acts. Let us represent this 
force by Tdy, then T is called the tension referred to a unit of length and sometimes 
briefly the tension. 

The actions across the two sides of the rectangular element which are parallel 
to the axis of y have to be resolved parallel to the axis of z. These resolved parts 

It „,, dw _, fdw dho , \ 

are clearly - Tdy - , Tdy[^-+^_dxy 

The resultant of the two is T -j-j dxdy. In the same way the resultant of the two 

actions across the sides parallel to x is T -,^ dxdy. Taking both these resultants, 

and equating them to the effective forces, we have the equation of motion* 

dho „ (d^m dPw\ 



'■ \dx^^dy-^)' 



* The reader will find a more complete discussion of those principles of the 
theory of elasticity on which this equation is founded in the Legons sur la tMorie 
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633. Since the axes of co-ordinates may be any whatever provided that they are 
rectangular, this equation must be the same whatever be the directions of the axes. 
If the membrane be referred to oblique axes incUned at an angle e, we may show 
that the equation of motion is 

dhv _ T fd'w „ d'w da«,\ 

'' dt -^^e\d^-^did^''°''+a^)- 

634. To obtain a solution of this equation of motion we notice that, if we dis- 
regard the boundaries, it must be possible for the membrane to vibrate as if it were 
constructed of a series of strings laid side by side whose lengths were all parallel to 
any fixed direction we pleased. Let o be the angle this fixed direction makes with 
the axis of x. Then, putting T=m^p, one solution of the equation is certainly 

ii>=f{xcoaa + ysina-mt\+F{xeosa+ysma+mt), 
where o is any arbitrary constant, and /, F are two arbitrary functions which may 
be continuous or discontinuous as explained in Art. 620. Either of these functions 
with a given value of a represents a wave travelling in the direction defined by o 
with a front which is always parallel to the straight line a; cos a -H 2/ sin a = 0. A more 
complete solution may then be found by summing these for all values of a. 

Since the motions under consideration are oscillatory, it will be more convenient 
to expand the functions / and F in sines and cosines. Taking only a principal 
oscillation, we write a; = P sin pmt + Qoospmt, 

where P and Q may be written in either of the following equivalent forms, but with 
different constants, 

2 {A aiap {x cos aH-^ sin a)+Bcoap {x cos a + j/sin a)} 

+ 2 {Csinp{x cos a-yBina) + D cos p(xooaa-y sin a) } 

sin V sin , . , 

= zL tpx cos a) (py sm a). 

cos ^^ ' cos ^^" ' 

The positive values of o are included in the first line and the negative values 
in the second line. It follows that the S here implies summation for all positive 
values of a. 

635. Beetanenlsir Membrane. To find the oscillations of a homogeneous rect- 
angular merribrane whose four boundaries are fixed. 

Let OACB be the membrane, and let the sides OA, OB, be taken as the axes of 
X and y. Let OA = a, OB = b. Then we have to find a solution which (1) makes 
w = when x=0 and when x—a, independently of any particular values of y and 
(2) makes w=0 when y = and when y = b, independently of any particular values 
of X. Such a solution can be at once selected from the general form given in Art. 
634, viz. M) = SXsin (j)ii!cosa)sin(pi/sino)cospmt, 

with a similar expression to contain amprnt. Here we must have 

^acosa"=i7r, pbama = i'ir, 
where i and i' are any two integers. The periods (viz. 'ivlpm) are therefore given by 



©■=©■-©■ 



MatMmatique de VelastieitS des corps tolides par M. G. LamS. The equation itself 
was first given by Poisson in his Mgmoire sur I'^quilibre et le mouvement des corps 
Slastiques in the eighth volume of the iUmoirea de I'Institut, 1828. The oscillations 
of a rectangular membrane (Art. 635) were also first discussed by him, 
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» The question arises whether this solution is perfectly general or not. The 
solution satisfies the equation of motion and all the boundary conditions. If then 
it can be made to satisfy the initial conditions of the membrane it will certainly 
include every case. Let the initial displacement be w = ^(x,y); then putting t = 

we have (.c, 7j) = Si sm — sm -^- . 

for all values of x and y respectively less than a and 5. But by an extension of 
Fourier's theorem such an expansion as this is always possible. The solution is 
therefore perfectly general. 

Ex. The weight JF of a rectangular membrane and its tension T referred to a 
unit of length are both given. Show that the gravest note is given when the 
membrane is square, and that in this case the period of the note is (iWjgT)^- 
Thus the period is independent of the area. [Poisson's Theorem. 

636. When the period of vibration of a rectangular membrane is given by some 
value of ^, all the possible modes of vibration are included in the form 

r__ . ivx . i'ini~\ 
w=\ SLsm — sin -~ Icospmt, 

with a similar term containing sin^nt. In this form i and i' represent any integers 

whichsatisfy (iy+(iy=gy. 

If two sets of values of i and i' can satisfy the last equation, it easily follows 
that the squares of the. sides are in the ratio of two integers. Supposing this 
condition not to be satisfied, each oscillation will be of the form 

. iwx . i'lrtf , , T . . 

ro = sm — sm —r~ {L cos pmt + L' sm pmt), 

and wiU contain just two constants, viz. L and L'. In this case it wiU be seen that 
each of these oscillations will be a principal oscillation and that all the periods will 
be different. 

But if several sets of values of i and i' accompany the same period there will be 
more than two constants in the expression for each oscillation. In this case it 
appears that there are several ways in which a membrane may be set in vibration so 
that the periods of oscUlation may be the same. It follows therefore that the 
Lagrangian equation (Art. 57) giving the periods of the principal oscillations has 
a number of equal roots. 

637. The nodal lines are those lines on the membrane which remain in therr 
positions of equilibrium during the whole motion. If the period be such that the 
oscillation is accompanied by only one set of values of i and i', the nodal lines for 
that oscillation are of course given by 

. iwx . i'try „ 

sm sm— =-^ = 0. 

a 

These values oi x or y make the coefficients of both cospmt and sinpmt equal to 

zero. The nodal lines are therefore straight lines parallel to the sides. But, if 

there are several sets of values of i and i' which give the same p, and if the initial 

conditions are such that the corresponding coefficients in the coefficients of eos pmt 

and sinpmt have the same ratio, the nodal lines will be given by the equation 

SL sm — sm — r^ = 0. 
a b 

They may assume a great variety of forms depending on the number of terms 
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in the series and on the arbitrary values given to the ooefBcients represented by 

the letter L. LamS in his Tlieoiij of Elasticity gives a brief sketch of these. 

Another analysis is given in Rieniann's Partial Differential Equations. They both 

remark that if we take only two terms in the series, of the form 

_. . i-TTX . i'wy -. . i'TX . iiry „ 

L sin sin — T^ - L sin sin -r- = 0, 

a a 

one nodal line will be the diagonal xja=ylb. Here the integers i and i' have been 
interchanged in the two terms. But, since the equation connecting these integers 
with the given value of p must also be satisfied, we have 
(i/a)2 + (,:'/6)2=(i'/a2) + (i/6)2, 
which requires that a = 6. The rectangle must therefore be a square. 

From this we may deduce that the oscillations of a membrane bounded by an 
isosceles right-angled triangle are given by 

„_ r . iirx . fry . i'lrx . imi~\ 

w = Si sm sin — - — sin sm — — cos pmt. 

La a a a j 

with a similar term containing sin^mt, where i and i' are integers connected by the 

equation i^-\-i''^=[apjir)'', 

and a is a side of the square. See Lord Kayleigh's Sound. 

Ex. 1. If the squares of the sides of a rectangular membrane do not bear to 
each other the ratio of any two integers, prove that the nodal lines of a rectangular 
membrane must be straight lines parallel to the sides. [Poisson's Theorem. 

Ex. 2. If the sides of a rectangular membrane are such that two sets of values 
of i and i' give the same period of vibration, then by proper initial conditions a 
nodal line may be made to pass through any given point on the membrane. 

638. Ex. Membrane bounded by an equilateral triangle. A membrane is 
bounded by an equilateral triangle and its boundaries are fixed. If f, ri, f be the 
trilinear co-ordinates of any point within the triangle, show by actual substitution 
that the equation of motion is satisfied by 

i»=2i sm -r^ sin -^ sin -=^ cos pm«, 
h h h 

y/here p = 2iTlh. Here h is the altitude of the triangle and i is any integer. 

This result foUows at once from the trigonometrical theorem that, if the sum 
of three angles is equal to ?V, the sum of the products of their cotangents taken 
two and two is equal to unity. 

This is not however the most general form of solution, because we have only one 
independent arbitrary integer, viz. i. We cannot therefore satisfy all the possible 
initial values of w. 

It is shown in Lamp's Theory of Elasticity that a more general expression for 

the period is given by p= (2ir/ft) (i^ + i'^+ ii')\ 

which contains the two arbitrary integers i and i'. 

639. Ex. 1. Iioaded niembrane. A uniform rectangular membrane, whose 
sides are a and 6 and mass 1\[, has a finite mass equal to /j. attached to it at the 
point whose co-ordinates are h, k when referred to the sides as axes. Show that 
the periods (27r/ym) of the small transversal vibrations are given by 

. „ irh . „ iVft 

,- , sin" sin^— — 

- V a b 



""[a^+l?)- 
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where the S implies summation for all values of the integers i and i', and m (as 
before) is the ratio of the tension to the density of the membrane. 

To prove this we shall suppose the mass n to be distributed over a small area 
equal to a^. Let W be the displacement of this small area at the time t. The 
sum of the resolved tensional forces round the perimeter of the area is equal to 

iu--=-2-= -iJ. We have therefore to find the motion of a membrane acted on by a 

periodic force iJ at a given point h, k. Let us replace this single force by a 
continuous force Zdxdy which acts at every point of the membrane, such that 
2= SC sin (ivxja) sin {i'lrylh). 

Since Z vanishes all over the membrane except in the immediate neighbourhood of 
the point ft, k, and at this point Zap= -/iffiWIdt^, we have by Fourier's theorem 

The equation of motion of the membrane is now 

To solve this we put io=/ (x, y) cos pmt. 

Substituting, we find by Theorem iii. of Art. 265 

. lira; . i'lry . iirft . i'lrk 

The form of the function / corresponding to any value of p has now been found. 
Putting x=h,y = k,vie have an equation to find p. 

Another solution is added in a note at the end of the volume. 

Ex. 2. A rectangular membrane of mass M is oscillating with a period (2jr/pm) 
such that only one set of values of i, i' accompany this value of p. A smaU load of 
mass /* is placed at any point (h, k), prove that the new period of vibration, viz. 
(2jr/gm), is given by 

g2= 1)2 ( 1 - •=? sm^ — sm^ — r— ) . 
^ ^ \ M a b J 

This follows from the result given in the last example, for only one denominator on 
the right-hand side will be small. Eejecting all the terms except this one, we have 
the result, 

Ex. 3. A membrane of mass M is bounded by two concentric circles whose 
radii are a and 6, and the density varies inversely as the square of the distance from the 

centre. The period P of any symmetrical oscillation is given by P = - ( — — log - ) , 

where g=iir if both the boundaries are fixed in space. But if the outer boundary 
only is fixed in space, while the inner is attached to a ring of mass /*, q is given by 
gta,nq=Mlii. 

If the ratio a/b is not very great, this membrane may be regarded as nearly 
homogeneous, with the inner parts slightly denser than the outer. 

Ex. 4. Show that the equation to find the periods of vibration of a loaded 
membrane may be written in the form 

Ml a siad>hsind>la-h) . .i'lrk 

/i ip' 2(p sin 0a 6 
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where S implies summation for all values of the integer i' and 4>'^=p^~TrH'^lb^. 
This result may be obtained by expanding eoBq{r-x) in a series of cosines, 
q not being an integer. We find 

cos.r cos 2a ; _ 1 v oos q (v - x) 

l-S»"*"2=>-32 + - ■•-2j8 assinjTT " 
The expansion holds from .i;=0 to x = t, both inclusive. Putting .i; = 0, subtracting, 
and writing 2y for .v, we have 

I sin^2y _ t t sin gy . sin g jv-y) 



l-ga^ga-gS^-' 2g sin jtt 

The result given above easily follows. 

640. Ex. Membrane acted on by a given periodical force. A rectangular 
membrane is bounded by the co-ordinate axes and the straight lines x = a, y = b. 
A finite accelerating force acts at the point (ft, k) and is represented by A ain rt. 
Show that the forced vibration is represented by 

. iirh . i'lrk . ivx . i'wv . 

. sm sm -^— sm — sm -^ sin rt 

w= — V a h a h 

M -^ 



ni'T- 






where S implies summation for all values of the positive integers i and i'. 

The free vibrations have been found in Art. 636. Joining these to the forced 
vibration and supposing the membrane to start from rest in its position of 

equilibrinm, we have w = SP ( sin rt sin vmt 1 , 

\ pm ^ /' 

where P is the coefiScient of sin rt in the forced vibration. 

We may deduce from this expression the effect of a force acting, like an impulse, 

for a very short time. Let r be verj great, and' let the force A sin rt act only for 

the short time 7r/r. If F be the momentum communicated to the membrane, we 

have F=jA sin rtdt where the limits are t = and f = 7r/»'. We thus have F—2Alr. 

Substituting we find, when r is very great 

_ . iirh . i'lrk . iirx . i'lry { sinrt sinpmtl 'iF 

w= S sm sin -r- sin sin -^ { + — ^ — I- — . 

a a [ r pm ) M 

The motion at the time ( = tt/j* is therefore given by 

„ dw „ . iirh . i'lrk . ivx . i'lru iF' 

w=0, -^ =2 sin — sm— i- sm — sin — r^ . -^ , 
at a b a b M 

Motion of a heterogeneous membrane. 

641. We propose to show in this section how by the use of the theory of con- 
jugate functions we may deduce the motion of certain heterogeneous membranes 
from the corresponding motions of homogeneous membranes. The corresponding 
theorems for a network of particles are briefly given in Art. 421. 

We shall begin by giving a list of those theorems on conjugate functions which 
we shall afterwards require, and in the next article we shall consider their application 
to the motion of membranes. 

If we have two variables ^, ij connected with x, y by the relation 

f + W- !=/(« + W-1). 
where / is any real functional symbol, then f , ri are called conjugate functions. 
By taking the first differential coefflcients of this equation with regard to x and 

R. D. II. 27 
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y and equating the ooeffioienta of the imaginary quantity we arrive at the well- 

, ,, dP dfi d^ dyj 

known results -r- = t^ . -^=--t^. 

dx dy dy ax 

Since we have also x + yj -l=F(^ + rii^--l) it follows in the same way that 

dx dy , dy dx 
-=T = -=2.and-^=- 3-. 

(ij dr) 05 drj 

We may also show by a simple transformation of variables that 

dhe dhv _ j^ ^l i/^V (^W 
dx^ ■*" &/ ~ \d^ "*" dri'f \\dx) """ \dy) J ■ 
Since we may interchange x, y and f, rj in this formula, it easily follows that 

i(i)'*(in{(t)'-(i)'f-- 

We shall also require a geometrical theorem. Let us draw two diagrams each 

referred to a set of rectangular axes. In one let |, r) be the co-ordinates of a point 

which we shall call 11, in the other let x, y be the co-ordinates of a point which we 

shall call P. These points are said to correspond. In one diagram the loci defined 

hy ^ = a, rj=b, where a and 6 are constants, are straight lines parallel to the axes. 

In the other, where f and ij are regarded as functions of x and y given above, the 

loci will in general be curved lines. In the same way the equation ?;=0(|) will 

represent two corresponding curves, one on each diagram. Let the tangents to these 

curves at corresponding points n and P make angles e and e with the axis of x, then 

tane=drild^ and tan e = dyldx. Through P draw the curve »;=6, where b has its 

proper constant value, and let the tangent to this curve make an angle A with the 

axis of X. Then denoting differential coefficients with regard to x and y by suffixes, 

we have T/a, -(- 77, tan ^ = 0. We also have, as proved above, fi=% and ^y=-t)^. 

„. ^ drt TiJLx + Ti„dy - tan 4 4- tan e 

Siiioe tan e = -=^ = ' ■. , '" / = t— -r 7-7 . 

"? ixdx + ii,dy l-l-tan>4 tanc 

we see that e=e-A. It immediately follows that the angle made by any 4wo 

curves which meet at P is equal to the angle between the corresponding curves which 

meet at U. In other words corresponding angles are equal. 

If we draw two corresponding networks, one on each diagram, and if the meshes 
of each be infinitely small triangles, it follows from the equality of the angles that 
the networks are similar to each other at corresponding points. The scale or ratio of 
the networks is not however the same all over the diagrams. 

It also follows from the equality of the angles that the curves defined by J=o, 
ri = b out at the same angle in each diagram. They therefore cut each other at right 
angles. 

642. Suppose that we know the motion of a homogeneous membrane with given 
bounding conditions vibrating transversely, say w — 4>{^, -ti, t), where w represents the 
displacement of a point whose co-ordinates are (f, ?;). Then this value of w satisfies 
the equation 

dhB_ (d?w d%)\ 

"0 dt^-^\de'"'d^)' 
where Dq is the density and T is the tension of the membrane. 

Let X, y be the co-ordinates of a point on another membrane which has sand 
strewed over it and fastened to it, so that the sand vibrates with the membrane. 
Let the density D of this heterogeneous medium be given. by 



D„ \dx) + \dy) ■ 
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Then the equation of motion of this new membrane is 

dt^ ~ \dxO '^ dyo ) ' 
But, since |, 17 are known functions of x, y, we obtain, by substitution in the equation 
'"' = <t> (f. V, «). the new relation to = \)/{x, y, t), which is the solution of the equation 
of motion of the new membrane. 

Thus the motion of the new membrane is deduced from that of the first with 
corresponding bounding conditions. 

643. Generally, we do not want the actual motion of the membrane, but only 
its possible periods of vibration and nodal lines. We may notice that the two 
membranes have the same periods of vibration and corresponding nodal lines. 

644. In this transformation it is necessary that only one point of each mem- 
brane should correspond to any single point of the other membrane within the area 
considered. If this be not attended to, some difficulties in interpretation may 
occur. 

645. The new membrane is of course heterogeneous, and it may be objected 
that the cases now considered are not such as occur in nature. If, however, the 
density is not very variable over the membrane, the results will nearly represent 
the motion of a homogeneous membrane. At the same time we must remember 
that the results to be obtained are not merely approximations, but are accurate 
solutions of the equations. Such a solution, if short, and obtained by some simple 
process, is sometimes preferable to one obtained by a long approximation, even 
though the latter may appear to be more directly applicable. 

To take a simple example, the oscillations of a homogeneous loose heavy chain, 
suspended from two fixed points, can be found only by very troublesome algebraical 
approximations. But if we suppose the chain to be heterogeneous, we may obtain 
an accurate solution of the equations. This solution leads to nearly the same 
results as the approximate investigations for a homogeneous chain. See Art. 607. 

To take another example, we may notice that the motion of a homogeneous 
membrane bounded by two radii vectores and two circular ares, can be expressed by 
the help of Bessel's functions. But the motion of a membrane bounded in the 
same way and of the proper density, can be expressed by ordinary sines and cosines. 
This is much simpler than a solution in Bessel's functions, and helps us to under- 
stand the nature of the motion. 

646. We may, if we please, express all this in geometrical language. 
Consider first a heterogeneous membrane with any fixed boundary which vibrates 

according to the law w = \p (x,y, t), 

where w is the displacement of the point P whose Cartesian co-ordinates are x, y. 
Trace on the membrane the two sets of curves whose equations are /(a;, «/) = ! 
and F(x, y) = ri< where f and i) are two parameters. These curves are to be such 
that, when the parameters J, i) increase by a constant increment <J|=a or dri=a, 
the two sets of curves divide the membrane into elementary squares. That the 
corresponding increments of J and 7) should be equal when these curves form 
squares, follows from the proposition that the small corresponding figures formed 
on the two membranes by the method of conjugate functions are similar. It may, 
however, also be deduced from the relations mentioned in Art. 641. If ABCD be 
one of the squares, draw a parallel to the axis of x through any corner A, and 
then draw perpendiculars BM and DN from the two adjacent corners on this 

27—2 
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parallel. We have thus two equal triangles ABM, ADN; the sides in each triangle 

being the dx and dy produced by varying first | only, and then vj only. It follows 

dx Aii dx Sti 

from this that rrrdt= ^ dv and t- d-n = - -^ di. We therefore infer from Art. 641 
d^ dri drj d^ 

that d^=dii. 

The area of one of these squares is 1 ^n. ^ - -r- t^ 1 o'^- 

\af di) di} d^ J 

Thus, since the density D is given by 



Dfi_(dxy (dxy 



it follows that the mass of each elementary square is the same. 

Next, consider the corresponding homogeneous membrane. Draw on the mem- 
brane straight lines parallel to the axes of |, i; at a distance a from each other, so 
that each straight line corresponds to one of the curves drawn on the heterogeneous 
membrane. Let a new boundary be drawn which cuts these straight lines at the 
same angles which the boundary of the heterogeneous membrane cuts the corre- 
sponding curves. 

Then the motions of these two membranes are the same at corresponding 
points. We may consider each to be given by y} = \l/ (x, y, t), 

according as we express w in terms of J, i) or x, y, 

647. We may notice that the two membranes are so related that the masses of 
corresponding squares on the heterogeneous and homogeneous membranes are equal to 
each other. Thus the whole masses of the membranes are the same, Imt differently 
distributed. 

648. Similar theorems apply in changing from one heterogeneous medium to 
another, but as this case does not present any novelty, and is not so simple as the 
one just considered, we need not discuss it minutely. 

649. Having traced on the membrane the two orthogonal sets of curves 
f i^t y) = ^t i' i^t y) = V> where f and t; are constants, and the functions both satisfy 
Laplace's equation, we may trace a third set of curves given by 

These are, of course, the curves of constant density. 

A curve of constant density which passes through any point will cut the two 
members of the two orthogonal sets which pass through the same point at comple- 
mentary angles. Then we may show that the sines of these angles are as the radii of 
curvatu/re of the two members at that point. 

To prove this, let us find tan 0, where 8 is the angle that the curve of equal 
density makes with the curve /(a;, y)=i. By simple differentiation, we find 

tan 8 — " ~^^'-f^'^'^^^'J^i'f"' 

where suffixes, as usual, imply differential coefficients. Sinee f^=Fy and/,= - F^, 
we see, by substituting in the numerator, that 

sin e _ {F/ - F/) F^+iFyF,F^y 

sinfl' 2fJ,f,, + (f^^-f/)f^ ■ 

But the radius of curvature p of the curve/ is given by 

(//-//)/x. + 2/^,/:^ = ^^ . 

Hence, we see that -: — , = -—, . 

sin B p 
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650. It is not every heterogeneous medium whose motion can be deduced from 
that of a homogeneous one. If we eliminate f between 



(di\\fdiy_D_ d^ ^ 
\dxj '^\dyj Do' dx^^dy^ ' 



we easily obtain —^ + —^ =0. 

It immediately follows (from Art. 641) that 

d?logD <PlogZ) _ 

The density of the heterogeneous membrane must, therefore, be sueh that its logarithm 
satisfies Laplace's equation. 

651. For convenience of reference, let (x, y) be the Cartesian co-ordinates, (r, 9) 
the polar co-ordinates of a point P on the heterogeneous membrane ; (f , ti) the 
Cartesian, (p, w) the polar co-ordinates of the corresponding point n on the homo- 
geneous membrane. Suppose we take as our relation between the two points, 

^ , , , x+yJ-1 
f + 1\/-l = clog ^ . 

V 

Then we find f=clog-, i]=e9. 

P 

Thus straight boundaries on the homogeneous membrane parallel to the axis of f 

correspond to straight boundaries on the heterogeneous membrane which pass 

through the origin. At the same time, straight boundaries parallel to the axis of ?; 

correspond to circles whose centre is at the origin. 



The density D is given by g = (gf + (^J = (^J 



If )■ vanish, we have D infinite ; it will therefore be necessary to exclude the origin 
from the area of the membrane. 

If, then, we know the motion of a membrane bounded by a rectangle, the trans- 
formation immediately gives the motion of a heterogeneous membrane bounded by two 
circular arcs and any two radii vectores. 

652. Example. — The motion of a rectilinear homogeneous membrane bounded 
by the straight lines ii=\, i=\; i; = fti, i) = &2, is known to be given by the type 

w = Asm IV ^ — ^ sin iV =; — ^ cos pmt, 

i^ i''^ p'^ 

where the integers i, i' are any which satisfy (fT^hrf "*" ik -k)^ ~ ir^ ' 

and where m'^ = TID„. 

It immediately follows that the motion of a heterogeneous membrane bounded by 

the arcs of concentric circles, whose radii are h\ and h'^, and by two radii vectores 

= 0^ and e=a^, is given by 

. . ( . log r - log ft', \ . / ., 9~a{\ 

w=A sin IT r-^, — 1 ,, sin I'w ^ oospmt, 

\ logft'a-logft'i/ V a2-»i/ 

i^ i'2 (;-«- 

where the integers i and i' satisfy (log ft'^ - log fty ^ + (^^T^^ " '^ ' 

. . , D /cY 

and the density D of the membrane is given by ^ = 1-1 . 
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653. Another useful relation between the corresponding points P and 11 is 

This gives |=c (- ) ooanS, ri = c(-\ sinnfl; 

/A" 
and therefore, in polar co-ordinates, p = c(-l , oi = nff. 

By this transformation aU radii veetores are turned round the origin and altered 



in a known manner. 



J) /,.\2;ii-ii 

Also, the density D of the heterogeneous membrane is given ''y n"~"' u J 

Since 8= constant makes u= constant, we see that straight lines through the 
origin correspond to straight lines through the origin. Also circles whose centres 
are at the origin correspond to circles whose centres are at the origin. 

If we choose n— -1, we have the ordinary case of inversion ; thus 



p= — , M= -0. 
r 

In this case any circle inverts into a circle. The density of the membrane is then 
given hy ^ = ( - ) . As this is infinite when )• is zero, the centre of inversion must 
be external to the membrane. 

654. Example 1. — The density of a membrane bounded by two concentric fixed 
circles of radii a and 6 at any point distant p from the centre is Aji?. Let it 
vibrate symmetrically so that the nodal lines are concentric circles, then by Ex. 3, 
Art. 689, the possible periods of vibration are 2t {Ajp'T)^, where p is such that 
p (log a - log b)=iT, and i is any integer. 

Let us invert this with regard to an external point. We immediately have the 
following theorem. 

A heterogeneous membrane is bounded by two fixed circles, centres C and C". 

Let be that point which has a common polar line in both circles, and let this polar 

line cut the straight line OCC in the pgint iJ. Let the density at any point P be 

/ OE \2 
given by D=^ . I -prp: — =^ ) . Then the membrane can vibrate so that the nodal 

\U1^ . air ] 

lines are circles, and the possible periods of vibration are iir ( -^ J , where p is 

such that ylog ' =jir, and a and a' are the radii of the circles whose centres 
d ■ 00 

are G and C. 

Ex. 2. A heterogeneous membrane is bounded by two rigid circles whose 
equations are respectively p=/ir and p=\r, where p and r are the distances of any 
point from two fixed points S and JJ. The former is the outer circle and is fixed in 
space ; the inner is free to move and is so loaded that its centre of gravity is at U. 
The surface density at any point P of the membrane is iAb^/p^r^, where 26 is the 
distance between the fixed origins S and B. Prove that the membrane can oscillate 
so that the nodal lines are the circles p = kr, and that the periods P are given by 

tan -^ ( s;) log - = s (^^)*' where T is the uniform tension of the membrane, 
and M the mass of the load. 
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655. Example. — The motion of a rectilinear membrane bounded by the axes of 
{ and )j and the straight lines | = ft, 17=*, is known to be given by the type 



!=A sm-p sm ~ 00s pmt, 



"I" 7.9 — _•! 



h^^ h? 



2l. 

■ m- '■ 



where i and i' are any integers which satisfy 

Let us invert this with regard to the origin, we see that — 

The motion of an infinite membrane bounded by the axes of x and y, and the 
arcs of two circles whose diameters are h', ft', and which touch the axes of x, ^ at 

the origin, U given by the type w = A sin 'iK^ll gin ^''^'''^'"^ eos pmt, 

where the integers i and 1' satisfy the equation i^h'^ + i''h'^=^„c* 

provided that its density is given by Z) = ( - ) 

where T= tension of the membrane. 

656. Example. — If we transform the same theorem with n = 2, we see that — 
The motion of a finite membrane bounded by two straight lines OA = W, OB = W, 

inclined at an angle 7r/4, and by two rectangular hyperbolas passing respectively 
through A and B, and having OB and OA for asymptotes, is given by the type 

, . iirr^ooaiB . !'«■'■= sin 26 
w = A sm jp^ sin ^ cos pmt, 

i i M 1 

where i and i' are connected by ilia + pi ~ T "1 > 

fl K IT C 

/rV' T 
provided that its density is given by D = 4 ( - 1 . — 5 . 

657. Suppose, in an infinite homogeneous membrane, a very small circular 
area of radius c to become rigid, and to be constrained to move transversely with a 
motion given 'byw=A cob pmt. Then waves will spread out equally in all directions, 
and, when the motion has become steady, the vibration at any point distant p from 
the centre of disturbance will be given hy w=Jq {pp) A cos pmt. 

Here we have supposed c to be so small that Jf)(pc] = l. Such a small circular 
vibrating area may, for convenience, be called a source of disturbance, or more 
shortly a source. 

If we transform this theorem by the method of conjugate functions, we see, for 
the. reason to he given in Art. 653, that the infinitely small circle will transform 
into a similar figure, i.e., into another circle. 

658. Example. — The vibrations of an infinite homogeneous membrane bounded 
by a fixed straight line taken as the axis of x, and acted on by a source at some 
point (fl, i)i), are given by w = {Jo {pp) - J^ {pp')} A oospmt, 

where p''=(^-^i)' + {v-Vi)\ 

and p''=={i-^i)' + {v + Vi)', 

so that p, p' are the distances of the point (|, rj) from the source, and its image on 

the other side of the axis of |. 

Hence we infer that the vibrations of an infinite heterogeneous membrane 
bounded by two fixed radii veotores forming a corner of angle tt/b, and acted on 
by a source at a point riOi, are given by 

«" = {-^u (P^) - ^0 {P^^') \ ^ coapmt, 
where t-''-^ iJ^ = r=" + r^"' - 2)-")-i» cos « (S - Sj) 

g2»-2 1{>2-, y-M ^ yin _ 2,.K,.jii COS n {e + fli). 
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\2(n-l) 



D /r\2 

provided that the density of the membrane is given by ■=^=Ji^ I - I 

Here r, 8 are the running co-ordinates of any point of the medium, w is the 
transverse displacement at the point p, to, and Dj is a constant. 

The method of deducing the motion of a heterogeneous from that of a homo- 
geneous membrane was given by the author in the twelfth volume of the Proceedings 
of the Mathematical Society, 1881. 



(1). 



NOTES. 

Art. 56. Transformation to principal co-ordinates. This method of trans- 
forming any co-ordinates B, <p, &c. to the principal co-ordinates |, ij, &c. may be 
presented in a purely Mathematical form. Let us first assume the transformation 
to be possible, so that we have 

2T=Aiiff> + 2A^^8^ + = a^ie + a^r,^ + 'l 

2P=(7u92 + 2Ci300-f = cne+c^v^+ J 

where the accents have been dropped from the co-ordinates in 2T as being 
unnecessary for our present purpose. We have also omitted JJj from the second 
equation for the sake of unity. Let the formulas of transformation, which we have 
to find, be, as in Art. 69, 

e=ii^+i2v+ 1 

<j>=m,^i + m^ri+ ... V (2). 

&c.=&c. J 

Let us eliminate f- from the equations (1) and differentiate the result with 
regard to 0. Putting ^1^= -Cu/oxi we have 

~{.Tp^^+U) = {a^,^Pi^ + e^)-n^^ + (a^p^^ + c^)if^ + &o (3). 

This vanishes when we put 77=0, i"=0, &c. whatever | may be. Hence if the 
transformation be possible we have after substitution from (2) 

(Aift'+Cu)ii-t-(^i2j)i2H-(7i3)mi-t- =0 (4). 

In the same way by differentiating with regard to 0, we have, when i)=0, f=0, &c. 

(^laJJi^ + C12) «! + (^^siJi^ + G^)m^ + = 0. 

Thus we see that p-^ is one value of p^ obtained from Lagrange's determinautal 
equation as given in Art. 58, while the values of /j , mj , &o. are proportional to the 
minors of the determinant. Eliminating 1;^, f^, &c. in turn from the equations (1), 
the same argument applies to each of the other columns of coefficients in the 
formulae of transformation (2). Thus we obtain the rule given in Arts. 53 and 56. 
The formula of transformation are written at length in Art. 56. We see that 
the coefficients of x, y, &o. are the values of the minors /ii(2)''), &a. 

If there were on the right-hand side of the equations (I) any term such as ^17, 
this product would give on the right-hand side of (8) a term (oi-iPi + c^^ i drijdB 
when we eliminated ^ and differentiated with regard to 8. It would give 
(<hiPi + "12) V diltl-9 when we eliminated ij' and differentiated with regard to S. Now 
the differential coefficients of { or 57 with regard to the co-ordinates $, (p, \j/ &a. 
cannot be all zero, for this would make f or 1; independent of all the co-ordinates. 
Also, if Lagrange's determinantal equation have all its roots unequal, the ooeflicients 
"hsVi + "12 ^''^^ 'hiPi + "12 cannot both vanish. Hence in this case, when the right- 
hand sides of (3) are made to vanish, there cannot be any products of co-ordinates 
in either of the expressions on the right-hand side of (1). 
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If Lagrange's equation have equal roots we know by Art. 61 that all the minors 
will be zero. The ratios of I, m, &e. found by the preceding rule will therefore be 
nugatory. To simplify the argument let us suppose that the equation has two equal 
roots and let these be pi' and p^^K The ratios of the coefficients in the third and 
following columns of (2) may be found as before, because they depend on unequal 
roots in Lagrange's determinant. Since the first minors are zero for the equal roots, 
the equations (4) to determine the coefficients of either of the first two columns of 
(2) are not independent. Eejeeting any one of these equations (as in Art. 273) we 
obtain by using the second minors all the letters in the first column in terms of any 
two, say li and m^. The letters in the second column are found in terms of Jj ^^^ 
m^ by the same formulsB. Thus we have two independent coefiicients in each of 
these columns instead of one as before. 

But if we use these formulae of transformation without further limitation, we are 
not sure that terms containing the product £?; may not enter into the two right-hand 
sides of the expressions (1) provided they enter both with coefficients in the ratio 
Pi^ : 1. To secure the absence of such terms, it wiU be sufficient to make the 
coefficient of ^ri in either of the coefficients T or U equal to zero. If we choose T, 
we have by substituting from (2) in (1) 

'^lA^ + ^12 (k^h + 'a'"!) + • = 0' 

or as it is written in Art. 316 

4(Ziy = 0. 

Eegarding then \ , ?% and l^ as arbitrary we have sufficient linear equations of the 
first order to find all the other coefficients of the two first columns in the formulae 
of transformation. Thus we have three arbitrary constants instead of two. 

Art. 60. The conditions tbat a quadric should be one-signed. The con- 
ditions briefly quoted from Williamson's Differential Galculiis have reference to the 
quadric T, which is to be a positive one-signed function, and it is stated that the 
successive discriminants should all be positive. 

If we assume that the sign of the discriminant is not altered by any linear trans- 
formation of the co-ordinates we may obtain an easy proof of this proposition. Let 
the quadric be 

2T=A:^^e^ + 211^6^ + A^(p^ + &0 (1), 

and to simplify the argument let there be only four co-ordinates 6, (p, f, x- Let D 
be the discriminant, D^ the discriminant when any one co-ordinate, say x, is put equal 
to zero, Dj the discriminant when two co-ordinates, as x ^^^ i'y ^^^ both put equal 
to zero, Dj the discriminant when three co-ordinates, %, ^ and </>, are put equal to 
zero, and so on. 

Collecting all the B's together, then the <p'a and so on, we may write T in the form 

2r= Bi (8 + 0^^ + \^p + c^x? + -Ba (0 H- hf + e-2>cf + ^^0' + W)' + BiX^ 
where all the English letters on the right-hand side are rational functions of 
All, -^121 &o. and therefore are real. 

We may now write this expression in the form 

2T=BiX^ + B0^ + B^- + BiU^ (2), 

where « = Xi 2 = ^ + C3X1 ^'^^ so on. 

Since (1) and (2) may be derived from each other by a linear transformation, 
their discriminants have the same sign. Hence the product B1B3B3B4 has the same 
sign as D. Again, putting m=x=0 and repeating the argument, the product B1B3B3 
has the same sign as Dj . Similarly the product BiB^ has the same sign as Dj and 
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i'l has the same sign as D,. Thus B^,B^,B„ B^ are positive when the discriminants 
D, Di, D^, Z)j are all positive and not otiienoise. 

The conditions that T should be a one-signed positive quadric follow im- 
mediately. The conditions that T should be a one-signed negative quadrio may be 
deduced from these by changing the signs of all the coefficients ^n, ^,2, &c. in the 
expression for T. 

That the discriminants of (1) and (2) keep the same sign may be shown by the 
method indicated in- Art. 71. Taking the second expression let us write 

x=lje + l^<t>+ ... 



I=mr,e+n 



.(3). 



Substituting in (2) we obtain a quadric expression whose discriminant is easily seen 
to be 



&e. 
&c. 



Btl{' + B^m{^+... 
Bjljl^ + B^m^in.2+ . 
&c. 
This is obviously the square of 

&e. 
The discriminant of T when expressed as a function of 6, (p, <feo. is therefore equal to 



BAl^ + B^m^m2+. 
BA^ + B^m./+... 
&c. 

iJB^nii ly/B^iii, &o. 
JB^m^ JB^n^, &c. ! 



li ?»! , &e. 
1.2 JKj , &e. 
&o. &c. &c. 
The sign has therefore not been altered. 

The determinant on the right-hand side is the Jaoobian of x, y, &c. with regard 
to 0, (t>, &c. We may therefore also immediately deduce from this result by a 
double transformation the theorem quoted in Art. 69. 

Art. 631. Stress in a curved flexible and extensible rod. The statical 
theorems quoted in this article may be proved in the following manner. Let 
PQ be any element of the axis of the rod in its unstrained position, P'Q' the 
same element in the strained rod. Let ds, ds' be the lengths of these elements, 
a, p the radii of curvature at P, P'. Then, since p, q are the proportional elonga- 
tion and increase of curvature, 



P=ds-^' 



-(rl)- ">• 

Let a, $ be the co-ordinates of P, a (1 -I- tt) , e + (p those of P'. Then since 
ds=ade, {dii')'=a''{du)' + a^l+uf{de + d^)^ 

we easily find that p=u + d^jde (2). 

Again, when we neglect the squares of small quantities we have 
1 1 <P /1\ ,, . 

•■•^=-(-£) ^^)- 

Let us refer the rod to the principal axes of the curved axis at P'. Let the 
normal measured inwards be the axis of z, let the tangent be the axis of x, and let 
y be perpendicular to the plane of the curve. We assume, as is usual in such 
problems, that the material particles of the rod which lie in a plane perpendicular 



428 NOTES. 

to the axis continue to lie in a plane perpendicular to the axis when the rod is bent 
or stretched, and that their distances from the axis are not sensibly altered. 

Drawing two planes normal to the axis at P', Q', let R'S' be any elementary 
fibre of the rod parallel to the axis lying between these planes, and let RS be its 
unstretched length. Let y, z be the co-ordinates of R' ; ii ds be the unstretched 
length of PQ', the unstretched and stretched lengths of RS' are respectively 

d<r-ds(l-i\, da' = ds'(l--\ (4). 

The resultant tension of all the fibres which cross the elementary area dydz 

is evidently Edyde I- — 1 j . Substituting for d<r', dcr, IJp their values given by 

(4) and (1) and rejecting all the powers of zja above the second because the rod is 
thin, we find that the resultant tension of these fibres 



= Edydz jy-(l+p)5g + g)j (5). 



Let w be the area of the section of the rod, taW^ its moment of inertia about the 
axis of y. Bememberjng that the centre of gravity of u is the origin, we find by 
an obvious integration that the resultant tension T and couple L are given by 

its ) 7.2 
i'--3(l+JP)9[. L=-Ew'^{l+p)q (6). 

Since the rod oscillates about its unstrained position we may neglect the squares 
and products of the small quantities p and q. These then reduce to the results 
used in Art. 631. Ex. 2. 

The work of a fibre per unit area of section when puHed from its unstretched 
length da to the length dcr' is proved in Vol. i. Art. 343 to be - J£ (do-' - da-y^jda. 
Substituting as before for d<r, da' and rejecting the cubes of zja, we find that the 
work Wis given by 

Wds=-\Eads [p' + ^^q^l+pA (7). 

This reduces to the result given in Art. 631 when only the lowest powers olp and q 
are retained. 

From the expression for W we may deduce the values of T and L. Keeping P' 
fixed, let the element P'Q' be further stretched, without altering the curvature, so 
that its length becomes ds", then dp = (ds" - ds')lds. The work done by the tension 
at the end Q' is - T{ds" -ds') and that done by the couple at Q' is L (ds" -ds')lp. 

We therefore have - T+— = — . 

P # 

Next let the rod receive an increase of curvature without altering the length of 

the element. The tension at Q' does no work, while the work of the couple is 

i (1/p' - 1/p) (fo', where Ijp' is the new curvature. Since dq = (ljp' -llp)a, we 

see that L = , ;- . 

l+p dq 

From these results we easily deduce the values of T and L given by (8). 

The theorem quoted from statics in Art. 628, viz. that L= J^Fjp where 

F=k''(E<o + T), also follows easily from the equations (6). Eemembering that 

the unstrained radius a is here infinite, and putting q=ajp we have 

T=Ewp, L=-Euk^(l+p)lp. 

Eliminating p from the value of L, we have the result quoted. 
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Art. 639. Loaded Membranes. We may also deduce this result from the 
.formnlffi in Arts. 76 and 77. We shall begin by referring the unloaded membrane to 
principal co-ordinates. To effect this we write (see Art. 56) the complete expression 
for w given in Art. 636 in the form 

w = sm— sm-^f+sm -^sin ^^ + <6o., 

then the quantities f , i), &c. are principal co-ordinates. 

The vis viva of the membrane is easily seen to be 

\\ (dwjdtYpdxdy = ipab (J'2 + ^'2+ ...) 
where accents denote differential coefficients with regard to the time. If we now 
form Lagrange's determinant, every constituent will be zero except those in the 
leading diagonal. If q^, q^J, &o. be the roots of the determinant and M=pa'b, these 
constituents will be J 3/ (g^ _ q^), ^m [g'' - q^, Sec. Here q stands for the quantity 
represented bypm in Art. 636; the roots q^, q^ &o. are all found in that Article, and 
are expressed by giving i and i' all integer values. 

Placing now a mass /t at the point (h, 7c), its displacement will be given by 

_• . irih . tri'k ^ „ 
W=s\n — sm ^;— {-I-&C., 
a 6 

which we may abbreviate into 

There will now be an additional term in the expression for the vis viva, while the 
force-function wiU be the same as before. This additional term will be 
^a2{'2-^2Ma/3J'l)'-^&c. 

There wiU therefore be an additional term to every constituent of Lagrange's 
determinant. The determinant will be 

IM^q^ iM(q^-q^ + ^i.fq^ &c. 

&o. &c. &a. 

Expanding this, and remembering that by Art. 76 only the first powers of n can 
enter into the expansion, we have 

(q^-q^^)(q-'-q^^)&<i. + ^q''{a?(q^-q^^)&<i. + ^^q^-q^^&o. + &a.\ = 0. 

Dividing by the first term we have 

M a2 



5H-&C. 



Substituting for o, /S, Ac. their values given above, and writing q-=.pm, we have 
the result given at length in Art. 639. 

This method is clearly general, and will apply, when the proper values of a, |8, &c. 
are substituted, to membranes of other forms. 

Art. 641. Conjugate Functions. The application of the theory of conjugate 
functions to Hydrodynamics is probably well known to the student. By that theory 
the potential of a complicated fluid motion can sometimes be made to depend on 
that of some simpler motion. But this of course is beyond the scope of the present 
work. We may however notice some propositions which appear to be new. 

When one fluid motion is changed into another by a method analogous to that 
described in Art. 642 for membranes, the kinetic energies of the two fluids which 
occupy corresponding elementary areas are equal. Thus the ivliole Mnetic energies 
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of the two motions are equal, Tmt differently distributed over the areas of motion. 
This corresponds to the theorem proved in Art. 646 for membranes. 

Suppose a vortex n of strength m to exist at any instant in one fluid at a point 
whose co-ordinates are (f, i;). There will then be a vortex P of equal strength at 
the corresponding point {x, y) of the other fluid. These will not continue to move 
so as to occupy corresponding points, but we may sometimes, without discussing 
the motion of the rest of the fluid, deduce the motion of P from that of 11 by the 
following rule. Let x (I. v) 6« "■ current function (not the current function of the 
fluid) giving the motion of the vortex 11, so that its velocities resolved parallel to the 

axes of J and i; are respectively -^ and --Jz. Then the instantaneous motion of P 

is given iy a current function 

i.e. its velocities resolved parallel to the axes of x and y are respectively — and - — . 

and its path is found by equating %' *" " constant. Here y? is the quantity called 
VjD^ in Art. 642. Generally we may say that the current function of P is obtained 
from that ofTlby subtracting J m log /i, where 

^^=(dildxY+(dildy?=(dvldyf+(d-nldxf-. 

In using this rule the strength m of a vortex is to be considered positive when 
the vortex rotates in the direction opposite to the bands of a watch, that is from the 
positive direction of | to the positive direction of rf. 

To prove this theorem we notice that the current function at any point (|i, iji) in 
one fluid, or at the point (a^, y^ in the other is 

,/.= -imlog{fc-f)2 + (,i-,n+P, 

where in the latter fluid the Greek letters are regarded as known functions of the 
English ones. Here R represents a series of terms, similar to the first, due to the 
presence of other vortices. Since the vortex P does not move itself, we can deduce 
its motion from that of the neighbouring points by superimposing on the latter the 
reversed motion due to the vortex. This relative motion is given by the current 
function, 

^= - Jm log {(fi- 1)2 + (,j - ,)2} + Jm log {(iCi - x)2 + (j,, - j,)2} +i{. 

Let fi=f + 1', i?i=i? + V, x-y=x + x', yi=y + y'. Let us expand the expression for 
\j/ in powers of x', y' by substituting 

i,-i=^^' + iyy' + i(i^'' + 2i^x'y'+^^y'^) + &c. 

with a similar expression for iji - ij. Here the suffixes x, y Ac. denote differentiations. 
We find, after retaining the cubes of the small quantities, that the factor x'' + y'^ 
divides out. Expanding the logarithm we have 

m Ix'diogii .dlogii] , „ 

^= - 2 t-5i^ + 2' ^} -'"^''SA' + B. 

where /i^ = ^^^ + 1/. The effect of the first term of this series is to give P resolved 
velocities equal to - ^md log fi/dy and ^d log njdx parallel to the axes of x and y. 
Consider next any term of R due to the presence of a vortex at (J, , i;„), say 

iJ=-irolog{(|-f„)2+(,-,„)2}. 

The resolved velocities of a point of the fluid at n are found by differentiating 

this with regard to ti, |, and changing the sign in the latter case ; let these be «, r. 

The resolved velocities of a point at P are similarly found to be m/y - v^y and 

- uii^+v^^. If there be only one independent vortex, the vortices included in E are 
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images of n and their positions aie determined by that of 11. Let the conditions of 
the question be such that the resolved instantaneous velocities of 11 are tt=x,,) 
«>= -X|i then the resolved velocities of P due to the same terms are xi/. -Xx- 
Taking therefore all the terms of i/', the resolved velocities of P are Xii -i^d log /i/dj/ 
and -Xi + i)ndlog/i/(f.r. 

As an example of this rule, let us investigate the path of a vortex P swimming 
in the corner formed by two straight lines inclined at an angle equal to irjii. This 
problem is discussed by Prof. Greenhill in the Qtiarterly Journal, Vol. xv. Let us 
first suppose a vortex n to swim in the infinite space bounded by the axis of {. 
Placing an image on the negative side of this axis, we see that the vortex n moves 
parallel to the axis of f with a velocity m/27;. Its stream function is therefore ^nlogrj. 
Taking any point on the axis of i as origin, we shall turn the negative side of the 
axis round the origin until it makes an angle equal to tt/ji with the positive side. 
To express this we use the formulse of transformation given in Art. 653. We thus 
have i; = c()7c)"sin«e. The value of jix is therefore- m (r/c)""'. According to the 
rule the stream function which gives the motion of the vortex P in the corner is 
x' = imlog7i-ilogiM 
= Jmlog (r sinnS). 
The path is therefore given by r sin n9=c where c is a constant. It may be noticed 
that n need not be an integer. 

If two circles intersect in A and B, we may find, by inverting this result, the 
motion of a vortex V in the space between the circular boundaries. Let 6 be the 
angle the circle through A, B and the vortex V makes with either circular boundary, 
and let a be the angle between the circular boundaries. Then' the current function 
of the vortex V is found by subtracting ^mlog/ji from the value of x' given above, 

where /<=(-) , as shown in Art. 653. The current function of the vortex V is 

therefore X=? log (^^ • ^^- sin — ) ■ 

The path of the vortex is given by the equation AV. BV. sin — = G, where G is 

a constant. 

The chief objection to using the method of conjugate functions in Hydrodynamical 
problems is the difiiculty of finding the proper formulae of transformation. But to 
discover these we have a convenient rule, viz. that if we know the motion of a fluid 
within the space bounded by one or two infinite curves, we can in general find the 
motimi with the same boundaries when complicated by the presence of sources and 
vortices. To prove this, let ? and ri be the velocity and stream potentials of this 
motion. Then r) is constant along the boundaries. If we use f , ri as our formulas 
of transformation, the given boundaries will transform into straight lines parallel to 
the axis of |. The motion due to vortices and sources in this space has already 
been investigated. Hence the motions in the more general spaces may be deduced. 

We may regard any closed curve, such as an ellipse, as a section of an infinite 
cylinder. If we know its potential at any external point when charged with a 
given quantity of electricity, we may immediately deduce the motion of a fluid with 
vortices and sources outside this curve from the corresponding motion round a 
circle. 

For these theorems we refer the reader to a paper by the author published in the 
twelfth volume of the Proceedings of the Mathematical Society, 1881. 
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